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COMMUTATIVE ALGEBRA/ ALGEBRAIC GEOMETRY
(BMS-LECTURE WS 2021/22)

KLAUS ALTMANN

1. RINGS AND IDEALS

1.1. Rings and ideals. Units, zerodivisors, nilpotent elements, prim- and maxi-
mal ideals in rings (Example: in Z/nZ und k[X,Y]/(X? — Y3) = k[t?, 3] with k
being a field). Operations with Ideals: +,N, -, Vo moving ideals along ring homo-
morphisms.

1.2. Algebraic sets. k = k field ~» k[x] := k[zy,...,,] is the ring of “regular
functions” A(k™); “closed algebraic subsets” of k™ are the vanishing loci V' (J) C k™
for subsets or (radical) ideals J C k[x]| ~ ‘ZARISKI topology‘ on k" (N, V(J;) =

] To X1 X9 I3 _ 1.n?
Ezamples: V(y* — 2*), V (rank ($1 vy s 14 < 1), SL(n, k) C M(n, k) = k™.

Subset Z C k™ ~» radical ideal I(Z) := {f € k[x]| f|z = 0} C k[x]. Properties:
I(C) =D and I(Z1 U Zy) = I(Z1) N 1(Zy). Moreover, Z C V(I(Z)) = “algebraic
closure” and I(V(J)) D v/J (even “=" by HNS (7.3)). In particular, for Z = V(.J)
algebraic: Z C V(I(V(J))2s) € V(J) = Z. Thus, HNS (7.3) ~ order reversing
bijection
Vi(e)
T T
{closed, algebraic C k"} {radical ideals in k[xq, ..., z,]}.

-
)

I(e
Properties: 1((; Zi) = \/>_; 1(Z;); Z is irreducible < [(Z) is a prime ideal.

“Regular functions” on closed algebraic Z = V(J): Reduced “coordinate ring”
A(Z) = k[x]/I(Z) (integral for irreducible Z = “affine varieties”); same bijection as
above for Z and A(Z); the smallest example is Z = {p} with A({p}) = k[x]|/m, = k.
Open subsets D(g € A(Z)) :=[g # 0] = Z\ V(g) yields a basis of the open subsets;
D(gi))(i €I)cover Z < V(gi|i€l)=0< (g:)ics = (1) in A(Z) by HNS.

1.3. Functoriality of algebraic sets. Regular algebraic maps f : k™ — k™ are,
by definition, n-tuples f = (fi,..., f,) with f; € k[x| = k[z1,...,z,]. This is
equivalent to k-algebra homomorphisms f* : kly] := k[y1,...,yn] — k[x]| sending

y; — fi(x). This map coincides with the pull-back of regular functions, i.e. f*(g €
1
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kly]) = go f. It J C kly], then f~'V(J) = V(f*(J)k[x]), i.e. regular fuctions are
continous.

More generalized: If X C k™ and Y C k™ are (Zariski-) closed algebraic subsets,
then regular maps f : X — Y are, by definition, given by asking for extendability

to commutative diagrams

pm_Fyn

]

where F' is regular as before. An equivalent condition for such a diagram is a ring
homomorphism F* : k[y] — k[x]| with F*(I(Y")) C I(X). In particular, regular maps
f X = Y are provided by k-algebra homomorphisms f* : A(Y) — A(X). This
category is equivalent to the opposite of the category of reduced, finitely generated
k-algebras.

Thus, (Zariski-) closed algebraic subsets form a category; their isomorphism classes
(i.e. neglecting the embedding into an ambient space k™) are called affine sets. This
category is equivalent to the opposite of the category of reduced, finitely generated
k-algebras.

A special case: If f € k[x], then we obtain g(x,t) := f(x) -t —1 € k[x,t] and
Zy:=V(g) is a closed subset of ™" i.e.

k,m+1 pr k:m

p

Zs D(f)

where p denotes the restriction of the projection map pr : (x,t) — x. It is bijective;
the inverse map is x — (x, 1/f(x)). While all maps are continous with respect to the
Zariski topology, p does even become a homeomorphism. Moreover, despite it is not a
closed subset in ™, this construction provides k[x,t]/(ft—1) = k[x, 1/ f(x)] C k(x)
as the associated ring of regular functions.

1.4. Prime avoiding and two radicals. A ring is local < the non-units form

an ideal. “Nil radical’: +/(0) = ({prime ideals} (Proof: f ¢ /(0) = 0 ¢
{fN} =: S, and use ZORN’s lemma with ideals disjoint to S). “Jacobson radical’:
(N{maximal ideals} = {a € R| 1+ aR C R*}.

Lemma 1. 1) Prime ideal P2 IJ < PO INJ < P21 or PO J.

2) JC Ule P, (prime ideales with at most 2 exceptions) = Fi: J C P;.

Proof. J < P, = induction yields z; € J\ U#i P; ~ z; € P;. For k = 2 consider
y:=x1+x2 € J\, P;; for k > 3 consider y := xy + x5 -... -z if P, = prime. 0O

1.5. Chinese Remainders. The generalization of Z/(mn)Z — Z/mZ x Z/nZ is:

Proposition 2 (Chinese Remainder Theorem). Iy, ..., I C R with I, +1; = (1) for
all i # j. Then, [I,L; =N, L;, and 7 : R/ ], I; — [, R/I; is an isomorphism.
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Proof. k =2: w14+ xo =1 (x; € ;) and y € Iy N I3 yields y = x1y + 22y € [1 5.
Moreover, 7(x1) = (1,0); w(x2) = (0,1) imply the surjectivity of =.

Induction: Since z; +x§§i) =1 (with z; € [, x,ﬁi) € I,) yields [ [, = = [[,(1— x,(;)) €
(TT2) L) N (1 + L), we have ([112) 1) + I, = (1). O

1.6. The spectrum of a ring. Spec R := {P C R| primie ideales} O MaxSpec R
is a topological space (“ZARISKI-Topology’): V(J) := {P O J} are the closed
subsets; V(1) UV (J) =V({INJ)=V{UJ)and e, V(L) =V (> ,es i)

Spec R is quasicompact: (., V(J;) =0 < >,.; Ji © 1. Basis of the open subsets
via D(f) := (Spec R)\V(f) = {P € Spec R| f ¢ P}; one has D(f)ND(g) = D(fg).
Ezamples: A™ := SpecZ[xy,...,x,] and |Spec A D V(J) = Spec A/J |.
Subset Z C Spec R ~» reduced ideal I(Z) := (\pc, P € R. Properties: I(C) =2
and I(Z,UZy) = I(Zy) N 1(Z3). Moreover, Z C V(I(Z)) = “algebraic closure” and

I(V(J) =Npoy P = V/J (no HNS needed!). In particular, for Z = V(.J) algebraic:
Z=V((Z))asin (1.2).

1.7. Affine schemes. k = k as in (1.2) ~+ another form of HNS (7.3): Every max-
imal ideal of k[x] is of the form m, = (21 — p1,..., 2, — p,) for some p € k™. Thus,
k™ = MaxSpec k[x], p — m,, is a homeomorphism. Moreover, MaxSpec k[x] C A7
is exactly the set of closed points.

Hence, in X = Spec R, the ring R is considered the ring of regular functions
on X: The value of € Rin P € X is 7 € K(P) := Quot R/P (Example:
K(m,) = k[x]/m, = k). In particular, » € R vanishes on P € X & r € P,
and r € R vanisheson Z C X < re Pforall Pe Z < rel(Z).

Regular maps in (1.2): Continuous f : (Z C k") — (Z' C k™) such that f* : g
go f induces a ring homomorphism f*: A(Z") — A(Z) (equivalent: f = (f1,..., fu)
with k[x] = A(Z) > fi). The embedding Z < k™ corresponds to k[x| —» A(Z).
Ring homomorphisms ¢ : R — S ~» continuous ¢# : SpecS — Spec R; exam-
ple: Clz,y]/(y* — 23] = C[t*,t3] C C[t]. “Affine scheme” Spec R := (Spec R, R)
with morphisms Hom s, (Spec S, Spec R) := Homgings (R, S), cf. (19.3), (19.1), and
Proposition 56.

2. R-MODULES, LOCALIZATION /FACTORIZATION

2.1. Basics of R-modules. Operations @, Y, N, Hom, ® of R-modules — the latter
is defined via Homg(M ®g N, P) = Homg(M, N; P) := {bilinear maps M x N —
P}. It M;N C L (e.g. M, N = ideals), then (M : N) :={r € R| N C M}. This
includes (0 : N) = Anng N. Exact sequences; the 5-lemma.
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2.2. Testing exactness by applying the Hom functor.

Lemma 3. M, = [0 — My, — My — Ms] is exact < VK: Homg(K, M,) is ezxact.
Similarily for [My — My — Mz — 0] und Homg(s, N). In particular, both Hom
functors are left exact.

Proof. Choose K := R for the first claim and N := coker(My; — Mj) and N :=
coker(M; — M) for the second. O

For R-modules M, N, P we have Homg(M ®r N, P) = Homg(M, Homg(N, P)),
i.e. (®rN) 4 Hom(N,.) (“adjoint’). The functor (® g N) admits a right adjoint =
(®grN) is right exact.

2.3. Localization. S C R is called multiplicative closed :<= 1 € S and S-S C S,
Localization S™'M := {m/s| m € M,s € S} (with m/s = m//s' & Tt € S:
t(ms' —m's) = 0) is (S~'R)-module; M — S™'M (m +— m/1) is injective & S does
not contain M-zero divisors.

Examples: f € R, S := {fN} ~» M;. Prime ideal P € SpecR, S := R\ P ~ Mp;

this turns into a (via 2.5). “Total quotient ring”: S := {Non-zero

divisors of R}.

2.4. Comparison with factorization. (LocFacl) I C R ideal; S C R multiplica-
tive closed = R — R/I is universal with I — 0; R — S™'R is universal with S —
{units}.

(LocFac2) (R/I)-modules are R-modules with TM = 0; (S™!R)-modules are R-
modules with [S — Autg(M)] C [R — Endg(M)].

(LocFac3) M+ M/IM = M ®g R/I is right exact; M — S™'M = M ®p S7'R is

exact (R — S™'R is|[flat]).

2.5. Behavior of ideals via [R — S™'R]. Let I C R, J C S™!'R be ideals
= [-S7'R =S5 with S7'T = R InS # (. Moreover, S'(JNR) = J;
I C (S7'I) N R, but only for prime ideals P C R\ S it holds true that [a/s €
S7'P = a € PJ, hence P = (S~'P) N R. This implies

(LocFac4) Spec S™'R = {P € Spec R| PNS = (0}, in particular, Spec Ry = D(f) :=
Spec R\ V(f) C Spec R is an open subset. The set Spec R/I = V(I) C SpecR is
closed.

(LocFac4’) For P € Spec R we have: In R/P ideals survive; in Rp ideals

below P |survive.

(LocFach) S™HR/I)=S"'R®r R/I = (S7'R)/(S7'I).

24.11.21 (11

1.12.21 (13)
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2.6. Local tests. Many properties of R-modules can be tested locally:

Proposition 4. An R-linear map f : M — N is zero/surjective/injective/an iso-
morphism < the same holds true for all fn : My — Ny with m € MaxSpec R.

Proof. a € M with a/1 =0 in all M,, = Vm: Anna € m = Anna = R, i.e. a = 0.
In particular, [Vm: M, = 0] implies M = 0. O
Corollary 5. FExactness is a local property. M is R-flat < VYm: My, is Ry-flat.

2.7. The Nakayama lemma. Let M be a ‘ﬁnitely generated‘ R-module.

Proposition 6 (Cayley-Hamilton). I C R ideal, p : M — IM = 3p = Zj pja" Tl e
Rlz]: po =1, pj € I’ and p(¢) = 0 in Endg(M).

Proof. my,...,my € M generators; @(m;) = > aiym; = (xly —A) -m =0 € M*
(M turns, via ¢, into an R[z]-module). Multiplication with adj(xIy — A) ~ p(z) :=
det(xI — A) kills all m;, thus M. O
Corollary 7. 1) M =IM = 3pel+ICR: pM=0(1+1C R = M =0).
2) f: M — M surjective = [ is an isomorphism.

3) (“Nakayama-Lemma”) (R, m) local, m; € M | generate M /mM = generate M |.

Proof. (1) p :=1idy; (2) I := (x) C R[z] =: R with x acting as f = p(x) = 1+xq(x)
kills M since (1), thus f=!' = —q(f); (3) N := spang{m;} = apply (1) to M/N. O

Application: Minimal sets of generators, minimal resolutions for modules over local
rings (R,m). If F = R® then p: F — M induces an isomorphism p : F/mF =
M/mM < kerp C mF.

2.8. Support of modules. M=R-module ~ supp M := {P € Spec R| Mp # 0}
and, by abuse of notation, supp I := supp R/I.

e 0> M — M — M"— 0 exact = supp M = (supp M') U (supp M");

e M finitely generated = (S™!N : S7'M) = S™Y(N : M) = suppM =
V(Ann M) (via (0: M)p # (1) & P D Ann M).

2.9. Hom commutes with flat base change. R — S algebra ~» canonical S-
linear map ayy : Homg(M, N) ®g S — Homg(M ®g S, N ®g S).

Proposition 8. R — S flat, M finitely presented = cys is an isomorphism. (Ex-
ample: Localisations R — S™'R.)

Proof. R* — R®* -+ M — 0 = wlo.g: M= R" 0
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3. NOTHERIAN RINGS
3.1. Chain conditions. (X, <) poset ~ [strongly ascending chains do always ter-

minate < each subset of ¥ has maximal elements].
(Examples: open subsets of topological spaces with C, submodules with C/D).

Definition 9. M is a noetherian R-module :< each submodule is finitely generated
& % := {submodules} satisfies the | ascending chain condition‘ (ACCQ).

Lemma 10. 0 — M’ — M 5 M" — 0 evact = [M noetherian < M', M"
noetherian|. (Special case: M = M’ @& M”, thus finite direct sums.)

Proof. For (<) consider intersections with M’ and images in M”; afterwards one
uses: N1 Q NQ Q M with Nl ﬂM’ = N2 ﬂM/ and 7T(N1> = 7T(N2) = Nl = NQ.
(This follows from 0 — N; " M" — N; — ©(N;) — 0 by using the 5-lemma.) O

R = “noetherian ring’ :< all ideals are finitely generated < R is a noetherian
R-module. If R is noetherian, then all finitely generated R-modules are noetherian,
i.e. “f.g.” is bequeathed to the submodules and implies “finitely presented”.

3.2. Hilbert’s basis theorem. The property “noetherian ring” is bequeathed as
follows:

Proposition 11. 1) R noetherian = R/I and S™'R are noetherian.
2) R noetherian = finitely generated R-algebras (as R[z]) are noetherian.

Proof. ST'R: For J; C ST'R use J; = S~ J;N R).

“Hilbert’s basis theorem”: R noetherian; I C R[z] ideal ~ let Iy C R be the ideal
of the highest coefficients of polynomials from I = I, = (a!,...,a*). Choose f; € I
with highest coefficient a’ ~ I' := (fy, ..., fx) C R[z]. Defining N := max;(deg f;)
we conclude I = I'+ ({1, z,...,zN"1)NI), and the second summand is a submodule
of a finitely generated R-module. Thus, [ is finitely generated. U

In particular, localizations of ‘ finitely generated Z- or k—algebras‘ are noetherian.

3.3. An important filtration. Let R be a noetherian ring and M a finitely gen-
erated R-module (Ezample: M = k[x]/[monomial ideal]).

Proposition 12. There is a finite (“nice”) filtration M = My 2 ... O M,, = 0
with factors My_1 /My, = R/ Py for suitable (possibly equal) prime ideals P, C R.

Proof. Induction by #(generators of M) ~ w.lo.g. M = R/I. If I is not a prime
ideal ~ z,y € R\ I with zy € I. We obtain [ + (x) 2 Tand [ : (z) DI+ (y) 2 1
and 0 — R/(I : ) = R/I — R/[I + (z)] — 0. Because of “noetherian”, these
enlargements of I terminate. U
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3.4. Associated primes. Let R and M be as in (3.3).
Ass(M) :={P € SpecR|3R/P — M} = {Ann(m) € Spec R}ens € V(Ann M).
In particular, using the notation of Proposition 12, P,, € Ass(M) ~» Ass(M) # (.

Proposition 13. 0 — M — M — M" — 0 ezact = Ass(M') C Ass(M) C
Ass(M') U Ass(M"). In particular (cf. Prop. 12), Ass(M) C {Py,..., Py} is finite.

Proof. Let P € Ass(M)\Ass(M') = R/P — M —» M" with kernel K := M'NR/P.
Since cach 0 # a € K would yield an R/P <5 K C M’, we obtain K = 0. O
3.5. Minimal primes. Denote Min(M) := {minimal primes above Ann(M)}.

Lemma 14. For each ideal I there exists a finite representation /I = PyN...N Py.

Proof. 1f /I is not prime, then choose 2,y ¢ VI 3 2y~ VI = /T + (2)N/T + (y):
Assume /T = 0 (R is now reduced) and a € /(z) N /(y). Then a™ € (z) and

a" € (y), hence a™™™ € (zy) = 0. Now do noetherian induction. O

Lemma 1 implies that unshortenable representations fulfill { Py, ..., P} = Min(R/I)
and, moreover, that each P € V(I) C Spec R contains an element of Min(R/I).

Proposition 15. Let R be a noetherian ring and M a finitely generated R-module.
1) For multiplicative closed S C R we have Ass(S™1M) = Ass(M) N Spec(SLR).
2) P O Ann M minimal prime above Ann M = P € Ass(M).

Proof. (1) Let F: ST'R/S™1P « S™'M be given by 1 +— m/s = 3t € S: P-tm = 0.
Then, f: R/P — M, 1+ tm is well-defined, and S™' f ~ F is injective. Eventually,
the injectivity of R/P — S™!(R/P) implies this of f.

2) P =m in a local ring (R,m) = (0 # Ass(M) C V(Ann M) = {m}. O

Min(M) C Ass(M) C {P,..., P, of Proposition 12} C supp(M) = Min(M).

3.6. Zero divisors. Let R be noetherian and M a finitely generated R-module =
U Ass(M) = {zero divisors of M} U {0}:

Let r € R be a zero divisor, i.e. 7 € Ann(m) # (1) for some m € M. If Ann(m) is
not prime, then there are z,y € R with zy € Ann(m), but z,y ¢ Ann(m). Thus
Ann(m) € Ann(zm) # (1) ~ Noether induction.

4. MODULES OF FINITE LENGTH AND ARTIN RINGS

4.1. Composition series. R = ring, M = finitely generated R-module ~ “com-
position series” (the factors are simple, i.e. isomorphic to R/m); (M) := “length of
(the shortest composition series of) M” < oo.

Examples: 1) (R, m) local k-algebra with field extension k < R — R/m of degree
d= d-{M)=dim; M.

2) (R,m) local with v/0 = m (< Spec R = {m}) = (M) < oo (Proposition 12).

15.12.21 (17)
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Proposition 16. |{(.) is additive| (in particular, strictly monotonic increasing),

each filtration of an R-module M has length < ¢(M) and (in case of {(M) < o0)
can be refined toward a composition series of M. The latter are characterized by
[{(factors) = 1] or by [length = ¢(M)].

Proof. £(s) is strictly monotonic increasing: N C M = each minimal composition
series {M;} of M yields the N-filtration {N; := M;NN} with N;/N;1 C M;/M;
Thus, for an arbitrary filtration {M;} of M on has ¢(M;) > ((M;i1), i.e. £(M) >
length of the filtration]. O

4.2. Artinian R-modules. :& {submodules} satisfies the chain con-
dition (DCC); similarily: “Artinian ring’; Lemma 10 does still apply.

Ezamples: (0) k[e]/e%. (1) Z is noetherian, but not artinan. (2) A := Z,/Z is an
artinian, but not noetherian Z-Modul: ged(a,p) =1 = a/p™ ~ 1/p™ (ab+ p"c =1
implies 1/p" = b-a/p™); hence A, := 1/p™-7Z C A are the only submodules at all.
(3) Z,, satisfies neither (ACC)/(DCC).

4.3. Artinian rings. Despite (2) in (4.2), rings R satisfy:

Proposition 17. R is| artinian < {r(R) < co|< R is noetherian with MaxSpec R =
Spec R, i.e. every prime ideal is mazimal. If so, then Spec R is a finite set.

Proof. (i) “4gr(R) < oo” implies “artinian” and “noetherian” via Proposition 16.
(ii) Let R be noetherian with {gz(R) = oo; let I C R be maximal with “(gr(R/I) =
oo” = [ is prime:  proof of Proposition 12. On the other hand, since {g(R/I) =
00, the domain R/I is not a field.

(iii) Let R be artinian; let J C R be the smallest ideal being the product of finitely
many maximal ideals = J? = J and J = Jm C m (Vm € MaxSpecR) = J = 0
(Nakayama — if J is finitely generated).

WorkAround (if J is not finitely generated): Let I be the smallest ideal with 7.J # 0
= I[J =1 (since (IJ)J =1J*>=1J #0), and thereisan f € I: fJ #0~ [ = (f).
Thus, [ is finitely generated, hence Nakayama applies, hence I =0 (4).

(iv) (0) = my - ... my provides a filtration of R with its factors being the finite-
dimensional (because of “artinian”) R/m;-vector spaces my ... m;_;/m; ... m;.
(v) PeSpecR=PDOmy-...-m = Ji: P DO m,. O

4.4. Multiplicities. M = finitely generated module over a noetherian ring R; let
P D Ann(M) be minimal above Ann(M), i.e. P € Min(M).

Proposition 18. In each “nice” filtration of M (according to Proposition 12) the

factor | R/ P appears exactly (g, (Mp)-times. | In particular, this multiplicity (< oo)
does not depend on the special choice of the filtration.

Proof. [filtration]| ® g Rp ~ factors R/Q with Q € P disappear, and R/P becomes
the field Rp/PRp = Quot(R/P). O
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5. PRIMARY DECOMPOSITION

5.1. P-primary ideals. R = noetherian. @@ C R primary :< in R/Q the zero
divisors are nilpotent.

Q C R primary = P := /Q is prime (“Q is P-primary”) = 3n : P" C Q C P.
An ideal Q with prime P := /Q is (P-) primary < Vr,y € R: [zy € Q, v ¢ Q =

y € P]. Thus, intersections of P-primary ideales are P-primary.

Ezamples: 1) Q = (x,9?) C k[z,y] is P-primary with P = (x,y); P2 C Q C P.

2) P:=(z,2) Cklx,y,z]/(zy — 2*) = P? is not primary()

Q C R with |m := /Q maximal ideal = @ is m-primary | (v/Q = V0 C R/Q is
then the only prime ideal, hence {R/Q — zero divisors} = |J Ass(R/Q) = 1/(0)).

5.2. Existence. R= noetherian ~» every ideal I C R is a finite intersection of
N-irreducible ideals.

Lemma 19. In noetherian rings, all N-irreducible ideals are primary.

Proof. Vy € R 3k: Ann(y*) = Ann(y*™) = Ann(y) N (y*) = (0). Hence, if (0) is
irreducible, then Ann(y) # 0 (i.e. y is a zero divisor) implies y* = 0. O

In particular, all I C R admit a primary decomposition I = ﬂle @; which is
minimal, i.e. unshortenable with mutually different radicals P, = \/@);. Example in
[Eis, 3.8, S.103-105]: (z) N (2%, zy,y?) = (22, zy) = (z) N (2%, y).

5.3. First uniqueness. Let Q) be P-primary; x € R = (Q : x) = (1) if x € @, and
(Q : ) = P-primary otherwise (from @ C (@ : ) C P one derives 1/(Q : x) = P).
Theorem 20. I = (), Q; minimal primary decomposition = {P; = /Q;} =
Ass(R/I). In particular, we obtain /I = (Ass(R/I) = Min(R/I) again.

Proof. I = 0. z € R = vAmz = (),\/(Qi:2) = (g, [ 1f Annx is prime,
then so is vAnn x, hence Annx = v Annx = P, for some i.

Conversely, if 0 #£ x € I; := ﬂj# Q;, thenz ¢ Q; and VAnnz = P;. If 0 # z € P,
with PZ-mHIi = 0 (exists because of P>° C @);), then Pz = 0, hence P, C Annxz C

VvVAnmx = P, O

In particular, primary ideals @) are alternatively characterized by # Ass(R/Q) = 1.

5.4. Second uniqueness. The primary (); partners of the associated P; € Ass(R/I)
are not all uniquely determined, but:

Theorem 21. For|minimal] P; € Min(R/I), the Q; are uniquely determined by 1.

Proof. ® gRp, respects intersections (exact) and kills all Q); with P; € P, = IRp, =
Q;Rp,. On the other hand, for primary ideals, Q;Rp, = Q. Rp, implies Q; = Q. O
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5.5. Monomial ideals. Generalizing the example in (5.2), let I C k[z,y] be a
monomial ideal ~ S := {a € N?| z° ¢ I} “standard monomials” with [S 2 a > b €
N? (i.e. a — b € N?) = b € S]; assume S # N2.

S(1):={ae€ S|a+ (0xN)C S} =][0,a] x N for some (maximal) o € Z>_,
S(2):={ae€ S|a+ (Nx0)CS}=Nx|[0,0] for some (maximal) 5 € Z>_4

S(12) := S\ (S(1) U S(2)) (closure with respect to “<”) is finite.

= S(1),5(2),5(12) correspond to ideals being (z)-, (y)- and, (z,y)-primary, and
S =5(1)US(2)US(12) yields a decomposition. Here, S(12) could be replaced by
each larger, “<”-closed, but still finite set.

6. INTEGRAL RING EXTENSIONS

6.1. Integral vs. finite. A C Brings: z € B is over A & x satisfies an

equation x" + Zv 0 7’ = 0 with a, € A; integral closure =: Z‘B).
Examples: R factorial = R is integrally closed in Quot(R) (“normal”); w :=
(v/5 4+ 1)/2 satisfies w? —w + 1 = 0 (over Z).

Proposition 22. For A C B 3 b the following facts are equivalent:

(1) b is integral over A,

2) B D Alb] is a finite A-algebra, i.e. finitely generated as an A-module,

da A-algebra C: A[b] C C C B,

3 B 2 Afb]-module M: Annap M =0, and M s finitely generated over A,

~—~~ —~
w
~— ~— ~—

p:=(-b);I=R=A. O

Consequences: b; € B are integral over A < Alby,...,b;] is a finitely generated
A-module; the A-integral elements of B form a subring; integrality of ring extensions
is transitiv.

Integrality (and “integral closure”) is a local property, i.e. b is integral over A < it is
integral over all Ap; A is normal < all Ap are normal (even the A,, suffice): For the
first, lift from the Ap to Ay, with (f1,..., fx) = (1). The normality statement follows
from A = An (for b € Quot A consider {a € A| ab € A}).

meMaxSpec A

6.2. Integrality over ideals. I C A ideal ~» analogous notion “b € B D A is
mtegral over I” via b + ZU 0 @b’ = 0 with a, 6 I We have T VIA®: 1t
b e 1A% , ) thus b= >y Gy With a, € I and ¢, € AP ; ) then M :— Alc ,} is a finitely

generated A-module. Now, one uses Proposition 6 with ¢ := (-b) and I.

Proposition 23. A C B domains with normal A. Then, b € B 1is integral over
I C A & bis algebraic over Quot A with minimal polynomial from ™ + \/I]x],
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Proof. The coefficients of the minimal polynomial are from Quot A. On the other
hand, as symmetric functions in the roots (€ Quot A, integral over I) they are also
integral over 1. 0

6.3. Going up and down. Let A C B be an integral extension; denote ¢ :
Spec B — Spec A, Q — Q N A.

Proposition 24. (1) If A, B = domains, then [A is a field < B is a field).
(2) @ € Spec B is maximal < Q N A is mazimal in A.
(3) ¢ is injective of prime ideals of B, i.e. Qy C Q1 together with
P(Q2) = (Q1) implies Qg = Q1.
(4) ¢ is surjective (on chains) — a successively increasing lifting is possible.
(5) A, B integral domains, A = normal = successively decreasing liftings are
possible, too.

Proof. (1) = (2) via factorisation; (2) = (3) via localization by P := Q; N A.

(4) If (A, m) is local, then by (2) every maximal ideal in B is a preimage of m;
localization ~» general case.

(5) Let P, C P, C Aand Q; C B with P, = Q1NA; we show that P; is the restriction
of a prime ideal via Ap, < Bg,. Problem: This inclusion is not integral anymore —
thus one has to check directly that | P,Bg, N A C P, | (and can, afterwards, choose
a maximal ideal in (A \ P,) ' Bg, over P»): Let A >z = y/s with y € P,B and
s € B\ 1 = vy is integral over P,, i.e. it has over Quot A a minimal polynomial
y" + ay" '+ ...+ a, = 0 with a, € P,. For s the minimal polynomial becomes
s"+ (ay/x)s" P+ ...+ (a,/z") = 0; integrality = a,/z” € A with 2" (a,/z") € Ps.
Finally, if © ¢ P, then we would obtain s" € P,B C Q). O

6.4. Finiteness of the normalization. Integral closures of domains in fields are,
under sufficiently good assumptions, finitely generated modules:

Proposition 25. Let A be a domain and L O Quot A a finite field extension. If
(i) A is a finitely generated k-algebra (with e.g. L = Quot A), or
(ii) A is noetherian, normal, and L| Quot A is separable,

then B = A" is a finitely generated A-module.

Proof. A = finitely generated k-Algebra: See [ZS, ch. V, Th 9, S.267].

Normal/Separable: — Let K := QuotA and by,...,b,, € B a K-basis of L =
Quot B = B®4 K (the equality follows from s € L = Ja € A: The minimal polyno-
mial of s turns into an integrality relation of as). With d := det Trpx (b;b;) € A\{0}
(separable!), the Trp k (s, «)-dual basis is some V;,...,b,, € 2B. For b € L it fol-
lows that b = >, Trpx (bb;)b;, and for b € B, the coefficients stem from A. Hence,
BCY, Al O
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7. THE HILBERT NULLSTELLENSATZ

7.1. The WEIERSTRASS Preparation Theorem. (Trivial form for polynomials)
#k = oo, f € k[xy,...,2,] = there is a linear change of coordinates ¢ : x;
x; + a;x, (a € kK" i =n: x, — x,, but a, := 1) with

Y(f) = (const # 0) - 2l + Zf.\:Ol ci(z1,. .., xn1) - 2% (and dege; < N —1).
(N :=deg f = f > ¥(f) produces ¥ with coefficients a” for every monomial x”
of degree N. The entire coefficient of 1) in ¢(f) is then figeg—ni(a); hence choose
an a = (a,...,ap_1,1) € k" with flges=ny(a) # 0.)

Proposition 26 (“NOETHER-Normalization”). #k = oo, klz1,...,z,] —» A finitely
generated k-algebra = Jyq, . .., yq € spang(z1, ..., x,): kly1, ..., y4] — A is integral.

Proof. klzi1,...,x,] — A finite, not injective = f € ker has w.l.o.g. the above shape
= klry,...,2n1] = k[z1,...,2,)/f is finite. O
7.2. The cool version of the HNS.

Corollary 27 (HNS1). Let k be a field and A a finitely generated k-algebra being a
field, too. Then, Alk is a ‘ﬁm’te field extension

k =k, then this implies A = k.

,i.e. [A: k] < oo. In particular, if

Proof. a) [#k = oo|: Proposition 26 = k[y1,...,y4] — A is integral; then Propo-
sition 24 implies that k[y;,...,yq] is a field = d = 0.

b) [Without Proposition 26]: Let a4, ...,a, € A be algebra generators. If n =0,
then we are done. We proceed by induction on n:

k — klai] = k(a1) = A = [A: k(a1)] < co. Let f € k[ay] be a common deno-
miator of the integrality relations of the remaining as,...,a, = A is integral over
klai]; = k[ai1]s is a field, i.e. a; is not transzendental over k. O

7.3. The standard version of the HNS. Let k = k be an algebraically closed
field.
Proposition 28 (HNS2). Let k = k.

(1) Every mazimal ideal of k[x] is of the form m, = (z1 — p1,...,Zn — Dn).

(2) Let J C k[x] be an ideal with V(J) = 0 in the sense of (1.2) = J = (1).

(3) J C k[x] ideal = I(V(J)) = V/J in the sense of (1.2).

Proof. Corollary 27 = (1) = (2). 3): fe [(V(J)) = V(J,fx)t—1) =0 =
J+ (ft —1) = (1). Now, substitute ¢t — 1/f in the coefficients. O

7.4. Algebraically not closed fields. Example for k C k: J := (2> + 1) C R[z].
In (1.7) we have defined f(P) € K(P) := Quot(R/P) = Rp/PRp (“residue field”
of P). Ezample: R = k[x| = z; € R yields z;(P) € K(P) = “i-th coordinate”. If
m = (22 +1) € SpecR[z] = K(m) = R[z]/(z?+ 1) = C, and z(m) = /1.
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8. PROJECTIVE RESOLUTIONS

8.1. Projective modules. :< Hompg(P,.) is exact < all M —» P split < P is the

direct [summand of a free R-module| R’ :== R®/ (Hom(P,.) is then a summand of

Hom(R!,.)) = P is flat (for the same reason with P® and R'®).
I

Base change (e.g. localization) preserves “projective” (R'-summands); for P with
finite presentation it holds true: P is projective < Vm € MaxSpec R: P, is a pro-
jective Ry-module (for M —» N localize Hom(P, M) — Hom(P, N)).

Ezample: (2,14 +/—5) C Z[\/—5] is projective, but not free; smooth points of an
affine, elliptic curve yield those ideals, too.

(R,m) local, P = projective with finite presentation = P is |(locally) free|: Let
R"™ —» P be minimal and R" = P® P’ = P'®@ R/m = 0, hence P’ = 0 (Nakayama).

8.2. Complexes and Qis’. A = abelian category (e.g. Modr = {R-modules}).
complexes M, (with d; : M; — M;_q, left shift MI[1); == M;_y, M := M_,,
hence d' : M" — M and M[1]" = M™; d[1] := —d); (co-)homlogy H;(M,) :=
Z;(M,)/ B;(M,) with H;(M,) = Ho(M,[—i]); morphisms of complexes f : M, — N,;
the long exact homology sequence (is functorial); ‘ “Qis” :=“quasiisomorphisms” ‘ (not

stable under the application of functors).
Ezample: f : 0, - M, := [0 — Z 27 - Z]27 — 0] exact = f is Qis and
H.(idp) = 0. However, N := Z /27 yields f ® idy # Qis and H,(idy; ® idy) # 0.

Double complexes M,, have differentials d' : M;, — M;_1y, and d" : M,; — M, ;1
with d'd” + d"d’" = 0; the associated “total complex” is Tot,(M,,) with Tot, :=
@’H—j:nMij and d := d/ + d//.

8.3. Mapping cones. f: M, — N, ~ mapping cone Cone (f), := Tot(M, — N,)
where the complexes M, and N, sit in row 1 and 0, respectively, with d’ := f and
d" := (—=dy)/dy. Down to earth, this means that Cone(f), := N, & M,[1] with
differential dcope = (dév_i;M); in particular, 0 — N, — Cone (f), — M,[1] — 0 is
an exact sequence of complexes (where each layer separately splits); the connecting
homomorphism equals H,(f). The complex Cone (f) is exact < f : M, — N, is
Qis.

Note:  M,[1] < Cone (f) and Cone (f) —» N, are not maps of complexes, i.e.
they are not compatible with the respective differentials. In particular, the above
sequence does not split as a sequence of complexes.

8.4. Homotopies. A homotopy H : f ~ 01is a H : M, — N,[—1] (not compatible
with d) with Hd + dH = f. Homotopies H : 0 ~ 0 are degree one morphisms of
complexes.
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K&/=0(A) = ’homotopy category‘ of bounded (from below, above, or both) A-
complexes with

Homg (M, N) := {maps of complexes}/homotopy = Hy Hom, (M, N)

~> homotopy equivalences (f : M, — N, and g : N, — M, with gf ~ idy; and
fg ~idy) become isomorphisms in K (A) ~ Qis’s:

Proposition 29. 1) f ~ 0= H,(f) =0. Thus, Hy : K(A) — A makes sense.
2) Let P, € K~ (proj A) C K~ (A) “projective” (i.e. all P; are projective) and C, €
K(A) exact = every f : P, — C, is 0-homotopic. O

8.5. The Hom complex. Let M,, N, € K°(A); then we define the double complex
Hom,, (M., N,) via Hom;; := Hom(M_;, N;). The ordinary Hom complex is obtained
as Hom,(M,, N,) := TotHom,,(M., N,), i.e. Hom,(M,, N,) = &; Hom(M;_,, N;)
with d(¢) = dy ¢ — @ dy. In particular, Z,(Hom,) is the set of degree n homomor-
phisms of complexes.

For f : M, — N, and A, € K*(A) the functor |Hom,(A,, —) and the Cone | con-

struction commute; in particular, we obtain an exact sequence of complexes

0 — Hom,(A,, N,) — Hom,(A,, Cone (f),) — Hom,(A,, M,[1]) — 0.

(Note that one has to be more careful with unbounded complexes; direct sums might
be to replaced by direct products...)

8.6. Projective resolutions become canonical. Assume that the abelian cate-
gory A has ’ enough projectives|, i.e. every object attracts a surjection from a pro-

jective one. Then, in K~ (.A) there exist unique and functorial projective resolutions
(similar with injective resolutions in K*(A)):

Proposition 30. 1) Let P, € K~ (proj.A) be “projective” and A, 4 B, be a Qis in
K(A) = q induces an isomorphism Homp a)(P., A,) = Homga)(P., B.).

2) Each M, € K~ (A) admits a unique projective resolution P, I8 M,. This construc-
tion yields a | functor K= (A) — K~ (proj.A) transforming Qis’ into isomorphisms|.

Proof. 1) Since ¢ is a Qis, the complex Cone (q) is exact, i.e. for all n € Z we
have H, (Hom,(P,, Cone (q)) = Homg4)(P., Cone (¢)[n]) = 0 by Proposition 29(2).
Using the exact sequence of (8.5), this means that Hom,(P,, A,) — Hom,(P,, B,) is
a qis.

2) Let f. : P, B8 M, for < i, and f; : P, = M; inducing a surjective ker(P;, —
P;_1) = ker(M; — M;_y). Then, onelifts P/,, — f; ' (im(Mis1 — M;))NZ(P.) —
— im(M;41 — M;) toward M,4q. Hence, Py, := P/ | ® P/ | with surjective P ; —
— ker(MiH — Mz)

2.2.22 (27)
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P, -\ (i) For a given f and for given resolutions P, — M, and P! — M/,
P, s there exists a unique F in K~ (proj.A).
pr 9 ap (i) If f =id (or f = qis) then F is a gis, too. Its inverse within
K~ (A) can be obtained via Homg (P, P) = Homg (P, P') > id.
Why is G + idp inverse to F'? By definition, we know that F'o G = idp. In
particular, G is a qgis. This yields

Homg (P, P) —— Homg (P, P') —> Homg (P, P) ——> Hom (P, P').
W
] id pr

Thus, since we already know that the horizontal maps in the previous line are
isomorphisms, Homy (G) = Homg (F)™ !, hence, for the map ® : Homg (P, P) —
Hompg (P, P) we get,

Homy (GF) = Homg (G) o Homg (F) = id.

These two incarnations of ®, however, send idp to GF = idp, respectively. 0

9. Tor(SION) AND Ext(ENSIONS)

Every object M € A gives rise to a complex supported on the 0-th spot only. Then,
for a complex P, = [... P, — P, — Pp], a quasiisomorphism P, — M is equivalent
to an exact sequence ... P, - P, - Fy — M — 0.

9.1. Derived functors. Let A a be an abelian category with enough projectives
and let F': A — B be an (additive) right exact functor, e.g. F' = (®rN) : Modr —
Modg. Then, the derived functors L;F' : A — B (i > 0) are charcterized by (i)

LoF = F|, (i) | Ls1 F(projective) = 0/, and (iii) [0 — M’ — M — M"” — 0] — [nat-
ural transformation L; F(M") — L, F(M’) with ‘long exact homology sequence ﬂ

In particular, Lsj(exact F') = 0.

Construction: P, — M projective resolution ~» L, F(M) := H; (F(P,)).

(Proof of (iii): Projective resolutions P! I M and P, B M ~ f:P — P, ~
Cone (f) & Cone (M" — M) &8 M"; now take the long exact homology sequence
for F(0 — P, — Cone (f) — P.[1] — 0).

The overall picture: M, € K~ (A) with projective resolution K~ (proj.A) > P, A,
M, = LF(M,) := F(P,) € K~ (B). There is a natural transformation LF — F,

and L,FM, .= H;(LFM,). If f: M, 2 N, is a gis, then, in contrast to F(f), the
map LF(f) preserves this property. However, if F' is exact, then F(P,) — F(M,)
stays a qis, hence LF' — F'is a qis, too.
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9.2. Tor and Ext as derived functors. Tor’(., N) := (®%N), Extg(s, N) :=
R Hompg(s, N); example: R = Z; compatibility of Tor?® with flat base change R — S
(P, — M yields projective S-resolution P, ®g S — M ®pr S) — and similarily for
Extjé, if the P; are of finite presentation. Moreover, one can choose the argument to
resolve (~ usage of 0 - Z — Q — Q/Z — 0 for Ext):

Proposition 31. Let P, b, M, Q. A, N, and N T e projective and injective
resolutions, respectively. Then, Tor(M,N) = H;(P, ®x N) = H;(M ®5 Q.) and

Extl,(M, N) = H' Hom(P,, N) = H Hom(M, I*).

Proof. The first equalities are the definitions; for the second check the properties
(i)-(iii) from (9.1). O

9.3. Yoneda’s Extensions. Exp(M,N) := {0 - N — ¢ — M — 0}/isom ~
provides a bifunctor on A" x A (m : M’ — M induces 0 - N — o X,y M’ —
M’ — 0; similarily for n : N — N’) with R-algebra structure (addition via doubling
the sequence and additional application of M — M & M and N & N — N).

Proposition 32. Exth(M, N) = Exs(M, N) as R-modules.

Proof. M < Py projective ~ (x) 0 - K — Py - M — 0. With Hom(Fy, N) —
Hom(K, N) — Extp(M, N) — 0 let Hom(K, N) 3 p > p.(*). O

10. FLATNESS AND SYZYGIES

10.1. [M projective < Exty(M,.) = 0] and [N flat < Torf(., N) = 0].

Proposition 33. Let N be an R-module of finite presentation. Then, N is projective
& N s flat < Ym € MaxSpec R: Torf(R/m, N) = 0.

Proof. Projectivity can be checked locally, TorlR commutes with localization ~»
w.lo.g.. (R,m) is a local ring. Copy (8.1): R™ — N minimal ~» Nakayama. O

f0o—-K — P,y — ... > B — N — 0is exact (with projective P;) =
L;F(K) = Ly, F(N) for i > 1. In particular, it follows for finitely generated N
over noetherian rings R: If Tor’,,(R/m, N) = 0 (for all m), then K is projective,
i.e. pd(N) < n.

Corollary 34 (HILBERT syzygy theorem). Fuvery finitely generated Clxy, ..., x,]-
module has a projective ‘ resolution of length n|, i.e. its projective dimension is < n.

Proof. The Koszul complex of (10.2) (e.g. C[x] — C[x]*> — C[x] for n = 2) provides

~Y

a free resolution of length n of C[x|/m = C. O
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10.2. The Koszul complex. Over C[x| := Clxy,...,x,], we construct a free reso-
lution of C = C[x]/(x): For p € N let

K? := AP CX]" = ®1<i<..<ip<n Cx] - €5, Ao N ey, = @i Clx] - e(2)

and d : K — KP*! be the wedge product A(>."_, z,e,). The complex is Z"-
graded by deg(x” € C[x]) := r and dege; := —e;, ie. dege(i)) = —>F_ e;,.
Then, if r4,...,7, > 0 and rpy; = ... = r, = —1, the degree r part of K*

equals XT-®@A"_€ C"* with C%basis f, := z,e, and differential d :
APC! — APFICE equal to A(X2_, f,), for the first factor, and where the second
factor A"~¢C"* =C-e(f +1,...,n) does not matter at all.

If ¢ > 1, then h : APTICY — APC’ with he; Ae;y Ao Ae;) =€, A...Ae;, (and
0 otherwise) provides a homotopy id ~" 0. If £ = 0 then K*(r) is concentrated in
K"(r) = C and provides an isomorphism from this to C = C[x]/(x).

10.3. No finite generation. Flatness encodes “continuity” of families SpecS —
Spec R. (Ezample: Flat projection R = C[t] < Clz,t]/(2* —t) = S of the parabola
and the non-flat projection C[t] — Clz,t|/(txz — t); comparison of the fibers in +1,
0 (and in the generic point ) in both cases — also over R.) Higher dimension of the
fibers ~» the occuring modules (e.g. S over R) are no longer finitely generated!

Proposition 35. Let N be an R-module. Then, N is flat < Torf(R/I, N) =0 for
all finitely generated ideals I C R

Proof. (<) M'" C M ~» it suffices to test injectivity of M’ @ g N — M ®g N only
for finitely generated M', M: x =), m; ® n; € M' ®g N = for x — 0 only finitely
many bilinear relations in M ®pg N are used. Thus, using filtrations, everything can
be reduced to I C R, and again the finitely generated ideals suffice. 0

Applications: 1) A kle]/e*>-module N is flat & N/eN 5 eN is (also) injective.
Identifying k[e]/e%-modules N with pairs (V, o) consisting of a k-vector space V and
¢ € Endg, (V) with ¢? = 0, i.e. with im ¢ C ker ¢, then (V, ¢) is flat iff im ¢ = ker ¢.
2) R = domain ~ [flat = torsion free|; R = principal ideal domain ~» “&7.
(Counter) examples: 7Z/27 is a flat (even projective) Z/6Z-module. The ideal
(x,y) C k[x,y] is torsion free, but not flat.

11. GRADED RINGS AND MODULES

11.1. Graded rings and modules. Z or more general abelian grading groups A;
example S = k[x]; homogeneous ideals and graded submodules; shifts M (d) or S(d);
homogeneous resolutions.

Ezample: (zz—y* wy— 2% xw—1yz), using w(zz —y*) +y(wy — 2%) +z(zw —yz) = 0,
with respect to the usual Z-grading or to deg(z, y, z,w) := (1,4) with i = 1,2, 3, 4.

2

Ende Alg I
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11.2. Homogenization. w € R%, ~ deg, x; := w; defines a grading on k[x]; ho-
mogenization: f € k[x] ~ k[t,x] > f(t,x) := ti%u ] f(17¥x) = in,, f +¢-remainder;
with degt := 1 the f* becomes homogeneous of degree deg,, f; dehomogenization
f(1,x) = f(x). For a +deg f = deg g one has t*f" + g" = t*(f + g)". This follows
from F(1,x)" - t* = F(t,x) for homogeneous F(t,x).

If I C k[x] is an ideal and <,, is a term order breaking ties for deg,, = in,, I is gen-
erated by in,{<,-GB of I}; I" := (f"| f € I) is a homogeneous ideal; substituting
t — 1 yields I" ~— I.

Example: w =1 and [ = (y — 2%,z — 2?) (GB for y,z > 22 but not for 22 > y, 2;
the latter requires y — z) yields Ih (yt — 2%, 2t — 2%,y — 2).

Lemma 36. Let I = (f1,...,fr). Then I" = ((fl,.. iy o) = (IM ). If
{f1,..., fr} =[<w-Grobner ba81s] then (f, ..., f1) is already t-saturated.

Proof. g(t,x) homogeneous with t'g € I" = g(1,x) € I = g(t,x) =tg(l,x)" € I".
Alternatively, ¢g(1, ) SAi(x) filx) = Tk k; > 00 thg(l,x)" = S RN =

€ ((ff,.... f1) - t=). If {f;} = GB, then 1n§w()\zfz) <inc, g(1,x) = deg, \; +
deg,, f; < deg, g(1,x) = k =0 is possible, i.e. g € (f,..., f). O

11.3. Grobner degenerations understood as flat families. w € RY, ~ X :=
Spec k[x]/I C A", X := Speck[t,x]/I" C Al x A» B Al

px (0)¢ X
J \A"C px\Al x A
7 i

{0}¢ Al

since k[t,x]/I" is a flat k[t]-module < t-torsion free < " = (I" : t*)
and py' (A1\0) = X x (A'\0) via the k[t*!]-linear k[t*!, x]/T = k[t*!, x]/I"

1 . x,f o tUx, Al fhy
px (0) = Spec k[t,x]/((t) + I") = Spec k[x]/ in,,(I).

11.4. Limits. The punctured py'(A'\ 0) — (A!\ 0) is a trivial family. More-
over, by Problem 57(c), py (A1 \ 0) = V(I")\ V(t) = V(I" : t°) = V(I"); hence
o 70) T 30

I =(fi,...,fx) Grobner basis = X = V(f;), X = V() and Xy = V(in, f;). For
non-GB we just have X, C V (in, f;).

Ezample: I = (v — z,y — z), w = (0,0,1) = V(tx — z,ty — z) = k- (1,1,t) over
A\ 0, but has the O-fiber V(z) which is bigger than the wanted V(z,z — y).

Different term orders yield different degenerations: See [Eis, S.342-347]. This moti-
vates the usage of non-reduced, O-dimensional schemes.
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11.5. Artin-Rees. A noetherian; I C A ideal ~ A:=a,0"isa finitely generated
A-algebra = noetherian, too. M = finitely generated A-module with “I -filtration” ,
i.e. {M,},>o with IM, C M,y C M, (Example: M, = I"M) ~» M = ®,>0M, is
a graded A-module.

Proposition 37. M s noetherian < M,y = IM, for v>>0 (“I-stable”).

Proof. (=) M* := (®,<xM,) ® (511" My,) is an ascending chain in M. O
Corollary 38. (1) M'C M = I[(I"MNM')=I1"""MnNM forv>0, iec.
Je: IFM' D TR(IeMNM') = I MM’ D I¥ <M’ for k > 0 (“Artin-Rees”).
(2) 14+1C A* (e.g. I =m in a local ring) = (s "M = 0.

Proof. (1) M = &,(I"MnM)C e, I"M = M is a noetherian A-module.
(2) follows from (1) with M’ := (", I*M and Nakayama. O

11.6. The local criterion of flatness. A homomorphism of local rings ¢ : (R,m) —
(S,n) is called local :< p(m) C n < ¢#(n) = m. Counter ezample: Clz],) — C(z).

Proposition 39 (Local criterion of flatness). Let (R,m) — (S,n) be a local homo-
morphismus of noetherian rings, let N be a finitely generated S-module. Then N s
flat over R < Tor(R/m, N) = 0.

Proof. Let I C R be an ideal and I ® g N > u+— 0 € IN C N; we show that v = 0:
I ®g N is a finite S-Modul, and m*(/ @z N) C n*(I @z N) = (), m*(l @z N) = 0;
Artin-Rees ~ m®>2N] C m®] = it suffices to show that u is contained, for all @’ € N,
in the image of (m* NI)®r N — I ®x N i.c. that u vanishes in I/(m® NI)®z N.

u IT@g N ——=I/(m*NI)®z N

J | ¢

0 N=R®zN —=R/m” @z N

On the other hand, the right hand column is injective since Tor? (M, N) = 0 for all
R-modules M of finite length — this follows via induction from the hypothesis. [

12. HILBERT POLYNOMIALS

12.1. Poincaré series. Sy noetherian ring; A: {finitely generated Sp-modules} —
N additive. S = @,>095, finitely generated, graded Sp-algebra: a4, ..., a, homoge-
neous generators with dega;, = d; > 1. If M = finitely generated, graded S-module
= “Poincaré series” P(M,t) ==Y -, A(M,) -t € N[t] (cut off the negative part).

Theorem 40 (Hilbert-Serre). []r_ (1 —t%)- P(M,t) € Z][t].
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Proof. n = 0 = P(M,t) € N[t]. In general: K, L := kernel/cokernel of M ~*% M
= MNK,) = AX(M,) + A(M,+4,) — M Ly1a,) = 0, hence

dn—1
t" P(K,t) — t" P(M,t) + P(M,t) — P(L,t) = Y (A(M,) — A(L,))t" =: g € N[t]
v=0
= (1 —t%)P(M,t) = P(L,t) — t™P(K,t) + g(t). And, since a, annhilates the
modules K, L, they are modules over Sylaq,...,a, 1] C S. O

12.2. Pole orders. d(M) := [pole order of P(M,t) in t = 1] < n. On the other
hand, d(M) < 0 indicates that M does A-live only in finitely many degrees: P(M,t)-
IS4 1) € (1—1)~4DZ[t] C Z[t] enforces that P(M,t) € N[t]. From d(M) < 0
it even follows that P(M,t) = 0.

Ezample:  P(k[zy,...,z,),t) = >, (V1" 1)t = 1/(1 — t)" (this easily follows via
the Z" grading and Y i t" = [[; X4s0 tF) = d(k[z1, ..., 24]) = 1.

Proposition 41. If a € S is a non-zero divisor of M with dega > 1, then
d(M/aM) =d(M) —

Proof. M —% M has K = 0, hence (1 — te*)P(M,t) = P(M/aM,t) + g(t)
with ¢ € N[t]. In the case d(M/aM) = 0 it first follows that d(M) < 1 and
P(M/aM,t) + g(t) € N[t]. However, with d(M) = 0 one would additionally obtain
that P(M/aM,1) + g(1) = 0. O

12.3. Numerical polynomials. The coefficients A(M,,) of P(M,t) themselves be-
have like polynomials in v (“Hilbert polynomial’); [ € R[t] is called a numerical
polynomial :< f(g) € Z for sufficiently large g € Z < [ = Zde%f ¢;(}) with (uniquely

determined) ¢; € Z.
(=) via induction by deg f: g(t) := f(t+1) — f(t) = 02 cipi (9).)

Proposition 42. Let S be generated in degree 1 over Sy (d; = 1) = forv >0, one
has [v+— AN(M,)] = Hy(v) € Q[v| with deg Hyy = d(M) — 1.

Proof. P(M,t) = f(£)/(1— )90 = f() - 37,0 (085 = with f(t) = S0, axt®
we have A(M,) = S oar (A for v > N. Since Y, ar = f(1) # 0, the
coefficients of v~ do not cancel each other. U

Ezample: Hyj,, . 2,)(v) = ("I") = 1/nlv™ + ... and, for a homogeneous f € k[x]4,
Hypp(v) = (°17) = ("7 d) =d/(n— 1)'1}” '+ ... In particular, for S = k[x]/I,
the degree deg(S) := deg(Hg)! - [leading coefﬁment of Hg| generalizes the degree of

a polynomial.

13. DIMENSION OF LOCAL RINGS

13.1. m-primary ideals. (A, m) noetherian local ring, m" C @) C m (m-primary)
ideal = S := Grg(A) := @,50Q"/Q" ™" with Sy = A/Q (artinian) and \ := ¢ =
length.
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Proposition 43. M finitely generated A-module = v — g(v) = L(M/Q"M) < oo
equals a polynomial x¢f € Y1 (Z(%) of degree d(Grq(M)) < n := #{Q-generators}
forv>0.

Proof. Grg(M) := ®,50 Q"M /Q" M is a finitely and in deg = 1 generated Grg(A)-
module; Proposition 42 ~» g(v + 1) — g(v) = €(Gr;(M)) is a polynomial of degree
<n. U

d(A) = degxé = d(Grg(A)) — 1+ 1 does not depend on @: m" C @ C m =
Xa () < xH(v) < x@a(rv) for v >> 0. Hence |d(A) < §(A) := ming #{Q-generators} |

Ezample: A := k[x1,...,0,]x) — k[x|] = A have both Gry(A4) = Gr(x)(fl) =
k[x]. Hence, xx)(k) = (k_:rn); indeed, Her(k) = x(k +1) — x(k) = (k;;n) -

(3 = (571 Thus, d(A™,0) = n and mult(A",0) = 1 with muls(4) =

n n—1

d(A)! - [leading coefficient of y2].

13.2. Hypersurfaces. Let a € (A, m) be a non-zero divisor for M. Comparable to
Proposition 41 we obtain:

Proposition 44. deg Xnﬂ”/“Mg deg xM — 1; in particular d(A/aA) < d(A) — 1 for
M = A.

Proof. M/m"M —» M/(a+wm”M) yields xM (1) — &/ (v) = ¢(aM/(aM Nm? M),
and m”(aM) C aM Nm”M CoS = Yo (aM Nm M) C mY " (aM) implies xm (v —
vp) < U(...) < xm(v). Hence xM(v) — X%/GMO/) is a polynomial of the same degree
and with the same leading coefficient as x. 0

Ezample: f € m®\ m¥*! in A, then in(f) := f € m?/m?*! = Gr?(A); in particular,
there is a natural surjection ® : Gryn(A)/in(f) = Grn(A/f). If in(f) is a non-zero
divisor in Gry(A), then @ is an isomorphism.

Hence, for klx1,...,25]x)/(f) C K[|x|]/f (with f = f4+ faq1 + ... in the latter)
we obtain x(k) = y*"O (k) — x*"O(k — d) = ("1 — (*7'-9"). In particular,
d(k[x](x/(f) =n =1 and mult(k[ |/ (f) = d.

13.3. Towers of primes. “Height’ of prime ideals ~ “Krull dimension” dim A :=
dim(Spec A) := max{ht P| P € SpecA}; P C A is a minimal prime ideal <
ht P = 0.

Proposition 45. (A, m) noetherian local ring = |htm =: dim A < d(A)|. In par-
ticular, the height of prime ideals in noetherian local rings is always finite.

Proof. d(A) =0 = x2(v) = {(A/m") constant = m” = 0 (Nakayama) for v > 0.

Induction by d(A): Py C ... C P, chain of prime ideals, a € P\Py= A:=A/Py+
(a) does still contain the chaln P, C...C P, and d(A) < d(A/Ry) < d(A). O



22 KLAUS ALTMANN

Theorem 46. (A, m) noetherian local ring = | dim(A) = d(A) = §(A) | For non-
zero divisors a € A one has dim A/a = dim A — 1.

Proof. For v < dim A construct inductively (aq,...,a,) with [P 2 (ay,...,a,)
ht P > v]: If Py,..., Py are the minimal primes over (ay,...,a,_1) with ht P,
v—1<dmA= P Cm= 3Ja, em\J, P

For v = dim A it follows that @ := (a4, ..., adqim 4) is m-primary ~ 6(A) < dim A.

(%

“>” (holding without the non-zero divisor assumption): (ag,...,ag) = m-primary
in AJaA = (a,ay,...,a4) = m-primary in A. O

14. REGULAR LOCAL RINGS

14.1. Tangent cones. dim(A,m) =d ~ Q = (ay,...,aq) m-primary (“parameter
system”) ~ @ : (A/Q)[x1,...,xq] = Grg A. It holds true: ®(f) =0= f—0¢
(A/m)[z1, ..., 24]. (Otherwise, by Problem ??, the (homogeneous) f is a non-zero
divisor, hence

d = d(Gro A) < d((A/Q)[x1, ..., x4/ f) < d(A)Q)[x1, ..., x4)) = d.)

If ) = m is possible, then ® becomes an isomorphism!

Definition 47. (A, m) is “reqular” :< Gry(A) is a polynomial ring < |dimm/m? | =

Nakayama

dim A &= " m is generated by (dim A) many elements.
(If Gr(A) is a polynomial ring, then #(variables) = d(Gryn(A)) = dim(A).) Regular
rings are automatically integral domains (is a consequence of Problem 65).

14.2. Projective dimension of the residue field. Regularity of rings can be
tested homologically:

Proposition 48. (A, m) is regular < Tord (A/m, A/m) = 0 < every finitely gen-

erated A-module admits a ‘ﬁm’te free resolution‘.

Proof. The equivalence of the two right conditions follows from (10.1).

(=) m = (a1,...,aq) = the Koszul complex is a free A-resolution of k = A/m —
this follows via Gry(A) from the corresponding result for polynomial rings in (10.2):

M — M — M" with exact Gry(M') — Grp(M) — Gry(M”) (homogeneous
maps of degree 1) = kernm'M C im+(kerﬂm”1M) = dig: Vi > i5: ker C
im +(ker "m?M) = im +m’~ (ker "m® M) C im +m’~" ker.

(<) m\ m? contains non-zero divisors a: Otherwise, by (3.6) and “prime avoidance”
(Lemma 1), m € Ass(A), ie. 0 = A/m 3 A - A/s — 0 = Tor](A/s, k) =
Tori | (k, k). Along the lines of (10.1), it follows that 0 = Tor?d(k)H(A/s,k) =
Toréd(k)(k, k) which cannot be true.

dim A/a = dim A—1; dim, m/m? = dim, m/(a+m?) = dimj m/m?—1 ~» induction:
Let F, % m be a finite, free A-resolution; since Hsy(F, ® A/a) = Torgl(m, Ala) =
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Hsi(m % m) = 0, the morphism F, ® A/a a m/am becomes a free A/a-resolution.
The exact sequence 0 — A/m -5 m/am — m/a — 0 splits (A/m — m/am —» m/m?
has a section), hence Torg/oa(k, k) =0. O

Corollary 49. Localisations of reqular rings in prime ideals are reqular.

Proof. Tor* (Ap/PAp, Ap/PAp) = Tor(A/P,A/P) @4 Ap = 0 for i > 0. O

15. GLOBAL DIMENSION

15.1. Height vs. codimension. Let a; € A and P O (ay,...,a,) be a minimal
prime ideal = ht P < r (in Ap the ideal P is the only prime above (ay,...,a,);
thus, the latter is P-primary).

Proposition 50. 1) a € A non-zero divisor = minimal prime ideals P above (a)
have height ht P =1 (“KRULL principal ideal theorem”).

2) A = integral domain ~ [factorial < prime ideals of height 1 are principal].

Proof. 1) it P =0~ dim Ap/a < dimAp — 1 = —1.
2) Use “factorial” < irreducible f € A yield prime ideals (f): (<) f € A = a
minimal P 5 f has ht = 1; (=) ht P = 1 = choose an irreducible f € P. O

In particular, “factorial” implies “regular in codimension (height) one”. The re-
versed implication fails: Clx,y, 2]/(y? — x2).

15.2. Krull dimension. dim A := maxpegpec 4 ht P = dim A/\/ﬁ; if Pi,...,P, are
the minimal primes, then dim A = max; dim A/P;. Proposition 24 implies [A C B
integral = dim A = dim B].

Ezample: A = kl[zq,...,2,] ~ wlo.g. k k[x] is integral over k[x]) i (x)

=k
is a “typical” maximal ideal = dimk[x] = dimk[x|x) = n. A chain of primes:
(l’l, ce ,ZEZ‘).

15.3. Transzendental degree. Let A be a finitely generated k-algebra without
zero divisors ~ X := Spec A is irreducible with K[X]| := A and “function field’
K(X) := Quot A.

Proposition 51. 1) ’dimA = tr-deg, Quot A ‘
2) P C A prime ideal = dimA = dimA/P + ht P = dimA/P + dim Ap. In

particular, dim A = dim Ay, for mazimal ideals m.

Proof. (1) Proposition 26 = 3k[yy,...,y,] — A finite, hence tr-deg, Quot A =
tr-deg,, k(y) = r = dim k[y] = dim A.

(2) wlo.g. ht P =1 and A = k[y]: Proposition 24(5) = ht P = ht(P N k[y]) and
dim A/P = dim kly]/(P N kly]). Factoriallity of k[y] ~» P = (f) with an irreducible
f € kly]; by (7.1) Ely1,...,y.]/f is finite over (w.l.o.g.) k[y1,...,y,—1], hence it is
(r — 1)-dimensional. O
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Applications: dim Ay =dim A, dim(X xY) =dim X +dim Y.

16. PROJECTIVE VARIETIES
4.5.22 (35)

16.1. Recalling affine varieties and spectra. Equivalences of categories (k = E):

{closed affine subsets Z C A}} < {radical ideals I C k[zy,...,z,|}
< Ak[xy,...,z,) = A= reduced}

or, forgetting the embedding, {affine algebr k-varieties } < {f.g. red k-algebras}.
Without k£, this generalizes to the scheme setup, i.e. to the equivalence of categories

{affine schemes (Spec A, A)} +» {commutative rings A}°PP.

A becomes the ring of regular functions on Spec A, we allow nilpotent elements in
A, and we do not need a field k at this point.

Ezamples: 1) Functor of affine toric varieties TV(N, o) via (o C Ng) — (0¥ C M)
and TV(N, o) := Speck[o¥ N M];

2) surjections A —» B corresponds to closed embeddings Spec B < Spec A;

3) localizations A — A, yield Spec A, = D(g) := (Spec A) \ V(g) C Spec A.

4) Faces 7 < 0 C Ng lead to open embeddings TV (N, 7) < TV(N, o).

i

16.1.1. The toric P'-construction. The easiest concrete instance of (4) is the follow-
ing: Let ¥ := {o%,07,0} consisting of the 1-dimensional cones o* := R> /<o and
their intersection 0. Then the associated semigroups are N, —N, and Z.

N C[N] Clz]

N\ . .

-N Cl-N] Cly]
where the y from the bottom right corner maps to z=!. Geometrically, this means
that we glue two copies of A! = C! with coordinates x and y, respectively, along
their open subsets C*. However, the identification of the two “tori” is done via
Y= x L.

16.2. The projective space. The affine varieties C* and, e.g., the quadric V(22 +
y>—1) C C? and the “elliptic curve” E := V (y*—23+x) C C? are not compact when
considered in the classical topology (the quasicompactness of the Zariski topology
is misleading here).

k =k field ~ PP := P(k") with |P,(V) := (V¥ \ {0})/k* |, the complex PL =
S?n=1/C, is compact in the classical topology; “projective algebraic subsets”:= van-
ishing loci V(J) = Vp(J) C P} for homogeneous ideales J C k[z| with z =

11.5.22 (37)
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(20, - - -, 2n) ~ similarily to (1.2): ZARISKI topology on P}; g € k[z] homogeneous ~»
D, (g) =P\ V(g) yield a basis of the open subsets. The special charts D, (z;) = k"
will be identifyed with the affine schemes Spec k[z|(.,) where

klz)e) = k[2, ... 2] C klz, ] = klz],,

denotes the homogeneous localization consisting of the degree 0 elements of the
latter, ordinary localization. P" = (J , D(z;) is an open, affine covering. And
P? = D, (20) UP}™ ! with D, (29) = Spec k[x] where x = (z1,...,,) and z; = z;/ 2.

16.3. Projective subsets. If we start with an ideal I C k[x] corresponding to the
affine Speck[x]/I = V(I) C A? ~» homogenization I" C k[z] (C k[t,x] in (11.2)
with w = 1), i.e. after substituting x; — 2;/2z¢ one multiplies with the minimal z-

power killing all denominators in the polynomials from I ~ | Vp(I") = V,(I)|inside

P". Ezample: E = Vp(y?z — 2% + 22%) C P? carries a group structure; usually the
neutral element is chosen as (0 : 1:0) which is E'\ E, cf. (16.2).

The opposite construction: If J C k[z] is a homogeneous ideal, then J* := Ji,,) C
k(2] = k[x] is obtained from substituting z, 2 = 2,/z (thus z — 1) in the
arguments of the polynomials from J. Then, the local structure of Vp(J) C P" in
the chart D, (z;) is obtained by identifying Vi(J) N D (2;) = Spec k[x®]/.J".

The maximal ideal (z) = is called the irrelevant ideal. V(J) and V(J : 2°°) have the
same local structure, e.g. V(z) and V (1), or V(22 — 2921, 2021 — 2%) and V(2 — 21),
and the ideal (J : 2*°) is maximal with this property.

Example: Grass(d,V) C P(AYVY) is given by the Pliicker relations.

For Z = V(J) C P" we call | S(Z) := k[z]/(J : 2°°) | the homogeneous coordinate
ring; it is Z-graded; the affine coordinate ring of the i-th chart Z N D (%) is S.,).

Remark. Taking I(Z) C k[z] instead of (J : 2z°°) is to coarse and big if one is
interested to preserve a possible non-reduced local structure.

Problem 52. For an ideal I C k[x] with x = (1,...,2,) denote by I" := (f"| f €
I) C k[z] with z = (2, ..., 2z,) and x; = z;/2o its homogenization. On the contrary,
for a homogeneous ideal J C k[z] we denote by J° C k[x] its dehomogenization
obtained by zy + 1 and z; — x; for ¢ > 1. It equals the homogenous localization
J(z). Eventually, we denote by Vp(J) C P" and V(1) € A" = D, (2) C P" the
respective vanishing loci.

a) Recall that Vi (J%) = Vi(J) N Dy (%) inside A" = D, (z). Assume that k = k,

and use the Hilbert Nullstellensatz to show that then Vp(I") = V, (1) inside PY.
b) Show by presenting a suitable example that the equality of (a) fails for £ = R.

¢) In Subsection (11.2) we had considered A’ := A"*! instead of P := P". In partic-
ular, we denote Vj/(J) C A’ for the affine subsets induced by homogeneous ideals
J C k[z]. Comparing both situations via 7 : A’ \ 0 — P we have now open subsets
D(z) C A’ and D, (z) C P with D(z) = 7' (D4(20)), see Problem 71.
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We have seen in Subsection (16.6) that Vi, (J)ND(z0) = 7~ (Va(J?)) with Vi (J°) C
A = D.(z) C P. Or, with other symbols, and Vi (I") N D(z) = 7~ (Va(I)). Us-
ing this, we have got in Subsection (11.2) that Vi (I") = Vj/(I") N D(z) inside A’.
Now, use this to derive Vp(I") = Vp(I") N Dy (2) inside P.

16.4. Special constructions. The homogeneous coordinate ring is not an invari-
ant of the projective variety, but it depends on its projective embedding, cf. v o

d+n

1) The Veronese embedding vy, 4 : P" — P(k[z]q) = P71 i (locally) an isomor-
phism onto the image. However, S(v, 4(P")) = ®qrk|z| C k[z] = S(P™).

Ezample: For vy 5 : Pt < P2, (20 : 21) + (22 : 2021 : 27) the image is V (wowqy — w}),
and the inverse map consists of the two local pieces P?—— P! (wq : wy : wa) + (wp :
wy) (not defined in (0:0: 1)) and +— (w; : we) (not defined in (1:0:0)).

While vy5 : P! 5 Vp(wows — w?), the map between the homogeneous coordinate
rings is v;, ¢ k[wo, w1, wa /(wows — wi) = k[25, 2021, 23] C k[z0, z1], i.e. the quadric
yields only the even degrees inside k[zg, z1]. All non-degenerate quadrics (“conics”)
in P4 are, via a linear change of coordinates, equal to V (wowy — w?). In particular,
they are isomorphic to P¢.

2) The Segre embedding P* x P? — PaFDGHD=1 or coordinate free, P(V) x P(W) —
P(V®@W) gives P* x P® the structure of a projective variety. Evample: Pt x P! — P3,
(Yo : 1), (20 : 21) = (Yo20 : Yoz1 : Y120 : Y171) has the image V (woowi1 — wiower). In
particular, non-degenerate quadrics in P? are isomorphic to P* x P! # P?). Hence,
they contain always two infinite families of lines.

On the contrary, a general cubic surface S C P3 contains exactly 27 lines, cf. (17.6).
3) Projective toric varieties: M = Z", A C Mg lattice polytope (convex hull of a
finite subset of M) ~ | P(A) C ]P’k#(AmM)_1 with equations [], z)» = [], 2/ resulting
from the affine dependencies >, A, (v,1) = > pty(v, 1) where v € ANM, Ay, jt,, € N.
The (M @ Z)-graded kernel of k[z,| v € AN M] — k[M @ Z], z, — ™) = 2% is
generated from the above equations, hence S(P(A)) = k[N - (AN M, 1)] =: k[A].

Ezamples: 3.0) A" := {x € Q% | z1+.. 4z, <1} = {x € Q' | mo+.. .+, = 1}

= P(A") = P} (there are no affine dependencies at all, hence no equations).
n-+d

3.1) Veronese': d € Zsy ~ P} = P(dA™) C IP’,E ¢ )71, z = (2] |r] = d), but
S(P(dA™)) = @p>0S(P})ay € S(P}). Or, P(A) — P(dA) for normal polytopes.

=

3.2) Segre’: P(A;) x P(Ay) = P(Ay x Ay); the relations (e;, e;) + (ex, €) P« P!
= (e, e1) + (ex, €;) yield the equations rank(z;;)o<ij<mn < 1. There is a X
natural map P(A; + Ay) = P(A; x Ay). cP

16.5. Toric varieties. We recall that affine toric varieties are associated to poly-
hedral cones and glue this construction afterwards.

18.5.22 (39)
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16.5.1. Affine toric varieties. N := Z", M := Hom(N,Z), Ng :== N ®z Q, My :=
M ®7Q ~» perfect pairing (e, +) : No®@ Mg — Q. Polyhedral cones o C Ng with apex
~ ¥ = {r € Mg| (o,r) > 0}; polyhedrial duality c¥¥ = o and (01N02)Y = o) +0y.

Functor o +— TV (o) | := TV (o, N) := Speckl[ocV N M] C A asin (17.5); if 1 < o is

a face, then every r € int(cV N7L)NM yields 7 = oNrt = 7 = 0¥ — Qs -, hence
TV(r) = D(x") C TV(0), cf. (16.5). Ezamples: TV(Q%,) = Af; TV(01) x TV (03) =

TV(oy x 03); TV(Q50(1,0) + Q>0(1,2)) = V(22 — xy) C A3,

16.5.2. General toric varieties. With the notation of (16.5.1): If ¥ is a of cones
in Ng, then we glue |TV(X, N) := hin> TV(o)|; this construction is functorial with
oED

respect to f : (N,X) — (N',¥') meaning a Z-linear map f : N — N’ such that
Vo e do' € f(o) Co'.

The toric description of P*: N :=Z"*1/>" €', hence M := Hom(N,Z) = [} ' =
0] C Z"! with basis f; :==¢e; — ey (i = 1,...,n). The cones o; := (e°,... ¢ ... ")
~ 0/ = (e.—e;) provide TV(0;) = U;, and 7 := 0, No; determines open embeddings
Ui 2 D(ZJ/ZZ> = Uij = D(Zi/Zj) Q Uj. With ¥ := {O’i and faces} we obtain
TV(S) = P,

2

c f2
0o
oy %0
o
1 61
fi
p)

o0 oy
The toric description of the blow up: An — A" is the gluing of k[xy, ..., z,] —
klxy/z;, ..., xn/2, x;], hence k[N"] — k[(e, — €;, e;) N Z"]. Thus, the i-th chart
corresponds to the inclusion o; := (e',... €%, ... e", Y €) C Q% =: 0, ie. Q%

will be subdivided by inserting the inner ray e := ) e’ € Z" = N.

polyhedron A C Mg subdivided cone Q%, C Ny
The map A : A — P7~! can be obtained from the projection N —» N/Ze with
e:=¢e +...e" (17.2) ~ Opn-1(—1) = sheaf of sections of h; T(P"' O(-1)) =
0 is illustrated by the non-existence of global foric sections of h: There are no
hyperplanes meeting all cones of the Am-fan at once.
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If A C My is a lattice polyhedron, then we had defined in (16.4)(3) and (17.5) the
toric variety P(A). Let ¥ := N (A) := (inner) normal fan of A~ n : TV(X) — P(A)
is built from gluing the maps nf : k[z""" | v € AN M] — k[Qx>o - (A —w) N M]
for (e.g. vertices) w € AN M. This becomes an isomorphism (“A is ample”) for
A:=(>0)-A.

16.6. The affine cone and the Hilbert polynomial. The local structure of
7 ATTNO = PR (20,05 20) > (200 -+ 20) I8 Doy (1) x (AR\0) = D(2;) — Dy (2);
on the level of k-algebras, this corresponds to k[z]..,) ® k(2] = k[z]., 2 k[z].,)-

0 #4272 CP"~ CZ) =7 YZ) =7 1(Z)U{0} is called the affine cone over Z;
dimC(Z) = dimZ + 1. In A(A"") = k[z] = S(P") we have I,(C(Z)) = Ip(Z).
Similarily, if J C k[z] is a homogeneous ideal, then C(Vp(J)) = Vi(J : 2*°), leading
to A(C(Z2)) = S(2).

Homogeneous/projective HNS: Let k = k and Z = Vp(J) C P} for a given homoge-
neous ideal J C k[z|. Then, if f € Ip(Z) is homogeneous with deg f >0 = f =0
on 7 1(Z) and f(0) =0, ie. f € I,(Z) = 3IN: f¥ € J. In particular, Vp(J) = ()
does only imply that (z)™ C J.

Now, we discuss properties of Z C P" via the local properties of C'(Z) in 0 € A"
Let S = @®4>054 be a finitely generated, graded (Sy = k)-algebra with irrelevant
ideal S} = @®4>154 = for Sic = (S \ S4)7'S it holds true that Grg, (Sioc)
= @dzoSfﬁ/Sﬁlfl. If S is generated in degree 1 (e.g. S = S(Z)) = Grg, (Sioc) =
S = Hg(t) = Xgljr’c(t +1) — X?j“(t) = deg Hg = dim Si,c — 1. In particular,
deg Hg(zy = dim Z, and the (normalized with (dim Z)!) leading coefficient of Hg(z)
is |deg Z := mult(C(Z),0)|, cf. (12.3) and (13.1).

Ezample: deg Vp(F)(C P") = deg F'; deg P(A) = vol(A) where vol is normalized to
vol(standard simplex) = 1 (quadrics v5(P!) and P! x P! C P3; deg 1, (P?) = 4).

16.7. Linear projections. The map m : A"\ {0} — P? from (16.6) has the
following generalization: Let L, L’ C P} be disjoint linear subspaces with dim L +
dmL =n—1~ 7y : PP\ L — L', p — span(p,L) N L'. Using coordinates,
L=(:0),L =(0:x%) =z :y) = (0:y). This was already used in
(16.4)(1).

16.8. Global regular functions. I'(P", Op») = ), k(2] =) = ) kl20/ %, - -, 20/ 2] =
k (“factorial” = the intersection of just two rings is already k) ~» P"=! is not affine!

Proposition 53. Let Z C P} be a projective variety (irreducible) = I'(Z, Oy) = k.

Proof. f € T'(Z,0z) = ;5(2)¢) € QuotS(Z) = 3IN : (2)Vf C (z)V =
()N f1N C (2)N = S(2)[f] € % VS(Z), ie. f is integral over S(Z). The co-
efficients of the integrality relation are, w.l.o.g., homogeneous of degree 0, hence
€ k. O
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On the other hand, z,..., z, are global on P}, but they are no functions. Instead,
they are global sections of the dual “O(1)” of the locally trivial tautological fibration
“O(=1)” on P". In general, we define for d € Z, O(—d) := {({,c) | L € P, c € (®%}
where ¢ is understood as a line, i.e. as a 1-dimensional subspace ¢ C k"*!, and for
d < 0 we define £®? := Homy (129 k).

16.9. The definition of ProjS. Let S = 45054 be a (N-)graded ring (e.g. S =
S(Z) for Z C P}, i.e. S = finitely generated (A := Sp)-module, the A-algebra S
is generated from S;) ~ the topological space = {P € SpecS| S>1 £
P = homogeneous} — Spec A (recovering Z). ZARISKI-closed: Vp(J) C ProjS
for homogeneous ideals J C S; open basis D, (f) := ProjS \ V(f) = SpecS(y
for homogeneous f € S-;. The “(affine) cone” is SpecS \ Vi(S>1) — Projs,
P~ (PN, Sa) [Example zo(z1 — ¢1) — z1(zg — co)]; locally D(f) — Do(f).

Remark. While this construction is similar to Spec(A) — what is the analogue to
the affine scheme (Spec A, A)? The problems are: (i) S = S(Z) depends on the
embedding, i.e. different rings S and 7" might encode the same variety; (ii) S does
not provide functions on Proj S — what kind of objects are elements of S at all? (iii)
global functions on Proj .S are constants.

17. BLOWING UP

17.1. Blowing up 0 € A}. (cf. picture [Hart, S.29])

AZ = V(‘I’Lyj - xjyl) C AZ X ]P)Z—l — AZ? [(1:17 "71:71)7 (yl Dt yn)] > (xlv '-71:71)
I I
IPZ_I (Y1 : e 2 Yn)

Outside of 0, the map 7 : 7~ *(A™\ 0) = A™\ 0 is an isomorphism; “exceptional divi-

sor” | B :=m1(0) =P | if /is a line through 0 € A" = 7#({) := 7—1(¢\ {0}) =

¢x {l}, ie. 7 (0) N E = {€} CP"'. We consider A" = {(c, () € A" x P"~ | ¢ € £}
with h(c, ) = £ the “universal line” over P"~! (generalizes to the tautological bundle
= universal subspace over Grass(k,V)).

17.2. Local description of the blowing up. On the i-th chart A} x D, (y;), the
space A} is given by the equations x = xzyl, for the affine coordinate rings this

means
klai, x/zi] = k[zi,y /yi] = k%, y/yil | (x = 2:2) =< k[x]
(S
klx/x] = kly/yi
and k[z', x/z;] < k[x],, for the restriction to D(z;) x D (y;) — D(z;). While the
charts of the blowing up &j are obtained from A} by allowing certain denominators,
i.e. while this might remind of a localization procedure, 7 is .

25.5.22 (39)
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17.3. Strict transforms. X C A} ~ 7#(X) := 7~1(X \0) C &/’;; the “total
transform” splits into |771(X) = 7#(X)U E|. The ideal I of the exceptional
divisor E = 7 1(0) is locally principal, namely Ir = (z;) on h™'(Dy(y;)); if
X = Vi (J), then the ideal of both the total and strict transform 7=(X) and 7% (X)
in hY(Dy(y;)) is J := J k[z;,x/z;] and (J : 22°), respectively.

Example: X =V (y?> —23) ~ 71 (X)Nh Y (Dy(z)) = V(t*2? — 23) with t = y/x,
but 7#(X) = V(¢ — z) is even contained in the [y # 0] chart. The morphism
7#(X) — X becomes Spec k[t] — Spec k[x,y]/(y* — ) with z — % and y > 3.

17.4. Blowing up via Proj. With [ := (x) C k[xy,...,z,], one obtains = An =

Proj ®gs0l? = Speck[x] = A", namely |S := @g>0/%?| is a finitely generated,
graded (Sy = k[x])-algebra with D (x;t) = S, = k[x|[x/x;] = k[z;,x/2;]. More-
over, the closed embedding A” C A" xP"~! is realized via the surjection k[x]|[y] —» S,

y; — z;t. The exceptional divisor E is recovered via 7 1(0) = ProjS/IS =
Proj ®g>0l?/1%"!. See also (?7).

17.5. Toric description of the blowing up. A C My lattice polytope ~» the
affine charts D, (z,) = Speck[A](.,) are numerated by the v € AN M or just the
vertices v of A. The affine coordinate rings are the semigroup rings k[A].,) =
BN - (A — v) 1 M)] € k[Qs0 - (A — v) N M].

Similarily, k[z;,x/x;] = k[Qso - (V — €') N Z"] where V = conv{e',... e"} + Q2.
For those non-compact polyhedra A = A° 4 tail(A), we have a similar construction
as in (16.4)(3): v € A°N M gives rise to a homogeneous coordinate z,; w € H C
tail(A) N M (H generates tail(A) N M) enumerates ordinary coordinates x,,. Now,

P(A) C ]P’SCA%M)*1 x A |is defined by the binomial equations corresponding to the
linear dependencies among (v, 1) and (w,0) inside M @ Z.

Ezample: 0) A = C = tail(A), ie. A° = {0} = P(C) € A¥ and this equals
TV(CY) := Speck[C'N M]. The embedding is induced by H : C¥ — Q.

1) V has the vertices v = ¢’ and the generators of the tail cone w’ = e’. The basic
dependencies are (v',1) + (w?,0) = (v7,1) 4+ (w*,0); they lead to the equations of
(17.1). Thus, |blowing up means cutting off (elementary) corners| of polyhedra.

2) Blowing up P? in two points equals blowing up P! x P! once, say IP’%Q) = (P! x
PY) ).

17.6. Cubic surfaces. Non-degenerate quadrics in P2, P3, and P° are isomorphic
to P, P! x P!, and Grass(2,4), respectively.

The cubic surface S := V(z® + y* + 23 + w?) C P¥ contains exactly 27 lines: GauB
elimination transforms their equations into zo—(asxs+azrs) = x1—(bewa+bzxs) = 0;
substituting xg, 1 in the original cubic, the vanishing of the coefficients leads to

as+by+1=a3+b+1=0 and ajaz+ bybs = ajay + b3by = 0.



1.6.22 (41)

COMMUTATIVE ALGEBRA/IC GEOMETRY, FU 2014/15/16, July 7, 2022 31

Considering ¢; := a;/b; shows that (w.l.o.g.) by = a3 = 0, hence the equations for
lines inside S turn into zg +w'as = 71 +wzs = 0 with w = /1 (plus permutations).

Let Ly, Ly, C P2 be disjoint lines on a general smooth cubic S = V(g) C P3 ~»
f:P3\ (L1 U Ly) — Ly x Ly such that p, fi(p) € Ly, fo(p) € Lo are collinear, i.e.
fo =7, : PP\ L — Ly. This gives a morphism fy : S — Ly via fo(p) := 1,5 N Ly
for p € Ly; using coordinates: L; = (x % 00), Ly = (00 % %) = fo: (zg: x1 : xo :

x3) — (9 1 x3) and T,S N Ly = (—8% : ;792), see Problem ?77.

The map f : S — Ly X Ly is invertible except in the points (p,q) € L; X Ly with
D,q € S — here, the entire line p,q forms the preimage. There are exactly five those
points (at least in the above example), hence f : S — L; x Ly = P! x P! is the
blowing up of five points or, alternatively, the blowing up of six points in P2. In

particular, | S = IF’?G) is rational.

Recovering of the 27 lines in the blowing up IP)%G) — P?: six exceptional divisors, 15

strict transforms of connecting lines, six strict transforms of quadrics through five
points. A toric analogon is IP’%:S) — after starting with v3(IP?) one sees the six toric
lines as the six edges of length one of the polytope.

18. SHEAVES

18.1. Presheaves. X = topological space ~» “Presheaf on X”:= contravariant
functor F : Open(X)°P? — Ab/Rings; they form a category via Homp,esn(F,G) =
{natural transformations 7 — G}.

Ezxamples: function sheaves, constant (pre-)sheaf, sections in bundles, restriction

Flu of presheaves, Hom(F,G) with Hom(F,G)(U) := Hom(F|y, G|v).
For an open U C X and a point P € X we obtain functors PreSh(X, Ab) — Ab

F = T(UF):=FU) (“sections”) and Fp := lim F(U) (“stalk” in P)
——UsP

Ezample: O’y = R[|z[], but Cg5, is much bigger.

For sections s € F(U) we call ’sP € Fp the germ‘ of s in P € U; der support
supp s := {P € U| sp # 0} is automatically closed in U. Further operations among
presheaves are, e.g., ker(F — §), im, coker, F/G, F @ G, F ® G; the obvious
definitions of injectivity and surjectivity work; PreSh(X,.Ab) becomes an abelian
category making the two above functors PreSh — Ab exact.

18.2. Sheaves. F|X is called a sheaf :<= F(0) = 0 and for open U; C X the
sequence 0 — F(U;Ui) — [[; F(Ui) — [1;; F(U; NUj) is exact; Sh(X,.Ab) <
PreSh(X, Ab) is defined as a full subcategory. If F,G € Sh, then ker(F — G) € Sh;
similarily F & G and Hom(F,G) : U — Hom(F|y,G|v) stay sheaves.

The essence of Sh(X): [s € F(U) vanishes < VP € U: sp =0] and [f : F — G is
zero/injective/isom < fp is zero/injective/isom VP € X].
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The major problem of Sh(X): The PreSh notions im(F — G) (and coker and ®)
drop out of Sh. Solution: Keep ker, but redefine im and coker in (18.6) such that
F — G — H becomes exact < Fp — Gp — Hp is exact for all P. Now, the original
problem manifests as the only left-exactness of ¢ or the section functors I'(U, ).

18.3. Sheafification. Let &« C Open(X) be a basis of the topology, i.e. every open
subset U C X is a union of some U; € U. The notions of (18.1) make also sense for

a functor F : U°P? — Ab. To any such F we associate the defined as

FUU) ={se H Fp|locally s comes from s; € F(U;) for U; € U}
PeU

and coming with natural isomorphisms « : Fp = F&. (If P € U € U, then in the
diagram
F(U) F(U)

o e

fP a >‘FP

the a from the universal property of Fp makes the quadrangle commute; by the local
surjectivity of F(U) — F*(U), everything commutes; hence « is an isomorphism.)

There are two special cases: (1) If F|U has the sheaf property of (18.2), but limited
to U, then F* becomes the unique sheaf with 7|, = F (the U-sheaf homomorphism
F?y <= F is an isomorphism on the stalks).

(2) If U = Open(X), then F* = a(F) is called the sheafification of F; it does not
change sheaves (a ot = idgy), and it comes with natural maps F — F* making

into adjoint functors, i.e. Homgy,(F?, G) = Homp,egn(F, 1G).
Ezample: The constant sheaf A = (AP™)? assigns U s A™U),

18.4. Famous sheaves. Famous ring sheaves in the classical topology are C C
O C C* or the sheaf of meromorphic funtions M** on C" (total quotient sheaf of
O*). “(Locally) ringed spaces” (X, Ox), cf. (19.1). Then, O* C O (units in O) is
a sheaf abelian groups.

On C there are famous sequences: 0 — C — O 5 O — 0 with d : f(z) — f(2)
being locally (on the stalks) surjective: [, f(z)dz is a preimage of f; but there is
no global preimage “log z” of 1/z € I'(C*,.).

The “exponential sequence” |0 — Z — O =¥ O* — 0| with exp : f(2) = ef®): here
log(g(z)) yields the local preimage of g € O*, but ¢g(z) = z has no global one on C*.

Examples of invertible sheaves from (17.2): O(—1) := sheaf of regular sections
of A7 — P! locally O(=1)|p,(z) = O|p, (s, but T(P" ') yields 0 and C,
respectively.

8.6.22 (43)
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18.5. Sheaves on Spec A. The structure sheaf Ogpec a 1= Aisa special case of the
sheaf M for A-modules M given by L(D(f), M ) := M | with the natural restriction

maps; Mp = Mp. According to (18.3)(1) we check the restricted sheaf properties:
Proposition 54. M is a sheaf on Spec A.

Proof. “Injectivity” sheaf property: If m € M vanishes in My, for a covering of D(f;),
then m/1 =0 in all Mp, hence m = 0 (consider Ann(m)).

“Surjectivity” sheaf property: m;/f; € My, (note that My = Myn) with m;/f; =
m;/f; in My = mifN N =y YN = (fif)N (maf; — myfi) = 0in M
for all 4,5. The D(fN*') cover SpecA = 1 = >l JfNT for some (; € A ~
m =30, bymy fY yields m/1 = (mf )/ f = (77”szN)/fN+1 = mi/ [ O

M@&N = M®N and, if M is finitely presented, Hom(M, N) = HOMN)
(compare both sides on the open subsets D(f)).

Analogously: M on Proj S| for graded S-modules M. If f € S is homogeneous of
positive degree, then, via D, (f) = Spec Sy from (16.9) and Problem ?7?, M!D+(f) =

]\7(;). Special cases are Opyojs(k) := % If deg f = 1, then My EN M(k) ) is an
isomorphism.

18.6. The abelian category of sheaves. Operations with sheaves are the usual
ones among presheaves with | subsequent sheafification ‘, e.g. F @Y G = (F xpreh
G)® leads to a canonical F ®75’"65h g —» F ®‘g)h G inducing isomorphisms on the
stalks. Further examples are im(F — G), coker(F — G), F/G. Composing several
operations gets along with a single sheafification at the end.

Example: For X = Spec A, the presheaves M®ré)re N and M ®4 N coincide on the
sets D(f), hence M — M commutes with ®. The same holds true for graded S-

modules and the associated sheaves on Proj S; in particular, Opyj s(a) ® Opyojs(b) =
Opmj S((l + b)

Lemma 55. Let ¢ : F — G be a homomorphism of sheaves of abelian groups. Then

(k) IC — F is isomorphic to kerp < VP € X: 0 — Kp — Fp — Gp is exact;

(¢) G — C is isomorphic to coker ¢ < VP € X: Fp — Gp — Cp — 0 is exact;

(i) coker(ker ¢) = ker(coker ) has im pp as its stalks.

(e) Sh(X) is an abelian category, and F — G — H is exact < VP € X:
Fp — Gp — Hp is exact. .

(s) On X = Spec A, the functor M +— M is exact. Moreover, I'(Spec A, ) is

exact on “quasi coherent” sheaves, i.e. those of type M.

Proof. (¢, =) F + Fp is exact on PreSh; sheafification does not change the stalks.

(¢, <) F — G — C is zero ~ there is a map coker” ¢ — C inducing isomorphisms
on the stalks. ([
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In general, both the section functors and ¢ are left exact functors on Sh(X). If R is a
ring sheaf, then tensorizing with locally free sheaves is exact; isomorphism classes of
invertible sheaves (with respect to R) form a group under ®z ~» Pic(X, Oy).

18.7. Changing the topological space. f: X — Y continous~» f, : PreSh(X) —
PreSh(Y) and f, : Sh(X) — Sh(Y) via (f.F)(V) := F(f~1(V)). This functor is
left exact, but is has no good description on the level of stalks.

On the other hand, f=!: PreSh(Y) — PreSh(X), (f71G)(U) := lim ( Gg(v)
Vor)

is exact; it requires sheafifying to f~! : Sh(Y) — Sh(X), but since (f7'G), = G«
it stays exact at the sheaf level.

Homy (f~'G, F) = Homy (G, f.F), since both mean a system of compatible maps
G(V) — F(U) for f(U)CV,ie. UC f(V). Hence, f1 4 f,.

19. SCHEMES

19.1. Locally ringed spaces. f = (f, f*) : (X,0x) — (Y, Oy) is called a mor-
phism of locally ringed spaces < f: X — Y is continuous and f*: Oy — f.Ox is
local, i.e. fp: Oy rp) = (fuOx)spy — Ox,p satisfies fp(mypy) € mp. (The latter
means f*(¢) = po f if the ring sheaves consist of true functions into the base field;

counter example: Spec k(z) 129 Spec k2] ()

Proposition 56. The full subcategory affSch = {(Spec A, Ogpeca) = (Spec A, A)}
coincides with this from (1.7), i.e. with Rings°™; similarily | affSchy™ = Algy |.
Proof. f : (Spec B, Opg) — (Spec A, O4) ~ ¢ := I'(Spec A, f*) : A - B ~ g :=
(Spec ) : Spec B — Spec A with g7 (D4(a)) = Dg(¢(a)) and g* : Oy — ¢.Op via

¢ 1 Ay = Bya). Since, for @ € Spec B, the homomorphism ¢ : A,-1g) — Bg is
clearly local, it remains to check that (f, f*) = (g, ¢"):

The original f gives rise to local Ay — Bg compatible with ¢ : A — B. Hence

o(A\ f(Q)) € B\ Q and ¢(f(Q)) C Q, ie. f(Q) = ¢ 1(Q). Moreover, since
¥+ Ay = By is compatible with ¢ = I'(Spec A, f*), it equals ¢ = g*. O

Using Oy — f.Ox, the push forward functor f. becomes f, : Shpo, — Sho,. On
the other hand, if G is a Oy-module, then =!G is just a f~!Oy-module, and we
use f71Oy — Ox to define f*G := f7'G ®-10, Ox (including sheafifying again).
It remains just right exact, but we still have f* - f,.

19.2. Definition of schemes. A locally ringed space (X, Ox) is called scheme :<

X = |, U; with affine schemes | (U;, Ox|v,) = (Spec A;, Ospec a;) |; gluing maps ~»
Homg.,((X, Ox), Spec A) = Hompngs (A, I'(X, Ox)).
Ezample: Proj S = Jeg,., SpecS(y) with Oprojs = S.

22.6.22 (47)
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Lemma 57. Spec A, Spec B C X open = 3 covering {U,} of (Spec A) N (Spec B)
such that U, equals both Spec Ay, and Spec B, (for some f, € A, g, € B).

Proof. w.l.o.g. Spec A C Spec B (consider an affine covering {Spec C,} of the inter-
section and intersect (Vv) both coverings of Spec C,); then, if Spec B, C Spec A, we
have that Spec B, = (Spec A) Xspec B (Spec By) = Spec A,. O

19.3. Constructions with schemes. We recall a couple of basic properties mostly
being treated in the previous sections for the affine case or in the exercises:

19.3.1. Morphisms and reqular functions. A is considered the ring of regular func-
tions on Spec A via (a € A)(P € SpecA) :=a € A/P C Quot(A/P) =: K(P). If
¢ : A — B gives rise to (f = ¢¥) : Spec B — Spec A, then for a Q € Spec B and
P:= f(Q) = ¢ (Q) C A we obtain the commutative diagram

A/P ————BJQ

/

K(P) ——— K(Q),

i.e. for a € A wehave a(f(Q)) = a(P) = ¢(a)(Q) € K(Q) implying that p(a) = ao f
with both sides understood as maps on the spectra. However, an element b € B is
determined by its values on Spec B only up to the nilradical v/0.

19.3.2. Closed embeddings. ¢ : Spec B — Spec A is a closed embedding < ¢ :
A —» B is surjective; the special case Ayq := A/+0 yields a homeomorphism
(Spec A)req := Spec Areq — Spec A (the “reduced structure” on Spec A). (Coun-
terexample: k C K fields, but Spec K — Speck is not a closed embedding.)

Non affine closed embeddings ¢ : Y < X are defined locally on the target; the kernel
of A —» B is replaced by ideal sheaf J = ker(Ox —» 1.Oy).

19.3.3. Open embeddings. ¢* is dominant < ¢ : A < B is injective. The standard
open embeddings are Spec Ay = D(f) C Spec A. For an open embedding j : U —
X we have Oy = j*Ox = Ox|y.

19.3.4. Fiber product. In the category of affine schemes Spec A Xgpecs Spec B =
Spec(A®g B) is the fiber product. A™ xz A" = A™*" has not the product topology.
A = A" Xgpeez Spec A = A} Xgpecr Spec A (the latter for k-algebras only).
Beyond the affine case, in Sch, fiber products do also exist — they arise
from glueing the affine construction, c.f. Problem 77.

19.3.5. Preimages. f : Spec A — Spec B = f~(Spec B/J) = Spec(A ®p B/J) =
Spec A/JA and f~!(Spec By) = Spec(A ®p By) = Spec Ay(y).

19.3.6. Scheme theoretic image. f : Spec A — Spec B with ¢ : B — A induces

domin

B — B/kerg — A, hence Spec A — V(kery) C Spec B. Thus, V(keryp) =
f(Spec A), and Spec(B/ ker ¢) is the “smallest” scheme structure on V' (ker ¢) such
that f factors through.
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19.3.7. Closure. Spec(A/(0 : f>°)) = D(f) C Spec A is the scheme theoretic im-
age of Spec Ay — Spec A. Generalization (for noetherian A) to Spec A\ V(J) =

Uses D) = Uy, V(0= F%) = V(5,02 f)) = Spec(A/(0 - J>)).

19.3.8. Elimination. p: V(I) C A" — A™ corresponds to p* : k[y] — k[x,y] =
klx,y]/I = p(V(I)) = Speckly]/kerp* = Spec kly]/I N k[y].

Yoneda

19.3.9. K-rational points. X = Spec A; K =field = X (K) := Hom(Spec K, X) =
Hom(A, K) = {(P,i)| P € Spec A, i : K(P) — K}. If A= k-algebra and K D k is
an extension field, then X (K) = Homy(A, K) ={(P,i)| k C K(P) — K}. If [K :
k] < oo e p e MaxSpec A. In particular, X (k) = {m € MaxSpec A| A/m =
k}, e.g. AR (k) = k™.

19.3.10. Tangent directions. A = k-algebra, X = Spec A = Hom(Spec k[e]/?, X) =
Homy (A, k[e]/e?) = {P € X (k) with tangent directions, i.e. derivation d : A — k}
(d(fg) = f(P)d(g) + d(f)g(P) by the multiplicativity of f +— f(P)+ d(f)).

If k =k and (A, m) = local with ¥ = A/m, then T}, := Dery(A, k) = Hom4(m, k) =
Homy,(m/m?, k), in particular, m/m? = T is the cotangent space. Thus, (4, m) is
regular < dimy, Ty, > dim A becomes an equality.

19.4. Finiteness assumptions. Special properties of schemes and morphisms are:

(i) (Locally) | noetherian schemes| X, i.e. there is a [finite] open covering X =
|, Spec A; with noetherian A; = every affine open Spec A C X has A = noe-
therian [and X is quasi compact].

This property is bequeathed to open and closed subschemes, and noetherian schemes
imply that the underlying topological space is noetherian, i.e. that increasing chains
of open subsets terminate.

(i) f: X — Y is (locally) of &< flocally (on X as well as on Y') equals

f : Spec A — Spec B with B — A being finitely generated algebras [and f is quasi
compact]. (For those f, “(locally) noetherian” is beqeathed from Y to X.)

(iii) f: X = Yis :< the preimages of (a covering of) open, affine Spec B C
Y are affine open subschemes Spec A C X.

(iv) f: X =Y is < [ is affine with B — A being finite homomorphisms,
i.e. A becomes a finitely generated B-module.

19.5. Integral schemes and varieties. X is reduced :< all (or a cover of) open
Spec A C X satisfy VO = 0; X is integral if it is, additionally, irreducible, i.e. if all
(or a cover of) open Spec A C X are dense with A being integral domains.

Integral schemes X have a unique generic point nx (sitting in every non-empty open

subset) and give rise to a |function field K(X) := Ox, | = hﬂ Ox(U) = Quot A
Ucx

for every such Spec A C X. If X = Proj S (with an integral, graded ring S), then
K(X) = S(o)-

6.7.22 (51)
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A scheme X = (X,Ox) is called a variety over k < X is integral, of finite type
over Spec k, and separated (the intersection of affine U,V C X is again affine, and
(U, 0),['(V,0) generate I'(U NV, O) as rings). Separation of a morphism X — S
means that the diagonal A : X — X xg X is a closed embedding.

20. SEPARATED MORPHISMS

20.1. Simulating Hausdorff. f: X — Y is called “separated” = A : X — X Xy
X is a closed embedding < A(X) C X Xy X is a closed subset (everything is local
on Y, for affine XY the first (and stronger) fact is always true, and for non-affine X,
we can cover X Xy X by U; xyU; and (X xy X)\A(X)). Counter ezample: [A; with
double origin] = TV ([0, 00) Ugey [0, 00)), instead of P' = TV ((—o0, 0] Usgy [0, 00)).

Properties:  Closed and open embeddings are separated (f : Z < Y is affine;
= Xy U is an isomorphism); invariance under base change; the composition

x4Ly%z of separated f, g is separated (X Xy [V 3 YxzY]xy X = [X Xy X —
X Xz X])

X afatedy "~ 7 |gf separated = f separated]: X < X xy X < XxzX
W is altogether a closed embedding, and the latter map is

separated injective (test Spec K — ...).

“Varieties over k7 :< separated schemes X — Speck of finite type.

20.2. Intersection of affine sets. For the absolute separateness (over SpecZ or,
for k-schemes, over Spec k), there is the following criterion:

Proposition 58. X — Spec B is separated < for open, affine U,V C X the set
’U NV is again affine|, and T'(U,Ox) @ I'(V,Ox) —» I'(U NV, Ox) is surjective.

Proof. UNV UxgV UxpV = pry'(U) Npry' (V) as open sub-
Jopen gopen schemes of X x5 X, hence (UNV) = AU xp
A V). On the other hand, U xp V is affine, and
X X xp X )
closed? closedness is a local property. 0

Consequence: TV (X, N), thus in particular P", is separated.

20.3. Maximal domains of definition. Let f, g : [X = reduced] — [Y = separated]
over S with f = g on a dense, open U C X = f = g on X. In particular, rational
maps have always a maximal domains of definition: X F Y xgY
F|y factorizes over A(Y) = X’ C X is a (/.9)
closed subscheme containing U'.

X' = FYA(Y)) —— A(Y)

X,Y = k-varieties ~» {dominant rational maps f : X—— Y } = {k-embeddings
K(Y)— K(X)}: If X = Spec A and Y = Spec B, then Quot(B) — Quot(A) lifts
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to B — A;. Birational & K(Y) = K(X).

k = perfect = for each field extension K = k(aq,...,q,) 2 k there is an e C
{ag, ..., an,} with K D k(e) D k (separable|transzendent), cf. [ZS, ch. II, Th 30431,
S.104]. “Satz vom primitiven Element” = d-dimensional k-varieties are birational
equivalent to hypersurfaces in P4+,

21. QUOTIENT SINGULARITIES AND RESOLUTIONS

21.1. Simplicial cones. G = [finite abelian group| acts via deg : Z" — B =
Homy(G, C*) (characters of G) linearly on A, i.e. b; := deg(e;) ~ g(x;) = bi(g) - ;.
x" € C[Z"] is G-invariant < Vg € G: g(x") = X" & Vg € G: (degr)(g) =
1 < degr = 1; i.e. M := ker(deg : Z" — B) yields C[M] = C[Z"]¢ C C[Z"]. In
particular, A%/G = Spec[Z%)]“ = Spec C[Q%, N M].

Let 0 — M — Z™ — B — 0 be exact; dualizing ~» 0 — Z" — N — Ext;(B,Z) —
0; the injective resolution 0 — Z — Q — Q/Z — 0 shows that Ext}(B,Z) =
Homgy (B, Q/Z) = Homg(B,C*) = G, hence 0 — Z" % N — G — 0. (If deg is not
surjective, the we replace B by the image and change G accordingly.)

Mg = Q" and p : Q" = Ny are isomorphisms; (Q%)" = Q% ~ o := p(Q%,) € Ng
is simplicial (spanned by the p(e')) and | A% /G = TV(o, N) |, on the other hand, all
simplicial cones lead to abelian quotient singularities.

Example 59. p,. C C* acts on C" via & — diag(£™, ..., &%) with a € Z" such that
ged(a,r) = 1. With Homg(p,, C*) = Z/r7Z this yields 0 — M — Z" 5 Z/rZ — 0,
hence N = (Z", 1a); C Q" with ta — 1 € Z/rZ. Denote this particular AL/, =:
1

“a.

Using coordinates in dimension two: p, C C* acts on C? via £ — < g é)q ); this

} ) 72 Y% 7/n7 5 0, hence the map Z2 —

n

0

yields 0 — (M ~7Z [_‘ﬂ @Z[

N = Z2 is given by the matrix <_z (1)), Le. X, 4= x(1,q) = C*/p, = TV(0,Z?)

with |0 := ((1,0), (—¢,n))|C Q%

21.2. CQS in dimension two. Let ¢ € (Z/nZ)* with 0 < ¢ < n; cone o =
((1,0), (—q,n)) € Q* = Ng; let (1,0) = s°,..., s™ = (—¢,n) be the lattice
points on the compact edges of V := conv ((¢ N N)\ 0) ~ | s + " = b; s' | with

bi € Zso, i=1,...,m (0,s', s are vertices of an elementary triangle = {s, s}
are Z-bases of V).

Definition 60. ¢; € Z>y ~ continued fraction [c,..., ¢l :=c¢1 —1/[ca, ..., cl.

Proposition 61. n>1= n/q=1[by,...,bn].
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Proof. Since (1,0) + s* = b (0,1), one obtains s* = (—1,b;) = s* is the lowest
lattice point on (—1, %) above Q>¢(—1,n/q), i.e. by = [n/q] (= |n/q] + 1 if ¢ # 1).
Induction: The cone o’ := ((0,1),(—g,n)) cut off from o along s' becomes o’ =

((1,0), (n,q)) after the coordinate change 0 (1) ; afterwards, the first entry of

(n,q) = (—¢,n’) will be normalized within (Z/qZ)* toward —¢ = n — [n/q|q
n—biqg = q/(big —n) = [ba,...,by] = 1/[ba,...,bn] = ¢/ = (big — n)/q
bl - n/q

21.3. Duality. {s°,..., s™"'} is the Hilbert basis of o (since {s’,s'"'} are Z-
bases of N and V is convex); denote by {t°,..., t**1} the Hilbert basis of ¢" =

((0,1], [n,q]y = ([0,1], [n,q — n]) = ([1,0], [¢ — n,n]) ~ [~ 4+ /T = q;t7] with

n/(n—q) = [ai,...,a). ~ equations z;_12j41 = z;?j of X,,, C AF+2,

oV = 0V \ do = union of the compact edges of V withoyt the two extremal vertices,
ie. OVN N = {s' ..., s™}; analogously {t',...,t*} COA C A Co".

Proposition 62. 1) P = {(i,j) € [1,m] x [Lk]| (s",¢/) = 1} C (Z* (£,X))
15 totally ordered; it forms a path leading from (1 1) to (m,k) along homzontal or
vertical edges only.

2) Length of the horizontal edge (o, j) in P = (a; —2) = length of VN [t7 = 1].
3) Length of the vertical edge (i,+) in P = (b; —2) = length of AN [s" = 1].

~» RIEMENSCHNEIDER's point diagram; JA/9V-duality (vertices = a;/b; > 3).
Proof. (i) sisi™1 C edge of V = sisitl C [t = 1] with t € {t',...,t"} = AN M:
{s', "1} is basis = t € M; [t = 1] meets both o-edges = t € int ¢”; all splittings
t=t+41t"in 0¥ N M contradict s° € int ¢ (oder s'*! € int o).

(ii) Every [t/ = 1] cuts off a OV -face:

Edge t7¢7+1 9 [s" =1] = s' € [t/ = 1]; moreover [t/ < 0]No = {0}.

(i)+(ii) = (1) and [length of the horizontal P-edges] = [length of the V-edges].

(iii) {s,..., s} = VN [t/ = 1]-edge with £ > 1 in the direction v := s+ — 5" =
(v,t7) = O : (0,771 =1 ({#/71, ¢/} = basis) = (s #971) = (s', /1) + £, hence
0= (s 771+ 9t — qt0) = (1+€)+1—aj O

21.4. Weighted projective spaces. Let w € Z""! be primitive ~ P(w) :=
A"\ {0}/C* with ¢ (29, ..., 2,) = ("2, ...,t""2,), i.e. in the language of (21.1),
deg : 2" B Z = Homyq, (C*,C*), ie. P(w) = Proj Clz] with this grading.
The charts are D, (z) = Specklkerw N C}] where C; := 9;Q%f". Thus P(w) =
TV(r(0QLy"), Z"Y/wZ) | If {w,a',...,a"} is a Z-basis of Z"*!, then the chart
1 n)

a:

17"'7 i /)

General procedure: If A C Mg is a polyhedron with cone A := Qso(A, 1) C Mp@Q,

D, (z;) has a cyclic quotient smgularlty of type —(
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then (cone A)” C Ng @ Q projects to the inner normal fan A/(A). In particular, the

fan of P(w) equals the normal fan of Ay :=[w = 1] N Q’gl (or integral multiples).

Example 63. The singular charts of P(1,2,3) are Spec C[22/z1, 2022/23, 25/7}]
and Spec C[z] /22, 2021/ 22, 7 /73] with an Ay = (1,—1) and an A, = £(1,—1)-
singularity, respectively. Projecting 6Ay = conv{[600], [030],[002]} C Q@* 22 Q?

yields
T02]

T00] 130]

6An23 € Mg (subdivided) Fan of P(1,2,3) in Ng.

21.5. Toric Resolutions. Let 0 C Ng be a full-dimensional polyhedral cone:
Hilbert basis E C 0" N M ~» 0 € TV(o) C AF corresponds to the ideal my =
(2. | e € E) C k[z] —» klo¥ N M] = mg/m2 = k¥, but dim TV (o) = rank N =: n. In
particular, TV(o) is smooth in 0 < (0, N) = (Q%,,Z") < TV (o) = A™.

(i) If o is as in (21.2), then the subdivision into the fan 3 with (1) = {s°,...,s™"1}
yields a resolution 7 : TV(X) — TV(o) of the isolated singularity 0 € TV(o),

e.g. the red rays in the right figure in Example 63 (with self intersection numbers
(orb(s%)?) = —b; similarily to (E?) = —1 in the blow up of A?).

(ii) Every TV(o) allows such a resolution: First, subdivide ¢ into a simplicial
fan; afterwards, if ¢ = (a',...,a") C Q" is still not smooth, then there is an
a* € Z" Ny 1 ,[0,1)a’, hence the cones 7; := (a*,a',.. di . ,a") C o improve
the situation: With a* = >""" | A\;a’ we have that vol(r;) = \; vol(c). Eventually, we
obtain a ‘ “smooth” subdivision ¥ < ¢ ‘

21.6. Resolutions via Newton polytopes. Let f € C[x] with f(0) = 0 ~ the
hypersurface V(f) = Spec C[x]/(f) is regular (smooth) in 0 < z4, ..., x, are linearly
dependent in (x)/(x?, f) < f/(0) = (01£(0),...,0,f(0)) # 0.

Let g € C[x] and I C [n] := {1,...,n} with J := [n] \ I. Then V(g) is called
transversal to the coordinate hyperplane C/ = V' (x;) in ¢ = (¢; = 0,¢;) € V(g)NC’
& V(g|z7) is smooth in c; (or in any (,cz)) < 3 0jes(g|z7)(c) # 0. Since for
I' C I (hence J' D J) the C’-transversality implies that with C’* (all monomials of
G|y not in g|zs yield 0 whenever applied to ¢), we obtain:

True transversality to the origin (I = [n]) is not possible — it can only be obtained
via 0 ¢ V(g), i.e. g(0) # 0. V(g) is transversal to all coordinate planes in C" (hence
smooth in C"\ (C*)") < there is no J C [n] such that the system g|zs = 0,(¢g|z7) =0

has a solution inside the torus (C*)".
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Varchenko’s resolution of hypersurfaces: f € Clxy,...,xz,] with f(0) =0 ~ “New-
ton polyhedra” T'(f) := conv(supp f) € Q%, and ', (f) := I'(f) + Q%; let ¥ <
N(TL(f)) < Q%, be a smooth subdivision ~» X := 7#(V(f)) = strict transform
via 7 : TV(Z) — C™

Proposition 64. Assume that 0 € V(f) is an isolated singularity and let f be
’non—degenemte‘ on the Newton boundary, i.e. for no compact face F < T (f), the

equations 0,(f|r) = 0 have a common solution inside (C*)"™. Then X is smooth in
a neighborhood of E := n=1(0) C TV(X), and X is transversal to E.

Proof. Every o = (a',...,a") € 3 has an associated vertex v(c) € I'; (f). The map
T, : C" = TV(0) — TV(Q%,) = C" is given on the N-level by A : (Q%,,Z") =
(o,Z) St (Q%,Z"), ie. A : Z" — Z" sends €' — a'. Pulling back functions
means 75 (z") = z° with s = ATr ie. (e’ s) = (a’,r). In particular, 7*(T'; (f)) C
5 (v(0)) + N, ie. 5 (f) = 2™ @) 7 ( f) with 77 (f)(0) # 0. Moreover, 7, (0) C
C"\ (C*)™ and
face(mzo¥,el) Nsuppn#(f) = 2 (face(o”, A(e!)) Nsupp f/z")
= my(supp f N F) — w3 (v(0))

face(rxoV el)

% (f) g

for some (compact) face F* < I', (f). Finally, since we just care about solutions in
(C*)", we may use that (i) 7, becomes an automorphism, (ii) the monomial (")
does not matter, and (iii) we may replace d;x" by z; d;z" = (€', r)x". O

Remark: Logarithmic differentials df/f = dlog(f) perform an altogether linear
assignment (r € M) — x" — dx"/x", hence involve the same constant matrix
describing their coordinate change. Dually, each a € N provides in a coordinate free
way a derivation 0, : C[M] — C[M], X" — (a, r)x".
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Problem 1. Show that R[x]/(z* + 1) is isomorphic to C as an R-algebra.

Solution: Assigning x — ¢ yields a surjective R-algebra homomorphism. Its kernel
equals the ideal (2% + 1): The inclusion D is clear, and the other direction follows
similarily to the example R[z,y]/(y* — 2*) in class.

Problem 2. a) An ideal P in a ring R is called prime (ideal) if and only if the set
R\ P is closed under multiplication. Show directly that (0) and (3) are prime ideals
in R = Z and that (10) is not.

b) Show that an ideal P C R is prime if and only if R/P is a domain, i.e. lacks
zero-divisors. Revisit the three examples of (a) under this aspect.

c) Let I,J C R be ideals and let P be a prime ideal in R. Show that [P O I or
P D J]ifand only if P O I'NJ if and only if P D I.J.

Solution: (a) The product of z,y € Z\ {0} is non-zero. The product of two integers
not divisible by 3 is not divisible by 3. 2,5 € Z\ (10), but 2 -5 € (10).

(b) P C R is prime < (0) € R/P is prime < (R/P\ {0}) is multiplicatively closed.
Z is a domain; Z/(3) = F3 is a field, hence a domain, and Z/(10) has 2-5 = 0 as
zero-divisors.
(¢) The implications [P D T or P D J| = [P D INJ] = [P 2 IJ] are clear. On the
other hand, if, [P 2 I and P 2 J], then there are a € I\ P and b € J \ P, hence
abe IJ\ P.

Problem 3. Show that (a) the sum of two nilpotent elements is again nilpotent
and (b) that the sum of a nilpotent element and a unit is a always unit.

Solution: (a) V0 is an ideal. (b) Let e € R* and a® = 0. Then, (e — a)(e" ™ +
" Za+...+a" ) =e"—a"=e" € R*.

Problem 4. a) Recall (or consult a textbook or wikipedia) the notion of a cate-
gory C. Roughly speaking, it is a collection of objects Ob(C) (e.g. sets or groups or
rings), and for every A, B € Ob(C) there is a set Mor(A, B) of so-called morphisms
with a couple of axioms. In particular, there is always provided a distinguished ele-
ment id4 € Mor(A, A) and a so-called composition map Mor(A, B) x Mor(B,C) —
Mor(A,C), f,g—go f.

In any category there is a well defined notion of isomorphisms. Moreover, f €
Mor(A, B) are often written as f : A — B.

b) Call an A € Ob(C) to be an initial object, if for any B € Ob(C) the set Mor(A, B)
consists of exactly one element. Check if the category of sets, the category of abelian
groups, or the category of commutative rings with 1 have initial objects.

¢) While initial objects might not exist at all (example?), show that whenever they



exist they are uniquely determined. I.e. show that if A, B € C are two initial objects,
then there exists a unique isomorphism f € Mor(A, B).

d) Let C be the category with

Ob(C) := {(R,r)| R = commutative ring with 1, and r € R}.
A morphism f € Mor ((R, r), (S, s)) is defined to be a ring homomorphism f : R —
S with f(r) = s. Determine the initial object in C (if it exists at all).
Solution: (b) () is an initial set, {0} is an initial abelian group, and Z is the initial
commutative ring with 1.

(c¢) The category of non-empty sets does not have an initial object. If A, B € C,
then there are f : A — B and g : B — A (# Mor = 1), but then go f and id4 are
both contained in Mor(A, A). Since # Mor(A, A) = 1, we obtain g o f = ida, and
similarily with f o g.

(d) It is (Z[z],x). That is, for every ring R with a given element r € R there is
exactly one ring homomorphism Z[x] — R with z + r.
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Problem 5. Let Z C A} be a closed algebraic subset. Give a clean proof for the
following claim discussed in class: Z is a point if and only if I(Z) C k[zy,...,x,] is
a maximal ideal.

Solution: If Z = {c} with ¢ = (¢1,...,¢,), then I[(Z) =m. := (1 —¢1,..., 2, —Cy):
Obviously, we have I(Z) O m,; on the other hand, m, is a maximal ideal, which
follows from looking at . : k[x1,...,x,] = k sending z; — ¢; and having m, as its
kernel.

If we know that I(Z) is a maximal ideal, then Z # (), and we may choose some
z € Z. Then I(Z) C I(z) C k[z], hence I(Z) = I(z). Applying the operator V(.)
yields Z =V (I(Z)) =V (I(z)) = {z}.

Problem 6. a) Show that the Zariski topology on A? = k? is not equal to the product
topology (consult a textbook or Wikipedia if necessary) of the Zariski topologies on
both factors k1.

b) Let Z C k™ be a Zariski closed subset; let f € A(Z) := k[xq,...,x,|/I(Z). Show
that f : Z — A} is a continous function with respect to the Zariski topology on
both sides. (Note that the Zariski topology on Z C k™ is defined as the topology
being induced from the Zariski topology on k™ — consult a textbook or Wikipedia
to see what this means).

c) Prove or disprove (by giving a counter example): Every bijective map ¢ : k' — k!
is continous with respect to the Zariski topology on both sides.

Solution: (a) The open (or closed) subsets of the product topology of X x Y are
generated (via the usual operations) by the products U x V for open U C X,V C Y
(or F' x G for closed FF C X, G C Y, respectively). Note that (X \U) x (Y \V) =
(X xY)\ (X xV)U (U xY)).

Hence, the product topology on k? contains only the following non-trivial closed
subsets: Finite unions of points (z,y) or vertical or horizontal lines, i.e. ¢ x k' or
k' x d for ¢,d € k. In contrast, the Zariski topology of k% contains subsets like
V(y* — x3) or the “diagonal” V(y — z) = {(c,¢)| ¢ € k}.

(b) Let f € k[zy,...,z,] be a polynomial lifting f € A(Z). Then it is enough to
check that f : k™ — k is continous with respect to the Zariski topology on both sides.
However, since (up to k! itself) it is only the finite subsets of k! being Zariski closed,
we have just to consider sets like f~!(c) for ¢ € k'. And since f~'(c) = V(f —¢),
we are done.

(c) This is true: As in (b), we just have to check the sets p~'(c) — but these are
single points.

Problem 7. A topological space X is called irreducible if it cannot be written as
X = X, U X, with some proper closed subsets X; C X (i = 1,2). Show that this is



equivalent to the fact that all non-empty open subsets U C X are dense in X, i.e.
fulfill U = X.

Solution: X = X; U Xy = X \ Xj is open but not dense (since C X3). For the
reverse implication assume that () # U C X is not dense. Then X = U U (X \ U)
provides a decomposition.

Problem 8. Recall (or consult a textbook or wikipedia) the notion of covariant and
contravariant functors between categories. Let F': A — B be a (covariant) functor
between two categories; let A, A; € Ob(A) (i = 1,2).

a) Show that if f: Ay — Ay is an iomorphism, then F(f) : F(A;) — F(Ay) is an
iomorphism, too.

b) Show that Aut(A) — Aut(F(A)) is a group homomorphism (where Aut(A) :=
{¢ € Homy (A, A) | ¢ is an isomorphism}).

c¢) Assume that F' is fully faithful, i.e. Hom(A;, As) — Hom(F' Ay, F'As) is bijective
for all A;, Ay € ObA. Show that then the reverse implication of (a) is true, too.
That is, if F(f) is an isomorphism, then so is f.

d) Provide an example showing that in (c) the injectivity of
Hom(A;, Ay) — Hom(F Ay, FAs)

does not suffice.

e) (“Yoneda-Lemma”) Let C be a category. Show that the functor

®: C—— Fun(C°P, Set)
Y - Home(s, V)

is fully faithful.

(The latter contains the covariant functors C°P? — Set, i.e. the contravariant func-
tors C — Set as objects and the natural transformations between them as mor-
phisms. The functors F' = ®(Y") are called “represented by Y”. They come with a
distinguished element ¢ € F(Y).)

Hint: Show Hompy,(PY, F) = F(Y) for any contravariant functor F : C°PP — Set.
Solution: (a) If g = f~!, then F(g) = F(f)™.
(b) This follows from F(f og) = F(f)o F(g).

(c) Let f : Ay — A, be such that F(f) is an isomorphism. Denote by g €
Hom(A;, Ay) the (unique) pre-image of F'(f)~!'. Then both f o g and g o f map

to id under F', i.e. they are already equal to id.

(d) Let A the category of free abelian groups of finite rank, i.e. of those being iso-

morphic to some Z", and B := Vectg = the category of Q-vector spaces with F'
being the functor A — A ®; Q (i.e. Z" — Q). It is injective on the Hom-groups,
but, in general, not surjective. Choosing f := (-2) : Z — Z as the multiplication

with 2, then this is not an isomorphism, but F(f) is.
Another example is the embedding of metric or topological spaces (with continous
maps) into the category of sets.



(e) We are supposed to show that Home (Y, Z) = Hompy, (®Y, ®Z) is bijective. If
F :=Home(s, Z), then this is a special case of the bijectivity of
F(Y) — Homp,, (®Y, F), — '
¥} = Homou (Y, F), < 0 o F))

for any contravariant functor F': C°P? — Set. The latter, however, follows directly
from presenting its inverse:

Homp, (PY, F) F(Y)

Ui [U(Y): CDYH(Y) — F(Y)] =  P(Y)(idy).
Home(Y,Y)
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Problem 9. a) Construct two non-trivial, open subsets D(f), D(g) C AZ, such that
D(f)U D(g) = AZ.

b) Construct an open covering of the AZ by three subsets D(f), D(g), D(h) such
that any choice of only two of them does not cover the whole plane.

Solution: (a) The only condition to f,g € Clz,y] is (f,g) = (1). Thus, e.g., f ==
and g = x — 1 do the job.

(b) f=x, 9=y, h=x+y—1.

Problem 10. Let f € k[xy,...,z,] =: k[x]. Then, we have obtained in Subsec-
tion (1.3) the bijective map p : Z; — D(f). We are going to show that it is a
homeomorphism, i.e. that both p and p~! are continous (with respect to the Zariski
topologies on both sides):

a) Denote by ¢z and tp the embeddings Z < k™™ and D < k™, respectively.
Then tp o p = provy is a continous map Z;y — k™. Conclude that then p has to be
continous, too.

(Reminder: A map between topological spaces is continous if the preimages of
closed subsets are closed.)

b) It remains to show that the map ¢ : D(f) — k™™ x — (x,t := 1/f(x)) is
continous, too. Let J C k[x,t] be an ideal. For each g € k[x,t] we define g € k[x]
to be

5x) = FON - g, 7)
where N > 0 is sufficiently large such that g becomes a polynomial. Note that N

depends on ¢ and that it is not uniquely determined at all — just choose and fix one
for each g¢.

Finally, we define J := {j| g € J} — or likewise the ideal generated from this set.

Then show that ¢~ (V' (J)) = V(J) N D(f).
Solution: (a) If S C D(f) is closed, then it looks like S = S N D(f) for a closed
subset S C k™. Hence, p~1(S) = (tp o p)~1(S) has to be closed, too.
(b) Let p € D(f) C k™. Then, p € ¢~ (V(J)) iff ¢(p) € V(J) iff
7 1
9(p, )

for all g € J. However, since f(p) # 0, this vanishing is equivalent to g(p) = 0.

) = g(o(p)) =0

Problem 11. Let k£ be an algebraically closed field, i.e. you may use the HNS saying
that I(V(.J)) = /J for ideals J C k[x] := k[x1,...,2,]. Show that for Zariski closed
subsets Z; C k™ one has then I((), Z;) = v/>_; I(Z;).



V(i) =

Solution: With J; = I(Zi) we have Z; = V/(J;). Hence (), Z; = (),
(N Z:) =

V(>_,Ji). Denoting J == . J; thls means that (), Z; = V(J), i.e.
V) = VT = /S5 = S5 T2

Problem 12. A k-algebra k — R is called finitely generated if there are finitely
many elements ry,...,7, € R such that there is no proper subalgebra & — S C R
containing rq,...,7r,, i.e. ri,...,r, € S.

a) Show that & — R is a f.g. k-algebra if and only if it is of the form, i.e. isomorphic
to k[xy,...,x,]/J for some ideal J C k[x]. In particular, there is then a surjection
k[x] = R of k-algebras.

b) Find such a representation for R = k[t 3] = k & t* - k[t].

c)If f: R — S is a k-algebra-homomorphism between f.g. k-algebras, i.e. f is
compatible with the “structure homomorphisms £ — R and k£ — S, then we know
from (a) that there are k-algebra surjections k[x] —» R and k[y] —» S. Show that
there is a k-algebra homomorphism F' : k[x] — k[y] such that

commutes. Is F' uniquely determined?
d) Do (c) explicitely for R = k[t?, %] < k[t] = S.
e) What is the geometric counterpart of (c¢) and (d)?

Solution: (a) R = kl[xy,...,x,]/J is generated by the images of the z; in R, i.e.
by their classes. On the other hand, if some R is generated by ry,...,r,, then we
obtain a surjection ¢ : k[z1,...,xz,] = R via x; — r;. Then, take J := ker ¢.

(b) k[z,y] — k[t] with = + t* and y — ¢> has R as its image, and the kernel is
(2% —y*).

(c) Let ¢ : k[x] = R and v : kly] — S. We define F : k[x] — k[y] by mapping x;
to some lift of f(¢(z;)) € S into k[y] via ¢. That is, (F(z;)) = f(¢(x;)). On the
other hand, this means that Yo F' = fop — couebpondmg to the commutativity of
the diagram in question.

Since the lifts along 1 are not unique, neither is F'.

(d) ¢ : klx,y] — Kk[t*, 3] with ¢(z) = t* and ¢(y) = t* has to be combined with
(¢ =1id) : k[t] — k[t]. Here, the lifts are even unique, and we are forced to define
F : klz,y] — k[t] via F(x) := t* and F(y) := t>. That is, in this example, F' does,
more or less, coincide with .

(e) The map F': klxy,...,x,] = k[y1,. .., ym] of (¢) corresponds to an regular map
L e L AP | S B Gy ] U and J C k[y1,...,ym| are the kernels of the
surjections, then @ factors via V(J) — V(I). In the case of (d), ® maps k' — &2
(t — (t%,t), but this is not surjective — the image is V (2® — y?).
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Problems 68(a)-(c) and 14 are supposed to be uploaded on WHITEBOARD until
11/17, 4pm. This has to be done with a single pdf-file consisting of exactly 2 pages.

Problem 13. Let ¢ : A — B be a ring homomorphism. Show that

a) the associated (f = Specp) : Spec B — Spec A (defined via f : Q — ¢ 'Q) is
continous. That is, with respect to the Zariski topology on both sides, show that
the pre-images of closed subsets are closed.

b) Give an alternative proof of (a) by showing that the pre-image of the so-called
elementary open subsets D(f) C Spec A (for f € A) are open in Spec B. Why does
it suffice to consider these special open subsets instead of all ones?

c¢) Recall that, for every P € Spec A, we denote by K (P) := Quot(A/P) the asso-
ciated residue field of P. Show that ¢ and f from (a) provide a natural embedding
[ K(f(Q)) — K(Q) for each @ € Spec B.

d) Recall that elements a € A can be understood as functions on Spec A via as-
signing each P its residue class @ € K(P). Show that, in this context, the map
¢ : A — B can be understood as the pull back map (along f) for functions, i.e.
that, under use of (c¢), p(a)=ao f.

(A maybe confusing remark: Making the last correspondence more explicit — but
maybe less user friendly — one is tempted to write p(a) = Poao f. However, this is
even less correct, since there is no “general map” ©; even the domain and the target
of @ depend on Q).)

Solution: (a) If J C A, then @ € f* V() e f(Q) eV()) e el(Q) 2]«
Q2 ())& QD () B. Thus, I (V(J)) = Vig(J) - B).

(b) If a € A, then Q € f~1(D(a)) & f(Q) € D(a) & a ¢ ¢ 1(Q) & ¢(a) ¢ Q.
Thus, f~'(D(a)) = D(p(a)). Checking these special “elementary” open subsets
suffices since every open subset is a union of those. Moreover, the operator “U” is
compatible with f~1.

(c) K(Q) = Quot B/Q and K(f(Q)) = Quot A/¢~'(Q). Hence, the inclusion
?: A/ Q) — B/Q induces an inclusion ¢ : K(f(Q)) — K(Q) among their
respective quotient fields.

(d) We have to compare two functions on Spec B. Accordingly, we take an element
(@ € Spec B, i.e. a prime ideal () C B.

Now, (¢(a))(Q) was defined as the residue class p(a) of p(a) € B in B/Q C
Quot(B/Q) = K(Q).

On the other hand, (a o f)(Q) = a(f(Q)) = a(¢ ' (Q). And this equals the residue
class@aof a € Ain A/p Q) = K(f(Q)).



Problem 14. a) Let A be a ring. Describe the set of elements a € A with D(a) = 0.

b) Let ¢ : A — B be a surjective ring homomorphism. Show that Spec ¢ : Spec B —
Spec A is injective.

c¢) Let ¢ : A — B be an injective ring homomorphism. Show that Spec ¢ : Spec B —
Spec A is dominant, i.e. that the image is dense.

(Hint: You might use that a subset S C X of a topological space X is not dense iff
there exists a non-empty open U C X being disjoint to S.)

d) Give an example for the situation of (c¢) where Spec ¢ is not surjective.

Solution: (a) D(a) = ) < a € P for all prime ideals P C A, i.e. a € ), P = V0.
That is, D(a) = () < a is nilpotent.

(b) Surjective ring homomorphisms are always of the form A —» A/J = B. And we

know that Spec A/J = V(J) C Spec A.

(c) If there were a nonempty U C Spec A being disjoint to f(Spec B) with f =
Spec p, then we can assume that U is of the form U = D(a) (because those gadgets
form a basis of the topology). Now, the non-emptyness means that a € A is not
nilpotent — but this means that p(a) € B is not nilpotent either. Thus, () #
D(p(a)) = f1D(a), i.e. D(a) couldn’t be disjoint from the image.

(d) Z — Q gives the embedding Spec Q — Spec Z which is not surjective (the image
consists of the single point (0)), but the image, i.e. this single point, is dense.

Problem 15. Show that Spec A is quasicompact, i.e. that every open covering
admits a finite subcovering. (Note that we avoid the name “compact” for this
property because Spec A is not HAUSDORFF.)

(Hint: Try to use the “elementary” open subsets D(a) whenever you can.)

Solution: Given a covering {U, },ea, we may assume w.l.o.g. that U, is of the form
Uy = D(f,) for some elements f, € A. (This is possible because the open subsets
D(f) form a basis of the topology.) But this means that the ideal (f, | v € A) equals
(1), i.e. that 1 is a A-linear combination of finitely many f, (v € Ag C A). But then
(fou| v € Ag) = (1) shows that the finite subfamily {U, },ea, is still a covering.

Problem 16. Let Ry,...,R,, be (commutative) rings (with 1) and denote by
R := [, R; their product.

a) Show that the units 1; € R; induce so-called “orthogonal idempotents” e; € R,
i.e. elements having the property e;e; = 9; e;. Moreover, show that each choice

of orthogonal idempotents {ej,...,e,} in a ring R gives rise of a decomposition
R =TI, R; of R into a product of rings.

b) Do we have natural ring homomorphisms ¢; : R; — R or ¢; : R — R;? Show
that the right choice induces a homeomorphism between the topological spaces

I, Spec R; and Spec R. What is the geometric interpretation of ¢;/1); when Spec R
is identified with [, Spec R;?

Solution: (a) e; :== (0....,1;,...,0) € R and, for the opposite direction, R; := ¢;R.
(b) There is no good embedding ¢; : R; < R, since the only natural choice would



be ¢;(1;) = e;, but this violates 1; +— 1 which should be always satisfied for rings
with a unit. However, the projection ¢, : R — R;, r + re; works well.

If P C R is a prime ideal, then for 7 # j we have e;e; € P, thus e; € P or e; € P.
Hence, P contains one of the ideals @Q); := H#i R; € R. On the other hand, we
know that R/Q; = R;. This does also show that ; : R — R; induces the closed
embedding Spec R; — [[, Spec R;.

Aufgabenbldtter und Nicht-Skript: http://www.math.fu-berlin.de/altmann



Klaus Altmann VL “(Comm) Algebra I’
Mathematisches Institut FU Berlin, Winter 2021/22

Freie Universitat Berlin
Tel.: (030) 838 - 75428
altmann@math.fu-berlin.de

5. AUFGABENBLATT ZUM 24.11.2021

Problem 17. a) Let ¢ : A — B be a ring homomorphism where A and B are even
fields. Show that ¢ is then automatically injective.

b) Give counter examples for the cases that either A or B is not a field.

Solution: (a) If ¢ was not injective, then ker(yp) # (0). Hence, if A is a field, this
implies that ker(y) # (1) — just because there is no other ideals at all. Thus, ¢ = 0,
implying that 15 = ¢(14) = O which is not allowed when B is a field.

(b) Counter examples: Z — Z/27 and Z /27 — 0.

Problem 18. In Problem 14(c) it had to be exploited that injective ring homomor-
phisms ¢ : A — B send non-nilpotent elements to non-nilpotent elements. Do those
¢ also send non-zero divisors to non-zero divisors? (Proof/counter example)

Solution: Consider Z — Z[x]/(2x). Then Z is a domain, but 2 becomes a zero
divisor in Z[x]/(2x).

Problem 19. a) Let 0 — K L L % M = 0 be an exact sequence of R-modules.
Show this sequence is a split exact sequence (i.e. it is isomorphic to the sequence
0— K — K&M — M — 0) < the map g has a section, i.e. if there is an (R-linear)
map s : M — L such that gs = idy,.

b) In class we have shown that the short exact sequence 0 — Z A7 57 /27 — 0
does not split. Give an alternative proof of this via using (a).

c¢) Show that short exact sequences of vector spaces (i.e. R is a field) do always split.
Solution: (a) If the sequence splits, then M — K & M — L gives the section. On
the other hand, if s : M — L exists, then (f +s) : K & M — L establishes an
isomorphism compatible with the embedding of K and the projection onto M.

(b) Any candidate for a section of Z — 7Z /27 has to be a Z-linear map s : Z/27 — Z.
But this leads immediately to s = 0.

(c) Every surjection 7 : V' —» W of k-vector spaces admits a section — just choose a

basis B of W and assign to every w € B an arbitrary element of 7! (w).

Problem 20. Give an example of an injection M < M’ of abelian groups, i.e.
Z-modules, and an abelian group N such that

M@ZN%O but M/(X)ZN:O
Hint: Do your search among the usual suspects Z, Q, Z/27Z. . .
Solution: M = Z, M' = Q, and N = Z/27Z.
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6. AUFGABENBLATT ZUM 1.12.2021

Problem 21. Let F' : R-mod — S-mod be a covariant, additive functor from the
category of R-modules into the category of S-modules. (Additivity here just means
that for R-modules M, N the map F' : Homgz(M, N) — Homg(F M, FN) is additive,
i.e. Z-linear.)

a) Check the additivity of the functors F' = tensor ® gk N, Hom(M, .), and localization
M S7IM.

b) Show that F preserves the exactness of arbitrary sequences (“exact functors’) <
of sequences of the form M’ — M — M" < of “short” exact sequences 0 — M’ —
M — M" — 0.

(Hint: Decompose M’ — M — M" into two “short” exact sequences.)

c) F preserves the exactness of sequences of the form 0 — M’ — M — M" (“left
exact functors’) < short exact sequences 0 — M’ — M — M" — 0 yield exact
sequences 0 - FM' — FM — FM".

Solution:  (b) An exact sequence M’ 5M S M s decomposable into 0 —
kerf > M —- N —0and 0 - N - M — img — 0 with im f = N = kerg.

(c) For an exact 0 — M’ — M — M" we define N :=im(M — M") C M". That is,
we obtain two exact sequences0 - M' - M — N - 0and0 - N - M — C — 0
for some R-module C' (namely, C := M"”/N). Thus, 0 - FM' — FM — FN and
0— FN — FM' — FC are exact. The latter implies that FN — F'M’ is injective,
hence we may replace F'N in the former sequence by FM’.

Problem 22. Calculate the Dehn invariant D(S) = ¢ f(e) ® a(e) € R ®q
(R/7Q) for the following three solids (all of volume 1):

(i) S; = unit cube,

(ii) Sy = prism [0, 1] x A where A is a triangle with angles «, , v and area 1, and
(iii) S3 = is a regular tetrahedron with edge length s that vol(Ss;) = 1 (what is s7).

Finally, check which of the results in (i), (ii), (iii) are equal, and which differ from
each other. (Hint: Use that for k-vector spaces V, W with bases B C V and C C W,
the set B C :={b®c|be B, c € C} forms a basis of V ®;, W.)

Solution: (i) All inner angles are 7/2, hence D(S;) = 0.
(ii) Forgetting the angles 7/2, it remains
D(S) =1®a+1@B8+1®7=1®(a+B+7)=1®@1/2=0.
(iii) Denote by h the height of a triangle of the boundary of S3 and by H its total
height. Then: h? 4+ (£)? = s* and H? + (2)? = h? and H? + (%£)* = s*. Thus,

h=Ysand H = ?h = %s In particular, vol(S3) = 5-5-h-H = %5’3. Since

5

W=

. . 3 2
this volume was supposed to be 1, we obtain s = v/2 - v/3.



For the Dehn invariant, we obtain D(S3) = 6s ® 6 with cosf = % This tensor
vanishes if and only if § € 7Q, which is not the case (but requires a proof which is,
by the way, not so easy).

Problem 23. a) Recall that Z/27Z ®77/3Z = 0. What about Z/6Z ®zZ/8Z? Can
you generalize this into a description of Z/aZ @z 7Z./bZ?

b) Detemine a basis of the Q-vector space V = Q* ®g Q®. What is the difference of
this space to the abelian group Q2 ®z Q3*?

¢) Detemine a basis of the C-vector space V = C? @¢ C*. What is it dimension as
an R-vector space? What is its difference to the R-vector space C? @g C3?

d) What is R/I @z R/J?

e) Determine R[z, y] ®r C, R[z,y]/(y* — 2*) @& C, Cz] ®c C[y], C[z] ®c C[z].
Solution: (a) Z/aZ &y Z/VZ = 7./ (a,b) = Z/ gcd(a, b)Z.

(b) @2 ®m QS . @2 @A Q‘J — @b

(c) C? ®¢ C3 = C5 =R, but C?2 ® C* = R* @ R® = R?4.

(d) R/I®r R/J =R/(I+J).

(¢) Clz, 9], Cla, /(s — 2%, Clz. ], Cla, o]

Problem 24. a) Let /' : C — D und G : D — C be functors. We call F to
be “left adjoint” to G (or G to be “right adjoint” to F; written as F 4 G) if
Homp(F A, B) = Home(A, GB) for A, B being objects of C and D, respectively. Here
the equality sign means a bijection that is functorial in both arguments. Explain
what is meant by the last sentence.

b) In the situation of (a) show that I 4 G is equivalent to the existence of the
so-called adjunction maps, i.e. of natural transformations F'G — idp and id¢ — GF
with certain compatibility properties (describe them). How do these maps look like
for all examples of mutually adjoint functors you have heard of in the past?

¢) Let ¢ : R — T be a ring homomorphism, i.e. let 7" be an R-algebra. Then there
are the following functors between the module categories F' : Modr — Modr,
M — M ®rT and G : Modr — Modg, N — N, where N becomes an R-module
via rn := ¢(r)n. Show that F' 4 G.

d) Let F': C — D be an additive functor between two categories of modules over
some rings. Show that the existence of a right adjoint for F' implies right exactness
of F'. Does the existence of a left adjoint have a comparable impact?

Solution: (b) F' — F(GF) = (FG)F — F and G — (GF)G = G(FG) — G have
to be the identity maps.

Our only (or at least most prominent) example of adjoint functors was (RzrN) -
Hompg(N,.). That is, we are looking for natural transformations Hompg(N,«)@gN —
id Modp and idmoed, — Hompg(N,«®r N). Indeed, if M is an R-module, then we have
natural R-linear maps Homg(N, M) ®g N — M and M — Homg(N, M ®g N).
(¢) Homp(M ®g T, N) = Hompg(M, N) for R-modules M and T-modules N.

(d) is similar to (2.2). The existence of a left adjoint implies left exactness.
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Problem 25. a) Determine the localizations (Z/6Z)2, (Z/6Z)s, (Z/6Z)2), (Z/6Z) ).
Is there respective localization maps Z/6Z — ... injective or surjective?

b) Let M, N be two R-modules. Show that M & N is flat over R < both M and
N are flat R-modules.

c¢) Give two different proofs for the flatness of Z/6Z —» Z/2Z. (A ring homomor-
phism f: R — S is called flat if S becomes, via f, a flat R-module.)

Solution: (a) (Z/6Z)s = (Z/6Z) 3y = Z/3Z and (Z/6Z)3 = (Z/6Z) ) = Z/27. The
localization maps coincide with the surjective quotient maps. They are defintely not
injective.

b)) LMd®N)=(P,oM)®d (P,®N)and P, ® @, is exact < both P, and @,
are exact (ker and im commute with direct sums).

(c) Z/27Z is both a localization and a direct summand of Z/6Z.

Problem 26. a) Let R be a (commutative) ring and f : R™ — R" an R-linear map
given by a matrix A with R-entries. If ¢ : R — S is a ring homomorphism, then
R-modules M turn into S-modules M ®z S. Since R™ ®zr S = S™, the map f turns
into (f ®pidg) : S™ — S™. What is the associated matrix over S?

b) Let R be a (commutative) ring and f : R™ —» R" a surjective, R-linear map.
Show that m > n.

c) Let g : R™ — R" be injective. Under the assumption that R is an integral
domain, show that m < n. Does this claim still hold true if R has zero divisors?

Solution: (a) The new matrix is p(A). Moreover, tensor with R/m in (b), and with
Quot R in (c).

(¢) [Nikola Sadovek] If o : R™ < R™~! was injective, then we can compose it with
the standard embedding 8 : R™~! < R™ to obtain an injective ¢ := foa : R™ —
R™ yielding always zero at, e.g., the last coordinate.

Cayley-Hamilton yields a polynomial f = Y7  A\it' € RJ[t] killing ¢ with A, = 1.
Now, f is representable as f(t) = t* - g(t) with &k > 0 and g(0) # 0. Hence,
©*og(p) = 0 with ©* being injective. This implies g(¢) = 0 on R™. Thus, for every
v e R™, g(0)-v=[—g(e)+ g(0)](v) has always 0 as its last entry — yielding a
contradiction.

Problem 27. a) Let R = (R, m) be a local ring; let f : M — N be R-linear.
Decide which of the possible four implications (= /<) holds true: f : M — N is
injective/surjective < f : M/mM — N/mN is injective/surjective? Is it important
whether M, N are finitely generated?

b) If I C J C R are ideals, then show that the ideal (J/I)*> C R/I equals (J*>+1)/1.
c¢) Let m := (z,y,2) C R with

R:={f/g| f,g € Clx,y,z]/(zyz + x +y + z) mit g(0,0,0) # 0}.



Determine a basis of the R/m-vector space m/m? and a minimal generating system
of the ideal m. Express x,y, 2z € m as R-linear combinations of this system.

(Hint: Use that the space m/m? equals (z,v,2)/(x,y, 2)* where (z,y,2) is under-
stood as an ideal in the ring Clz,y, z]/(zyz + x + y + z), i.e. one can use (b) now.)

Solution: (a) Surjectivity “=", e.g. by right-exactness of tensor product; surjectiv-
ity “«<=” if N is finitely generated (Nakayama). Injectivity neither: f multiplication
by non-zero-divisor x € m; f: R — R/m.

(c) z,y, 2z generate m, hence m/m?. However,

m/m? = (z,v, z)/((:l;, y,2)? + (yz + o +y+ z)) = (x,v, z)/((:lr, y,2)? + (v +y+ z))

by (b). That is, in m/m? we have the equation z+y+2z = 0. Thus, x,y are sufficient
to generate m/m? (in fact they form a basis), hence z,y generate the ideal m within
R by the Lemma of Nakayama.

In R we have z(zy + 1) = —(z + y), hence z = — 2t

zy+1°

Problem 28. Let (R,m) be a local integral domain; denote by k := R/m and
K := Quot R its residue and quotient field, respectively. If M is a finitely generated
R-module, then show that M is free < dimg(M ®g k) = dimg (M @ K). (Hint:
Choose a surjection R™ — M with minimal n and tensorize.)

Solution: R™ —» M minimal = dimg (M ®g K) = dimg(M ®g k) = n (Nakayama);
0—->N—->R"->M—-0=0—->NK—K"— M®K — 0] is exact, hence
NCN®K =0.
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Problem 29. For R :=k @ 2? k[z] C k[z] and S := k @ zy k[z,y] C k[z,y] check if
they are finitely generated k-algebras, and check if they are noetherian.

Solution: R = k[z? 2] = kly,2]/(y® — 2?) is a finitely generated k-algebra, and
hence it is noetherian, too.

S is not noetherian (thus not a finitely generated k-algebra): The ideal S, :=
zy klz,y] is not finitely generated: If it was so, then there would be finitely many
monomial generators — but this does not work for combinatorial reasons.

Problem 30. Construct a filtration of R := k[z, y]/(z*y, z*) where all factors are
isomorphic to R/P; for some P; € Spec R. In particular, identify the P; for all
factors.

Solution: One possibility is to choose

0Ca-k [:1;. yl/(2%y, 2°) C & - K[z, y]/(2*y, 2%) C k[x,y]/(2*y, 2°)
with factors () klz,y]/(2Py, )N /<[1 1/}/(1 y) (\m r?=1),
(i) (z-k[z,y] %)/< 2kl y]/(x 1/ x )z [z, (//12 klx,y] = klz,y]/(x),
and (i) (k[z, z/}/( y, %))/ (x - klz,y]/(zy, 2?)) =
Problem 31. a) Let [ := (I, <) be a poset. It turns into a category via objects := [

a,b)} if a <b,
and Hom,(a, b) := { 0 ) otherwise .

category C” is a (covariant) functor I — C; the “direct limit” him> X; of such a system

A “directed system on I with values in a

X = (X;| i € 1) is defined via the following universal property: Homc(li_m> X, Z) =
{pell,Hom(X;, Z)|i < j= ¢; = ¢;jo[X; = X,]}. In particular, there are canon-
ical maps X; — lim X; (as the image of id € Home(lim X;, lim X;)). Translate the
— — =

notion of the direct limit into that of an initial object in some category.

b) What is h_m> X, if I contains a maximum? What is ll_m> X; if all elements of I are
mutually non-comparable, i.e. if 1 < j < i =37

c) Let C = Modg be the category of modules over some ring R. For an element

m; € M; we will use the same symbol m; for its canonical image in M := @;c;M;,
too. Using this notation, show that h_m) M; = M /N where the submodule N C M is

generated by all differences m; — ¢;x(m;) with m; € M;, j < k, and @i, : M; — M,
being the associated R-linear map.

d) Assume (I, <) to be filtered, i.e. for i,j € I there is always a k = k(7, j) € I with
1, < k. If C = Modg, then th>Ml = [[, M,/ ~, where ][ means the disjoint union

b

(as sets) and “~” is the equivalence relation generated by [¢;;(m;) ~ m; for i < j]
(with ¢;; : M; — M;). (Hint: First, define an R-module structure of the right hand



side. Then check that an element x € M; turns into 0 € h_m) M; if and only if there

Solution:  (a) For a fixed directed system X = (X; |4 € I) which includes compat-
ible maps ;; : X; — X for ¢ < j, we define the category

CX={(Z,piliel)| ZeCpi=pjoty}
with the obvious morphisms. Then, 7 = 11_m> X, together with the maps ¢; : X; —
li_:m> X is the initial object of the category C*.
(b) h_m)X7 = X7 and h_m>X7 = coproduct (being the direct sum in Modg and
the disjoint union in Set).
(c) For a directed system (M, | i € I) (including compatible maps ¢;; : X; — X for
i < 7j), we define M := @®;c;M; and N as in the problem. Then, we have natural
maps ¢; : M; — M —» M/N. The quotient construction with N ensures ¢, = 00,y
for 7 < k. Finally, the universal property follows directly from this construction: If
we have compatible R-linear maps f; : M; — L, then we obtain, e.g. by the universal
property of the direct sum, a map M — L. And the compatibilities among the maps
fi ensures that N is sent to 0 via this map.
(d) Denote C' := [],.; M;. Then, if m; € M; C C' is a representative of m; € C/ ~
and r € R, then it is clear how to obtain r - m; := ¥m;. Moreover, this construction
is compatible with ¢;;(m;) ~ m; — just because varphi;; is linear.
More intersting is the addition — this is exactly the part where the filtering becomes
essential: If we were supposed to add m; and 7, then we may choose a k = k(i, j)

with 4,5 < k. But then, by the definition of ~, we obtain m; = @;(m;) and
m; = pr(m;), i.e. both summands are represented by elements in M. There, we
can add them, and this solves the problem.

Problem 32. a) Let P € Spec R be a prime ideal and M an R-module. Show that
the localisation Mp is the direct limes of modules M, with distinguished elements
f € R. What is the associated poset (I,<)? Is it filtered?

b) Show that infinite direct sums are filtered direct limits of finite direct sums. What
is the underlying poset?

Solution: (a) The underlying poset is I := R\ P with f < ¢ being defined via
the relation f|g. If this is the case, we have natural maps Ry — R,. This poset is
filtered because of k(f,g) := fg. Now, we can check the universal property for the
compatible system of maps {My — Mp| f € I}.

(b) Let A be a set, and we consider R-modules M) for A € A. The basic poset I is
defined as

I:={SCA|#S<oo}C2"
with the inclusion relation. For each S € I we define Mg := ®\csM), which induces

natural embeddings Mg < Mg whenever S C S’. They are compatible with the
overall embedding Mg — @rcp M.
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Problems 33 and 34 are supposed to be uploaded on WHITEBOARD until Jan 5 2022,
4pm. This has to be done with a single pdf-file consisting of exactly 2 pages.

Problem 33. Let M, My C M be submodules of a finitely generated module over
a noetherian ring R. Show that Ass (M/(M; N Ma)) C Ass(M/M) U Ass(M/Ms,).
Hint:  Try to exploit Propsition 13, i.e. to look for exact sequences relating, e.g.,
M/(Ml N Mg) and M/Ml

M /M.

Problem 34. Show that I := (z,y) C k[x,y] =: R is not “clean”, i.e. there is no
“nice filtration” (i.e. with factors = R/P;) of I (not of R/I) with an exclusive use
of primes associated to I = (x,y) (really to I, not to R/I).

Solution: (0) is the only associated prime of (z,y). On the other hand, k[z,y] —
(x,y) can never become an isomorphism ((x,y) is not principal) and, moreover, all

possible cokernels must be torsion.

Problem 35. In the category of directed systems of R-modules on a poset [ :=
(I, <) (cf. Problem 31) define kernels, images, and cokernels in a natural way, e.g.

ker (¢ : (M;|i€I)— (N;|iel)):= (ker[p;: M; = N;]|i€I).
This leads to the notion of exact sequences of directed systems.
a) Show that h_m> is right exact (by constructing a right adjoint functor).

b) Show that filtered direct limits with values in Modg are even exact.

c) Consider the set I := {m, a,b} with m < a and m < b. Show that the direct limit

over this I (even with values in Modpg) is not left exact.

Solution:  (a) The right adjoint functor is Z + [constant system Z]. Indeed, the

universal property of the direct limit says Hom(ligy M;,N) = Hom({M;},N) =

Hom({M;},{N; := N}). I

(c) Consider (0, M, M) < (M, M, M). The direct limits of both systems are M @& M

and M3/ ~ with (m,0,0) ~ (0,m,0) and (m,0,0) ~ (0,0, m), i.e. the latter becomes

isomorphic to M. The map lim (0, M, M) — lim (M, M, M) becomes the addition
— —

M & M — M. It is not injective at all.

Problem 36. Analogous to Problem 31, we define the “inverse” limit <h_m M; of a

directed system of R-modules as the terminal object of a certain category, namely
via HomR(P,<li_mMi) ={p e [, Hom(P,M;)| i < j = ¢; = [M; < M;]o¢;}. In

particular, there are canonical maps lim M; — M;.



a) Realize (h_m M; as a submodule of [[, M; and derive from this that the projective
limit is left exact.

b) Let p € Z be a prime and [ := N. Show that Z, := h£ Z/p'Z (“p-adic numbers”

— not to be confused with the localization Z,) is a local ring without zero divisors.
Show further that it contains Z and the localization Z,).

Solution: (a) @ M; = {m e [, M; | m; — m; via M; — M,}

(b) For each a € Z/p'Z not divisible by p there is a unique b € Z/p'Z with ab = 1.
This shows that Z; = Z, \ (p), i.e. (p) is the only maximal ideal.

Merry Christmas and a Happy New Year 2022!
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Problem 37. Let R be noetherian and P C R a prime ideal. Let M be a finitely
generated R-module. Show that that Mp is a free Rp-module if and only if there is
an element f € R\ P such that M; is a free Ry-module.

Solution: (<) Just tensor any isomorphism R’f S M § with ®p /Rp.

(=) Let 0 - C — F —- M — C' — 0 with a free F = R™ such that Fp = Mp is
an isomorphism. Then, C' is finitely generated, C'» = 0, hence there is an f € R\ P
with fC' =0, i.e., Cy = 0. Do the same with C".

Problem 38. Recall Problem 26(c): For R being a noetherian ring we were given
m,n € N. Then, the existence of an injective R-linear map g : R™ — R" had
implied that m < n.

a) Give an alternative proof of this fact in the case of R being an Artinian ring, i.e.,
if ¢ R(R) < 0Q.

b) Provide a proof of the general claim (without assuming that R is Artinian) under
use of Part (a). (Hint: Show and use that, for a minimal prime P, the localization
Rp is artinian.)

Solution: (a) Denote by ¢ := (r(R) > 1 the length of the Artinian ring R. Then g
provides the inequality mf = ¢(R™) < {(R") = nl.

(b) Choose a minimal prime P C R and localize, i.e. apply (®gRp). Since this
functor is exact (localization is flat), the resulting g ® idg, stays injective, and one
can apply (a).

Problem 39. a) What is the length of the ring Z/30Z? Provide a composition
series and describe the factors.

b) Write down a composition series of the ring k[t]/t> and identify its factors as
fields.

Solution: (a) 0 C 15Z/30Z C 5Z/30Z C Z/30Z has the factors Z /27, 7Z/3Z, and
Z./57. Hence, the length is 3.

(b) 0 = 3k[t]/t3 C *k[t]/t® C tk[t]/t® C k[t]/t>. The k-th factor is isomorphic to k
via

(t"k[t] /7)) (" K [2]/¢%) Ay

Problem 40. What are the minimal and what are the associated primes P of
R = Clx,y]/(2% xy?)? For the latter provide always an embedding R/P < R.
Which of the localizations Rp have finite length — and what is this length then?
Visualize a monomial base of R and all R/P — how does this reflect the previous



information about the lenghths?

Solution: Py := (z) = +/(2?, zy?) is the only minimal prime. Moreover, Py := (z,y)
is associated, but not minimal. There is not more associated primes — this can
be obtained either by looking for “nice” filtrations, or by the following argument:
Localizing in points (0, ¢), i.e. in maximal ideals (x,y — ¢) for ¢ # 0, turns y? into a
unit. Hence, (22, zy*) becomes equal to () then.

Examples for embeddings R/P — R are 1 + y? for P, = (z) and 1 — zy for
Py = (1’ ) y)

The non-minimal prime P, leads to an infinite length. This follows because the
ring Rp, has infinite C-dimension compared to dim¢ R/(x,y) = 1. For instance, the
monomials {y* | k € N} are linearily independent. An alternative argument is that
Rp, has P, (meaning (P))p, = (R\ P»)"'P;) as a non-maximal prime ideal, hence
is not artinian.

The length of Rp, is one — this follows from
(Cleo)/ (@ ) | = (Clesl/(@)) | = Cled) = Quot Cfa] = C(a)

using that y? becomes a unit after localization. Hence, the result is a field.
Alternatively, this length equals the number of occurences of R/P; in “nice” filtra-
tions: Using the embedding from above, we obtain

coker(R/P; < R) = Clz,y]/(2*,2y*,y*) = Clz,y]/ (2%, y%).
Since the this is a finite-dimensional C-vector space, only R/P, will occur as further
factors. Thus, the length equals 1.

R/(x) is a vertical line of lattice points, and R/(z,y) is just the origin. The length
((R(z) = 1 corresponds to the single unbounded vertical line of lattice points vi-
sualizing the basic monomials of R; the infinite length of R(,,) corresponds to the
infinite number of lattice points in this picture.
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Problem 41. Find reduced, i.e. non-redundant primary decompositions of the ideals
I = (zy° 2%, a%%) C klz,y] and J = (2°,2%y2,2"2) C kla,y, 2].

Download the software SINGULAR or MACAULAY2 and check the result by one of
these computer algebra systems.

Solution: I = (x) N (y*) N (25 23y* y°) and J = (2%) N (2, y) N (27, 2).

SINGULAR (for the ideal J):

ring r=0, (x,y,z),(dp(3));

ideal i = x73; ideal j = x75, z; ideal k = x74, y;
ideal m = intersect(i,j,k);

LIB "primdec.lib";

primdecGTZ (m) ;

You can learn about the usage of the computeralgebra system SINGULAR by
attending the two weeks compact course “Computeralgebra” in early March. It
is a BA-course within the so-called ABV part. That is, as master students, you
cannot earn any formal credit for this — but, nevertheless, it might be useful. And
it is fun, anyway.

Problem 42. Show directly that o := t* + 1 € C[¢] is integral over the subring
C[t3].

Solution: (o — 1) = t?, hence (o — 1) = % = (#*)2. This leads to the polynomial
f(z):=(x —1)3— (¢3)? € C[t*][z]. Tt has 1 as leading coefficient and it vanishes for

Tr = Q.

Problem 43. Let A C B be two rings and assume that all elements of B are integral
over A. Show that this implies B*N A = A*. Is the reverse implication true as well?

Solution: a € B*N'A = 1/a € B, hence 1/a is integral over A. Multiplying the
polynomial f(z) = 2" + 32" a; 2 € Alz] indicating the integrality of 1/a by a”

one obtains

0=a"(1/a)" +a" Y1 a; (1/a) =14+ a- (31 a;a™ )
showing that a is a unit.
For domains A iwe have that Alz]* = A*, hence A[z]* N A = A*. But Alx] is not
integral over A.
Problem 44. A ring homomorphism f : A — B is called integral if all elements
b € B are integral over f(A).

a) Show that the integrality of f implies the integrality of f ® idg : C — B ®4 C
for every A-algebra C'. In particular, localizing f via multiplicative subsets S C A



is compatible with integrality.

b) Let (fi,...,fr) = (1) in A. Thus, the open subsets D(f;) = Spec Ay, cover
Spec A. Show that an A-module M is finitely generated if and only if all My, are
finitely generated Ajy-modules.

¢) Assume again that (f1,..., fr) = (1) in A. Show that an element b € B is integral
over A & b/1 € By, is integral over Ay, for all i.

d) Let M be an A-module such that the localizations Mp are finitely generated
over Ap for all P € Spec A. Show that M := @ pepaxspec adp/PAp is an example
demonstrating that the original M does not need to be finitely generated though.

e) Show that an element b € B is integral over A < b/1 € B ®y4 Ap is integral over
Ap for all P € Spec A. (Hint: For each P construct an element f ¢ P such that
b/1 € By is integral over Ay.)

Solution: (a) It is sufficient to check integrality for elements of the form b ® c.

(b) Let N be generated by all numerators m;; of the generators m;;/f;” of M;,.
Then N C M becomes an equality after localising by f;.

(c) Consider A[b] C B and its localizations via f;.

(d) M := ®pegpec aAp/PAp. The localizations Mp equal Ap/PAp.

(e) Take f as the lowest common denominator of the Ap-coefficients of an integrality
relation for b.
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Problem 45. Let R be a domain such that for every ¢ € Quot R one has ¢ € R or
1/q € R (R is called a “valuation ring”). Show that this property implies that R is
local and normal, i.e. integrally closed in its quotient field. (Hint: Show that R\ R*
is an ideal; for the additivity consider x/y for given =,y € R\ R*.)

olution: If x, '\ R*, then either x/y or y/x belong to R; assume that x/y =
Solution: If x,y € R\ R*, then either x/y or y/x belong to R; assume that x/1
z€ R. Then x +y =yz+y = y(l + 2). In particular, if x + y was a unit, then y
has to be a unit, too.
To show normality, assume that x € Quot R is integral over R. If 2™ + a;2™ ! +
...+ a, = 0 is an integrality relation of minimal degree, the z ¢ R implies 1/x € R,
hence 2" ' + a2 2+ ...+ a,_1 + a,/x = 0 is an integrality relation of one degree
(=] J o
less.

Problem 46. For a semigroup H with neutral element 0 € H we define the associ-
ated “semigroup algebra” C[H] := ®pepC - X" with multiplication x" - x* := "+
among the basis vectors.

a) Describe C[H| explicitely for the examples H = N, H = Z, H = N?  and
H =NxZ.

b) Assume that H C Z" is finitely generated with Z" = H—H := {h—h'| h,h' € H}.
Show that C[H] is a normal ring if and only if H = Z" N (Qx¢ - H) inside Q™ (“H
is saturated”). Give an example where this condition does not hold true.

(Hint: For the part (<) write H as an intersection of half spaces. Hence, the claim
can be reduced to the special case of H =N x Z"1.)

Solution:  (a) One obtains C[z|, Clz,z™'] = Clz],, Clz,y], and Clz,y,y '] =
Clz, y],, respectively.

(b) (=) Let s € Z" with N-s € H and s = h—h' (h,h' € H). Then, x* := x"/x" €
Quot C[H] \ C[H], but (x*)N = x* € C[H].

(<) H is a finite intersection of semigroups like H, := {r € Z"| {(a,r) > 0} with
a € Z". Now, on the one hand, C[H] = C[H,,]N...NC[H,,], and, on the other,
H, =N x Z" ! hence C[H,| = C[.’I??‘Ll , X2, ...,x,]. This ring is normal.

The example for a non-saturated semigroup: {0} U Zs, yielding the semigroup al-
gebra k[t?, t3].

Problem 47. a) Let A C B be a finite extension of domains, i.e. the A-algebra B
becomes a finitely generated A-module. Further denote by F': Spec B — Spec A the
associated map on the geometric side. Show that F' is quasi-finite, i.e. that F' has
finite fibers, i.e. that for each prime ideal P C A the set F'~!(P) is finite.

(Hint: Exploit the usual localization/quotient constructions on the A-side to im-
prove the situation.)



b) Determine the fibers of P = (z,y) and of P’ = (x — 1,y — 1) with respect to the
situation A = C[z,y] and B = Clz,y, 2]/ (zy — 2?).

¢) What is the description of F' and P, P’, Q; from (b) within the classical geometric
language, i.e. understanding Spec C[z,y] = AZ as C*?

Solution: (a) Down to earth, we have to show that for each prime ideal P C A there
is only finitely many prime ideals ); C B such that P = Q; N A.

We may, w.o.l.g., assume that (A, P) is a local ring, i.e. that P is a maximal ideal
and that it is the only one. Indeed, localizing by S := (A \ P), we obtain the still
finite, injective map Ap = S™1A — S~!B. Moreover, each ); C B with P = Q;NA
is disjoint to S, i.e., corresponds to the prime ideal S7'Q; C S™!B still satisfying
Slei NAp = Pp = S-ip.

Now, we tensor with A/P. This gives a still finite map k := A/P — B®4 A/P =
B := B/(P-B). That is, B is a finite k-algebra. While we cannot apply Proposi-
tion 24(1) because B fails to be a domain, we, nevertheless, recognize that B is a
finite-dimensional k-vector space. Thus, B is an Artinian ring, having only finitely
many prime ideals (being all maximal).

(b) Clz,y] — Clz,y, 2]/(zy — 2%) becomes C < C[z]/(2?) or C — Clz]/(1 — 2?)
after tensorizing with C[z,y]/P or Clz,y|/P’, respectively. Thus, the preimages are
Case P = (z,y): (2) C C[z]/(z?) leading to (z,y,z) C Clz]/(zy — 2*) and

Case P/ = (x — 1,y — 1): (1 — 2) and (1 + z) inside C[z]/(1 — 2?) leading to
(x—1,y—1,24+1) C C[z]/(zy — 2?).

(c) F is the map V(zy — 22) < C3 25 C2 where the latter sends (z,y, 2) — (z,y).
The prime ideals P and P’ correspond to the points (0,0) and (1,1) € C?, re-
spectively. Their pre-images are (0,0,0) and (1,1,41) € V(zy — 2?), respectively.

Problem 48. a) Let f : A — B be an integral ring homomorphism, i.e. B is integral
over the subring f(A). Show that Spec(f) : Spec B — Spec A is then a closed map,
i.e. the images of closed subsets are always closed.

(Hint: Identify first the natural candidate for the closed subset of Spec A forming
the image of some Spec B/J = V(J) C Spec B under F' = Spec(f). Then show that
F does indeed map V'(J) surjectively onto this candidate.)

b) Show, in the situation of (a), that for A-algebras C, i.e. for ring homomorphisms
A — C, the map Spec(f ®1id) : Spec(B ®4 C') — Spec C' is closed, too.

¢) Give an example for a (non-integral) f : A < B and some A-algebra C', such that
Spec(f) : Spec B — Spec A is a closed map, but Spec(f ® id) : Spec(B ®4 C) —
Spec C' is not.

Solution: (a) Let V(J) C Spec B be closed. Then, A/f~'(J) < B/J is both injec-
tive and integral. Actually, the injectivity of A/f~1(J) < B/J was the reason for
choosing f~!(J) C A — just because of Problem 14(c). Now, we have, additionally,
the integrality of this ring map. Hence, by the going up theorem, the restriction of

F = Spec(f) to V(J) = Spec B/J — Spec A/ f~1(J) = V(f~1(J)) is surjective.



(b) If f: A — B isintegral, then (f®id) : C = A®,C — B®4 C is integral, too.

(¢) ¢ : C < CJz] is not integral, but, since the target is just a point, the map
Spect : Spec Clz] — SpecC is nevertheless a closed map. If C' = C[y|, then the
map Spec C|[z,y] — Spec C[y] (being the second projection AZ —» A{) is no longer
closed: Just take the hyperbola V(zy — 1); its image is D(y) = A{ \ {0}.
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Problem 49. As introduced in Problem 46, denote by C[H]| the semigroup algebra
of an (in our case abelian) semigroup H.

a) For H; := N? and H, := {(a,b) € N?| b < 2a} present C[H;] as a quotient of
polynomial rings by an ideal. Which geometric objects are described by Spec C[H]
and Spec C[H,]? Show that both contain (C*)? = Spec C[Z?] as an open subset.

b) Verify the NOETHER normalization lemma explicitely for the example C[H,].

c) Do (a) and (b) with the example Hs := {(a,b,c) € N*| a,b < c}, too.

Is it possible to choose the subalgebra Cly] C C[Hj] (where C[Hs3] is finite over)
such that all y; are monomials in C[Hj]?

Solution: (a) C[H,] = C[N?] = Clx,y] via x := x"? and y := x(®Y. This leads to
Spec C[H;| = A?.

Since the semigroup Hy = {(a,b) € N?| b < 2a} is generated (as a semigroup) by
the elements (1,0), (1,1), and (1,2) (the ray generators (1,0) and (1, 2) alone do not
suffice), we may write C[H,] = Clz, zy, zy?*] C C[z,y]. On the other hand, denoting
A:=x, B:=xy, abd C := xy?, then these new variables satisfy AC' = B?, and this

is the generating relation among them. Hence, Clz, xy, zy?| = C[A, B,C]/(AC —
B?), i.e. Spec C[H,] becomes V(AC — B2) C A®.
(b) This is exactly the situation of the concrete example being treated in Problem 47.
(c¢) C[H3] = Clz,z2,yz,zyz], A := Clz, (v +y)z, xyz| C C[H3] = C[Hj] is finite
over A: Since (22)? — ((z +y)z)(z2) + 2(zyz) = 0, the element 2 is integral over
the ring A.
There is no monomial solution: If B = Clyy, ys, y3] C C[Hj3] were such an algebra,
then we knew that y, = x™ where r, € Hz. Denote by H' the semigroup generated
by {r1,r2,73}. On the other hand, we consider the polyhedral cones C” and C' being
generated by H' and Hj, respectively. That is
C/ — Rz(ﬂ‘l + ...+ Rz(ﬂ'g

and

C ={(a,b,c) e R | b < 2a}.

Since the latter has four generating rays, i.e., it is not simplicial, we obtain that
C" C C' is a proper subcone. Moreover, note that H3 = C' N Z?. Summarizing the

situation, we have that
/ \
\ </



and

B =C[H'| CC[C'NZ% C C[CNZ = C[Hs).

The overall extension C[H'] — C[H3] is supposed to be integral. Thus, C[C"NZ3] C
C[C N Z3] has to be integral, too. On the other hand, both C' NZ? and C' NZ? are
saturated, i.e., the associated semigroup algebras are normal, i.e., integrally closed in
their respective quotient fields. However, these fields coincide — they are Quot C[Z?].
This gives the contradiction we were looking for.

Problem 50. Let R := C[z,y]/(y* — 2?®). For a point (a,b) € C? let my,,) =
(x —a,y—0b) CR.

a) For which points is m(gp = (1)?

b) For which points is m(,s) a projective R-module?

c¢) Draw the curve E := {(a,b) € R?| b* = a*} and mark the points where m, ) is
not projective.

Solution: (a) m :=my # (1) & b* =d’.

(b) If b = a?, then all localizations are still equal to (1) — with the only exception of
My = MRy, C Ry Here we know that (y—b)(y+b) = y*—0* = 23 —a® = (v—a) f(2),
i.e. for b # 0 we have that m, = (y — b). Hence all localizations are free, implying
that the ideal m,y) is projective.

(¢) On the other hand, let (a,b) = (0,0). Then m = (z,y) is not a principal ideal,
i.e. m is not free in R,: Using Nakayama, it suffices to calculate the C-dimension
of m® (Ryn/mRy) = m® R/m = m/m% We obtain (z,y)/((z,y)* + (v* — 23)) =
(x,y)/(z,y)?, i.e. the dimension in question is 2.

Problem 51. Let I,J C A be ideals.

a) Determine the kernel of f such that

0 (M) s TeJBI+T-50
becomes an exact sequence of A-modules.
b) Assume that I + J = A. Show that this implies that [J & A =1 & J.
¢) Present explicitely (2,1 + v/—5) as a direct summand of a free Z[v/—5]-module.
Solution: (a) 0 > INJ —>I&dJ—1+J—0

(b) Chinese remainder says that /J =INJ. Thus, 0 - IJ - 1&J — A — 0, and
this sequence splits.

(c) Use (b) with I := (2,1 ++v/=5) and J := (3,1 + +/=5). They are obviously
coprime, and one has I.J = (1 + /—5) = Z[y/—5] (isomorphic as modules).

Let’s present an isomorphism @ : Z[y/=5]*> = (2, 1++/=5)® (3, 1+v/=5) C Z[/—5]?
explicitely: For this we exploit the multiplication by (1 ++/=5) yielding Z[v/—5] =
(1++/—5) and the section ¢ : Z[/—=5] = (2,1 ++/=5) ® (3,14 +/=5) of f given by

o (145 -2
1 — (—2,3). Altogether this yields ® = ( 1-VF 3 )



Problem 52. a) Let 0 — A, i> B, % C, = 0 be an exact sequence of complexes.
Show that the projection prg : Cone (f) — B, (despite it is not a map complexes
itself) induces a map complexes ® = (poprp) : Cone (f) — C,. Show further that ®
is a quasiisomorphism. In particular, we almost obtain a map pr, o®~! : C, — A,[1].
What does the word “almost” refer to?

b) If all sequences 0 — A; — B; — C; — 0 from (a) split, then ® is even a homotopy
equivalence. (Hint: One constructs the “inverse” U of ® as ¥;(¢;) = (s(¢),...)
where the second entry is chosen such that U commutes with the differentials.)
What does this change about the word “almost” from (a)?

¢) A sequence A, — B, — C, of complexes is called a distinguished triangle if it is
isomorphic to the sequence N, — Cone (f), — M,[1] obtained from some map of
complexes f : M, — N,. Assume now that A, — B, — C, is such an object in the
homotopy category K (A) (for A = Modpg or, more general, A = abelian category).
Show that it gives rise to a new distinguished triangle B, — C, — A,[1].

Solution: (a) The obstruction for prz becoming a map of complexes is killed when
dividing out the image of f. Afterwards, use the 5-lemma to compare the long
exact sequences associated to 0 - A; - B; - C; — 0 and 0 - B, — Cone (f), —
A,[1] — 0.

“Almost”: Despite the fact that ® is a Qis, it is not an isomorphism (in the category
K 4) — hence @' does not need to exist.

(b) Denote by s; : C; < B; the section of B; —» C;. Then, we define ¥ : C, —
Cone (f) via U;(¢;) := (s(¢;), s(de;) —ds(c;)). First, one checks, that W is compatible
with the differentials. Then, it is obvious that ® o ¥ = id¢, and it remains to show
tah W o ® ~ idcone (). For this, one uses the homotopy H; : B; ® A;_1 — By ® A,
given by (b,a) — (0,6 — s(b)).

“Almost”: Now, ® : Cone (f) — C, becomes a true isomorphism in the homotopy
category K 4. And W becomes its inverse.

(c) Everything follows from the following diagram:

A—" . B [oE— -~ A[1]

~ ~

N —=— Cone (f) —— M][1] L N[1]

e |

Cone («) N[1]

Cone (f)
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Problem 53. Let f : M, — N, be a complex homomorphism and A, be a bounded
complex. Show that

Hom, (A.,, Cone (f),) = Cone (Hom(A,, f)),

i.e. the Hom functor commutes with the mapping cone construction. (Note that
Hom(A,, f) denotes the complex homomorphism Hom(A,, M,) — Hom(A,, N,) be-
ing induced from f.)

Solution: A rather informal way (i.e. not taking too much care about the signs)
of understanding this is that both complexes are the total complex of the follow-
ing three-dimensional complex: It results from the two double complexes (i, j)
Hom(A_;, M;) and (¢, j) — Hom(A_;, ;) being written within two parallel planes
and being connected by the map f at all spots.

Now, the trick is that taking the total complex of a three-dimensional complex could
be decomposed into two steps via reaching a two-dimensional (“double”) complex
in between. However, this decomposition can be performed in several ways — and
the choices correspond to the left and right hand side of the claim, respectively.

Alternatively, the n-th module of the left hand complex is
Xn = @iEZ HOHl(Ai,—nv A]i—l s> AT?Z)
with differential d : X,, — X,,_1 working as

b = (Of\fp 1/17]\) — dConc od—Po dA
_ M M NN | foM N _ (AM JA N A
= (=dV¢%,, AV + foily) — (@it d?, 0 d?).

The right hand complex Y, is given by
Y, = ®iez Hom(A;_(n-1), M;) ® ®jez Hom(A;_,, N;)
with differential
(&, )) = (= dMol + ¢ud?, (AN — ) + fol)

Actually, this does also contain a sign mistake. . .

Problem 54. Consider the free resolution Z2 % 72 5 Z/3Z given by a = (g 1)

and $ = (12). Construct a homotopy equivalence between this free (hence projec-

tive) resolution and the usual one Z 27 Z/3Z. (Note that the resolved Z-module
Z/3Z is not part of the resolution.)



Solution: First, we have the following maps between both complexes:

(12)

0 72 72 7./37 0
l(l 1) l(l 2) H
0 Z & Z ! 7./37 0
ORI |
01 (1 2)
0 72 72 7./37 0

The composition Z, — Z? — Z, equals id. The other one ¢, : Zf — Ly — Z? (the
vertical map in the previous diagram) is not, but the vertical map (¢, — idz2) is

: : 1
homotopic to zero via the homotopy H = <8 _1>:

0 72 72 0
L] |6
0—1 0-1
0 7?2 72 0

Problem 55. a) Let R be a commutative ring and a € R a non-zerodivisor. Deter-
mine all Tor/'(R/(a), M) (M = R-module).

b) Find free resolutions of Z/2Z as Z/4Z- and as Z/6Z-Modul, respectively.

¢) Compute Tor?(Z/2Z, 7./2Z), Tor”'**(Z,/27Z, 7./2Z) and Tor”'**(Z./2Z, 7./21Z).
d) Is Z/27Z a projective Z/AZ- or Z/6Z-module?

Solution: (a) Using the resolution R % R — R/(a), one obtains Torl'(M, R/(a)) =
M ®r R/(a) = M/aM, Tor{"(M, R/(a)) = Anny(a), and Tor/,(M, R/(a)) = 0.
(b) The R-module Z/27 (with R = Z/A7 and Z/67) has the periodic resolutions
.. R3R3R—-7Z/2Z and ... >R3> R3R3 R 7/27 , respectively.
(c) Tensorizing with Z /27 yields zero maps in the first case and an exact sequence
of alternating [0/isomorphism] in the second. Thus, TorZ-Z/4Z(Z/QZ, 7)27) = 7./27
for all ¢« > 0 and Torl-z/ﬁz(Z/QZ, Z)27) = 0 for all i > 1.

(d) Hence, Z/2Z cannot be a projective Z/4Z-module. However, since Z/6Z =
Z7.)27 & 7./37Z, this is the case over the base ring Z/6Z.

Problem 56. Let I,.J C R be ideals. Show then that Tory(R/I,R/J) = R/(I+J)
and Torf(R/I,R/J) = (INJ)/IJ.

Solution: M ®g R/J = M/JM, hence R/I ®p R/J = (R/I)/J(R/I) = R/(I +
J). For Tor; one considers 0 — I — R — R/I — 0. This yields the exact



sequence 0 — Torf'(R/I,R/J) = I ® R/J — R/J — R/I ®r R/J — 0, hence
Torf(R/I,R/J) = ker(I/IJ — R/J).

This was the last series of problems at the present semester “Algebra I”. I hope you
had fun. This class continues at the summer semester 2022 — and I hope that I will
meet many of you there.

I was announced that we keep the time and the location for the classes — but not
for the exercise session. They are announced for Wednesday, 12pm.

See my homepage for details of how we run the written exam. In short: You may
use all your notes and you can choose if you prefer to write it at Arnim 22 or at
home via webEx.

Aufgabenbldtter und Nicht-Skript: http://www.math.fu-berlin.de/altmann



1st Exam Algebra I, February 16, 2022

Problem 1. Show that C[z]/z* is a local ring. What is its spectrum?

Solution: The prime ideals in C[z] are (0) and (x — ¢) for some ¢ € C. Among them,
only (z) = (x — 0) is above (z*). Thus, (x) is the only prime ideal in Clx]/z*. In
particular, Spec Clx]/z* = {(z)}, and (z) is also the only maximal ideal in C[x]/z*.

Problem 2. Let [ := (2% — xy, 2%+ y? — 2) C Clx,vy,2]. Give two examples for
maximal ideals m C Clz, y, z| containing I.

Solution: The maximal ideals are always of the form
m=mMype = (r—ay—bz—c) for(ab,c)e C3.

The condition I C m,y . is equivalent to f(a,b,c) =0 for all f(z,y,2) € I, or just
for a generating set. Thus, we may choose (a,b,c) = (1,1, £1).

Problem 3. Let R = C[z]/(2? — 1). Write down some filtration R = My D M; D
... D M, = 0 with R-modules M; such that each M;/M,, is isomorphic to R/P;
for some P, € SpecR (i = 0,...,k —1). Is your filtration a composition series? Is
R an Artinian ring? What is its length?

Solution: The anihilator of (z — 1) € Cl[z]/(2* — 1) is (z + 1), hence, sending
1 — (z — 1), we obtain an injection

Clz])/(z + 1) = C[x]/(2* — 1)
with cokernel C[z]/(z — 1). In other words, we have a short exact sequence
0 — Clz]/(z +1) = Clz]/(2* = 1) = Clz]/(x — 1) —= 0

which can be understood as a filtration of My := R by M; := Clz]/(z + 1) = (x —
1)-Clz]/(z* —1) and M, := 0. The only interesting factor is My/M; = C[z]/(x —1).
Since both (z £+ 1) are maximal ideals in C|z], the factors C[z]/(z £ 1) are fields.
Hence, it is a composition series of length 2. Thus, A is Artinian.

Problem 4. Let R := Clz,y]/(23, 2%y, xy?).
(i) Draw a picture visualizing the monomials of R. What is dim¢ R?

(ii) Name two examples for anihilators of non-vanishing monomials which are non-
prime ideals, and

(iii) name all monomials with anihilators being prime ideals.

(iv) What are the associated primes for R? Does R have embedded, i.e., associated,
but non-minimal primes?



Solution: The green shaded area indicates the monomial ideal I = (x?, 2%y, x1°).

The lattice points left and below are the “standard monomials” yielding a C-basis of
R = C[z,y]/(23, %y, xy?). Thus, for our example, the C-dimension is co. The blue
dots (0, k) (with k& > 3) represent the monomials y*. Their anihilator is (x). The
two red dots (2,0) and (1,2) represent x? and xy?, respectively. Their anihilators
are the maximal ideal (z,y).

The remaining standard monomials have non-prime anihilators, e.g., Ann(zy) =
(z,9%) or Ann(1) = (23, 2%y, 21®).

Altogether, we see that (z) and (x,y) are the only asociated primes of R. And only
(x) is a minimal one, i.e., (z,y) is an embedded prime ideal.

Problem 5. Consider R := C[z,y]/(2 + 2%y + xy?) as a (finitely generated)

(i) C[z]-algebra and

(ii) Clyl-algebra.

That is, consider the ring homomorphisms (i) a : Clz] - R and (ii) 5 : Cly] - R
sending « : x +— x and [ : y — y, respectively.

a) Which of the algebras (i) and (ii) are finite, which are not?

b) Translate the algebra homomorphisms into geometric maps a and b both running
as V(2® + 2%y + zy?) — C? — C' and ending with projections to the z- or y-
coordinate, respectively. Which of them have only finite fibers, which of them have
some infinite fibers?

Solution: (a)(ii) The polynomial f(x,y) = x>+ 2%y + zy?* is an integrality equation
for x over Cly]. Thus, Cly] — R is finite.

(b)(ii) It follows from part (a) that b is a map with only finite fibers. This, however
follows also directly: If some value y = ¢ € C is fixed, then all pre-images (z, ¢) arise
from the at most three solutions of z* + cx? + ¢z = 0.

(b)(i) For z = 0 we obtain {0} x C as the associated pre-image. It is infinite.

(a)(i) Considered as an element of C[z|[y], the polynomial f has x instead of 1 as
the highest coefficient, i.e., in front of y*. This is an indication that o : C[z] — R



might be not finite. However, taking it serious, one has still to check that there is
no other equation doing the job instead.
Alternatively, the non-integrality follows immediately from (b)(i).

Problem 6. Let R := C[z,y]/(xy). Calculate all Tor®(R/(x), R/(x)) for i > 0.

Solution: The first step in building a projective resolution is dy : R -5 R having
R/(z) as cokernel. Now, we determine

ker(do) = {r € Cla,yl/(zy) | xr = 0} = {r|r € Clz,y], zyler} = (y),
i.e., dy : R — R has to be the multiplication by y. This continues for ever, i.e.,
dop, =dy=[R 3R] and doy =d, = [R5 R)].
After tensorizing with R/(x) = Cly], this becomes
dop = do = [R/(z) > R/(x)] =0 and dopys =dy = [R/(2) S R/(z)]

with ker dg, = im doy = ker dgy1 = 0 and imdy,,1 = yCly] C Cly]. Hence, Tory =
Cly], Tor; = Cly]/(y) = C, and Tory, = 0 and Torg1 = Cly]/(y) = C for k > 1.



2nd Exam Algebra I, April 6, 2022

Problem 1. Let (R, m) be a local ring. Show that every element = € R satisfying
x? = x (“z is idempotent”) is 0 or 1.

Solution: x(x — 1) = 0 means that z € m or z — 1 € m. Anyway, the other element
has to be a unit then, hence z =0 or z — 1 = 0.

An alternative argument is that orthogonal idempotents, e.g.,  and (x—1) satisfying
z(z — 1) = 0, lead to a decomposition of rings R into a product R = R; x Ry. On
the other hand, those products can never be local.

Problem 2. Denote by C(z) the quotiend field of C[z]. Then, the embedding
Clz] <= C(x) induces a map ¢ : Spec C(z) — Spec C[z].

(i) What is its image?

(ii) Describe the closure of the image (with respect to the Zariski topology).
Solution: (i) The image is the so-called generic point n = (0); it results from the
only prime ideal (0) C C(z) and obtaining (0) = (0) N Clz].

(ii) The closure of {(0)} C Spec C[z] consists of all P € Spec C[z] being above (0),
i.e., of the whole space A' = Spec C|z].

Problem 3. Let R = Cl[z]/(2%). Write down some filtration R = My D M; D ... D
My, = 0 with R-modules M; such that each M;/M;, is isomorphic to R/P; for some

P, € SpecR (i = 0,...,k —1). Is your filtration a composition series? Is R an
Artinian ring? What is its length?

Solution: The R-module R gives rise to the following filtration
0= (z%)/(z*) = (2)/(2*) = C[z]/(z?).

Likewise, by using the isomorphisms (-z*) : Clz]/(237%) = (2%)/(2®) for k =
0,1, 2,3, we may rewrite this filtration as

0 = Clz]/(z) < Clz]/(2?) < Clz]/ ().

Using the first version, we obtain as factors (z*)/(z*1) < C[z]/(z) where the iso-
morphis results from multiplication by z*. Using the second version yields Clx]/(z)
directly for all three non-trivial factors.

Since (x) is a maximal ideals in C[z], the factors are fields. Hence, it is a composition
series of length 3. In particular, A is Artinian.

Problem 4. Let P,Q C R be two prime ideals with P € @ and Q € P. Define
I:=PNAQ.

(i) Is I always/sometimes/never a primary ideal?

(i) Is I always/sometimes/never a radical ideal (i.e., I = v/T)?

Solution: (i) P and @ can be understood as primary ideals with respect to their
associated prime ideals P and @, respectively. Then, I = P N (@ is the priamry
decomposition of I — and the assumption about P and () ensures that no embedded
primes are involved. Both P and () are minimal primes of R/I, i.e., over I.



Thus, if I were primary itself, then this would contradict the second uniqueness
theorem of primary decomposition.

A slightly different version of the same argument is that [ = P N @ implies that
Ass(R/I) = {P,Q}. And if I was primary itself, then v/ would have been the only
element of Ass(R/I).

A third, completely different argument is the following: Take x € P\Q and y € Q\P.
Then zy € I, but neither x € I, nor is y* € I for some power k € N.

(i) VI=+vPNQ=+vPNyQ=PnNQ = 1. And this yields a third argument for
the first part (i):

If T was primary, then I = v/I would have been even prime. But then, I D PN Q
would imply that I O P or I O (). Both means a contradiction.

Problem 5. a) Show that «a := @ is integral over Z.
b) What about § := @?
c) Is Z[v/13] a factorial ring?

Solution: (a) We can rewrite 2 — 1 = /13, hence 4a* — 4a + 1 = 13. This does,
finally, yield a® —a — 3 = 0. Since this is an integrality relation for «, we are done.

(b) Here we obtain the relation 43 — 13 = 0. This is not an integrality relation for
[ since the leading coefficient is not 1. On the other hand, this does not yet exclude
the existence of another relation which indicates integrality.

Thus, we need a further or another argument. Since we already know that « is
integral over Z, the integrality of § would imply thet o — g = % € Q\ Z is integral,
too. This, however, would contradict the normality of Z — which, e.g., follows from
its factoriality.

(c) If Z[v/13] was factorial, it would have been normal, i.e., integrally closed inside

Quot Z[v/13] = Q[v/13]. However, a € Q[v/13] \ Z[v/13]. And « is integral over Z,
a fortiori over Z[/13].

Problem 6. Let A be an abelian group, i.e. a Z-module, ocurring in the following

exact sequence:
0—Z/2Z — A— Z/3Z — 0.

Show that this sequence splits.

Solution: One calculates Ext},(Z/37,7/27) = 0 by taking the projective resolution
(:3) : Z — 7Z of Z/3Z and applying Homy/(., Z/2Z) afterwards.

Alternatively, one constructs a splitting ¢ : Z/3Z < of m : A —» Z /37 directly:

Let a € A be a pre-image of 1, i.e., m(a) = 1. For assigning ¢(1) := a, we have to
check that 3a = 0 in A. Since we know that 7(3a) = 3w(a) = 3 = 0, it follows at
least that 3a € kerm = Z/27Z. Hence 2 -3a = 3 - 2a equals 0 in A — but we cannot
take ¢(1) := 2a because of 7(2a) = 2 # 1.

However, ' := 4a is a choice for ¢(1) that will work: First, since m(a) = 1, we get
m(a') =1 as well. Second, we know that 3a’ = 0, i.e., ¢ will be well-defined then.
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1. AUFGABENBLATT ZUM 27.4.2022

Problem 57. In a noetherian ring R we define for ideals I, J C R the quotient
(I:J):={xe€eR|zJCI}.

a) Show that this yields an increasing (hence terminating) chain of ideals I = (I :
JOYCc{:JHYC...CU:JM) =TT = (1:J).

b) Calculate the quotient ideals (I : J), (J : I), (I : J*), and (J : I*°) for [ = (z*—1)
and J = (z — 1)? in the ring Clz].

c) Let J = (f1,...,fr). Show that ([ : J®) ={z € R| In:zJ" C I} = {z €
R\VyeJIn:xy €I} ={xc R|InVv:xfr €I} C (VI:J).

d) In Spec R it holds true that V(I)\V(J) =V (I : J*)\V(J)and V() \ V(J) =
V(I:J*®). (Hint: W.lo.g. I =0and (0:.J)=(0).)

Solution: (b) ((z*—1): (z—1)?) = ((z*=1): (= 1)®) = (z+1) and ((z —1)*:
(22 = 1)) = (z — 1), but ((z —1)*: (2 — 1)) = (1).

(d) It remains to show that V(I : J*)\ V(J) is dense in V(I : J®). With [ :=
I : J> and R := R/I it remains to show the following fact: “Let (0 : J) = (0),
then Spec R\ V(J) is dense in Spec R”. Otherwise, let ) # D(f) C V(J); since
Spec R\ V(J) = U, D(f,) this implies D(ff,) = 0, hence (ff,)¥>° = 0 for all v.
Thus, f¥ € (0: J*) = (0), i.e. D(f) = 0.

Problem 58. Let M = ®;czM; be a graded module over a graded ring S = ®;enS;.
For an m = ) .m; with m; € M; we call m; the “homogeneous component” of
degree i of m. Let N C M be an S-submodule. Show that N = @;ez(M; N N) (“N
is a graded submodule of M”) < for all m € N C M the homogeneous components
m; € M are contained in N, too < N is generated by homogeneous elements of M,
i.e. by certain elements from (J, M;.

Solution: The first equivalence is almost a tautology, and the direction (=) of the
latter one was shown in class. We turn to («<):
Let N = (k',... k™) with homogeneous k7 € Myg). If >°.m; = m = >k €N

with m; € M;, thenm; =}, c

d() k7 € N. This holds true for all kinds of gradings.

Problem 59. Let S = ®4enSg be an N-graded ring. Note that for homogeneous
ideals I C S (i.e. graded submodules of S) the ring S/I becomes graded, too.

a) Show that a homogenous ideal P C S is prime < for all homogenous a,b € S
the membership ab € P implies that a € P or b € P.

b) Does Statement (a) remain true for gradings over more general groups like N or
Z? or Z./27 instead of just N?

Solution: (a) If a =) ,a; ¢ Pand b= ), b; ¢ P (the sums mean the homogeneous
decompositions), we are supposed to show that ab ¢ P as well. W.lLo.g. we may



assume that all a;,b; ¢ P. But then, amin - bmin € P, and this is the homogeneous
component of ab of smallest degree.

(b) is certainly ok for grading semigroups allowing a total order that is compatible
with the semigroup structure, e.g. like a term order in N?. However, in the Z/27Z-

graded S := Clx]/(2* — 1) (degz := 1), Statement (b) is false for P = (0).

Problem 60. Let M = @.czM, be a Z-graded module over the N-graded ring
S = @®4enSg which is supposed to be finitely generated as an algebra over Sy. Show
that the finite generation of M implies that all M, are finitely generated Sy-modules.
Give an example that the opposite implication fails.

Solution: First, let sq, ..., sy be homogeneous generators of S as an Sy-algebra with
degrees dy,...,d, € N. Second, let my,...,my be homogeneous generators of M
with degrees ey, ...,en € Z. Then, M, is generated, as an Sp-module, by all products
syt s emy with Y ;jvjd; + e; = €. And there is only finitely many of them.

S = Clz] and M = P50 S(—k) ®r>o (zF) - t* where all summands are still graded
with degx := 1 and degt = 0, i.e., the meaning of ¢ is just to mark the summands.
Then, the part of degree d equals My = ®&¢_jz? " 2% - t*C = @d_, 2 - t*C.

Aufgabenblitter und Nicht-Skript: http://www.math.fu-berlin.de/altmann
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2. AUFGABENBLATT ZUM 4.5.2022

Problem 61. In class, see (11.3), we have claimed that R := k[t,x]/I" is flat over
k[t]. For this, we have used that k[t]-modules M are flat if and only they are torsion
free. On the other hand, we had just checked that (-t) : R — R was injective (which
was equivalent to the t-saturation of the ideal I"). Conclude the proof.

Hint: Exploit the knowledge p3' (A'\0) =2 X x (A'\0) over A'\0 where X = Spec R
( X \0) ove

with R = k[x]/I. While the LHS corresponds to R, = R ®yp k[t,t 1], try to write
the RHS as a tensor product, too.)

Solution: The map px corresponds to a ring homomorphism ¢ : k[t| — R. We know
that (-t) : R — R is injective and that R, = R@k[, k[t,t™1] is isomorphic to k[t, x]/I,
ie., to R®y k[t,t7'], as a k[t, ¢ ']-algebra.

The latter is flat over k[t, ¢! — just because for any k-algebra A the tensor product
R ®; A is a flat A-algebra. To check this, one takes an arbitrary A-module M and
uses (R®y A) ®4 M = R®j M. Over k, everything is flat.

Now, we could retranslate the flatness of R, over k[t,t7'] as the injectivity of the
II]ultlpththHb with (¢t —¢) for all ¢ € £\ {0}. And here, it is not important if we

understand this as maps R — R or R; — R;.

Alternatively, we could recall that flatness (of R as an k[t]-module) is local. First, we
look at the localization k[t]) in the ideal (¢). Here, flatness means indeed just the
injectivity of (-¢). And all the other localizations are taken care of via considering
k[t]; = k[t,t™!]. Over this, however, we have seen that the algebra is free.

Problem 62. For a fixed ideal m C A in a ring, e.g. if (A, m) is a local ring, we
define Grp(A) := @,5om”/m" ™ = @,5om?”/m”*! . . Check that this is a graded
A/m-algebra.

For an element f € m”\ m”*! we set in(f) := f € m"/m"*! = Gr,(A),. And, since
N,>om” = 0, there is a (unique) v = v(f) for every f € A\ 0. For an ideal I C A
we define in(1) := (in(f)| f € I\ 0) C Gru(A4).

If I =(f1,...,[fr), then compare in(I) with (in(f,...,in(fx)) and give an example
where they do not coincide.

v+ induces a bilinear

Solution: Gry(A) becomes a graded ring because m"m* C m
map

m”/m’ ! x mf /mAt s mP e et
The algebra structure results from the fact that A/m appears as the component of

degree 0.

Moreover, we clearly have (in(f,...,in(fx)) C in(Z), but they might be differcnt:

Take A = k[x,y, 2|(z,y,.) With m = (.I,,J z). Then, the ideal I = (z — J T — 2?)

leads to in(x — y?) = x and in(z — y?) = 2, but in I does also contain y* — z2.



Problem 63. Show that the family V' (f1, fo, f3) X Al with fi=mmi —t (1 €
Z/3Z) is not flat in a neighborhood of ¢t = 0, i.e. check that, with R := C[t]), the
R-algebra A := Rlxy, x2, x3]/(f1, f2, f3) is not a flat one. Can you visualize what is
going on when t — 07

Solution: We have to show that the multiplication with t = x;x;,1 is not injective
within B := Clxy, 29, x3] /(2122 = Tox3 = z371). Since x1x9 — Tow3 = To(17 — x3),
we see that ¢ kills (z7 — x3).

For ¢ # 0, the fibers t~!(c) consist of two points each, namely +(1/c, /¢, +/c). For
t = 0, however, we obtain the three coordinate lines in C3.

Problem 64. Give an example for an ideal I C R and a pair of R-modules M’ C M
such that I(I*M N M') C I*¥1M N M’ for some k.

Solution: I C R ideal and M := R, M’ := I?, and k = 1 ~ the inclusion I® =
I(I'RNI?) C I?RN I? = I? is usually strict.

Aufgabenbldtter und Nicht-Skript: http://www.math.fu-berlin.de/altmann
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3. AUFGABENBLATT ZUM 11.5.2022

Problem 65. a) Let / C A be an ideal with (), I¥ = 0, e.g. I # (1) in a noe-
therian local ring. Show that the lack of zero divisors in the graded ring Gry(A) :=
Ba>0l?/I14 implies that the original ring A was an integral domain, too.

b) Present an example indicating the necessity of the assumption (1, /¥ = 0.

c) Give an example of an integral domain A and an ideal I C A with (), [¥ =0
such that Gry(A) has zero divisores.

Solution: (a) Let a,b € A — then there are k,I € N such that a € I* \ I*! and
be I'\I'™'. We define 0 #a € I"/I*™ and 0 # b € I'/I'""! to be the images of
a,b, respectively. Then their product @-b € I*/I*H within Gry(A) equals the
image of ab € I*™!. And, since @ - b # 0, this means ab ¢ I**1 hence ab # 0.

(b) If I = (2) in A = Z/67Z, then I = I* for k > 1. In particular, Gr;(A) = Z/27Z is
even a field. It is concentrated in degree 0.

(c) Take A := Clz,y|/(y*—x?). Since y?—z? is irreducible in C|x, y] and the latter is
factorial, (y* —2?) is a prime ideal, i.e., A is a domain. Since it is contained in the lo-
calization A, and (), (x,y)” = 0 in this local ring, we have the same equation in A.
On the other hand, in A we have the following interesting feature: y € (x,y)\ (z,y)?,
but y? = 2* € (x,y)3. Thus, the square of y € (z,v)/(z,y)* = Gré:I,’y)(A) equals
y? € (2,9)%/(z,y)® = Gr?,,,(A), i.e., zero.

(z,y)
Problem 66. Let A = C[z,y] and consider the ideal I := (z,y). Write the ring
A := ®,>0l" as a polynomial ring over C modulo some ideal. Moreover, express the
embedding A — A within this language.
Solution: A = @0z, y)"-€¥ is generated, as an A-algebra from A = spanc{z&, y¢},
i.e. from the elements X := x¢ and Y := y&. The only relation is

yX =y-z€=z-ys¢==xaY,
hence A = Clz,y, X, Y]/(yX — 2Y) with deg(z) = deg(y) = 0 and deg(X) =
deg(Y) = 1. In particular, the generator yX — xY" is homogeneous of degree 1. The
subring C[x, y] of degree 0 equals A inside A.
Problem 67. In Subsection 16.1.1 we took a fan ¥ and have interpreted the affine

toric varieties corresponding to the cones o € ¥ and their mutual open embeddings
coming from the face relation among the cones of 3.

Now, play the same game with ¥ := {0y, 09,7} where the o; are the 2-dimensional
cones

o1 :=((1,0), (1,1)) oy :=((1,1), (0,1)) 7:=R>p-(1,1).



(Strictly speaking, this is not a fan, since 7 = 0y N 03 is only one face of the cones
0;. The other 1-dimensional faces and the 0-cone is missing — but they are not
important, hence we simplify everything by just forgetting about them.)

a) Draw these three cones.

b) Determine and draw the dual cones oy, oy, and 7". Determine the semigroups
obtained by intersecting with Z2. What is their isomorphy type understood as
abstract semigroups?

c¢) Describe the associated semigroup rings by generators and relations.

d) Describe the ring homomorphisms among these rings and express what this means
for the associated affine varieties X; = TV(o;) and U = TV(7).

e) Show that there exist (natural) morphisms of schemes X; — A? = C? which
coincide on U.

Solution: (b) The dualization yields
UYZQL—H, [071]>7 02v:<[_171]7 [170]>7 Tv:{[avb} ER2‘G'+bZ()}'

The semigroup oy N Z?, for instance, is isomorphic to N?: Tt is freely generated by
two elements. Namely, by [1, —1] and [0, 1]. The semigroup 7" NZ? is isomorphic to
N x Z.

(c) We denote z := 10 g := 0l 5= =01 ¢ .= L= Then,
Cloy NZ?* =Clt,y], CloyNZ* =C[s,x], C[r¥NZ* =Cls,t,x]/(st —1),

For C[r¥ N Z?*] we could have taken C[s,t,y]/(st — 1) as well — or, alternatively and
more symmetric, R := Cl[s,t,x,y]/(st — 1, y — xs, x — yt). Since s,t are mutually
inverse units, the equations y = zs and x = yt are equivalent to each other. One
can see that the embedding C[t,y] < R coincides (is isomorphic to) the embedding
C[t,y] = CJt,y];- And similarily with C[s, z]; = R.

(d) We obtain the following maps which are naturally given by the names of the
variables:

oy WZQ\ @[t’y}\

VO 72 R=Cls,t,z,y]/(st — 1, y — xs, x — yt)

P P

oy NZ2 Cls, x]

That is, X; and X, are isomorphic to C? with coordinates (¢,y) and (s, ), respec-
tively. Their open subsets D(s) and D(t) are identified with each other via t = 1/s
and y = xs.

(e) We know that = = yt € C[t,y] and y = xs € Cls,z|. Thus, both rings contain



the polynomial ring Clz, y| yielding a commutative diagram of C-algebras
f Yy \
[z, qk R =Cl|s,t,z,y]/(st = 1, y — xs, x — yt)

To become familiar with the Spec notation, let us repeat Problem 13 from Algebra
I. I recommend not using the published solution if you still have them somewhere
in your notes.

Problem 68. Let ¢ : A — B be a ring homomorphism. Show that

a) the associated (f = Spec) : Spec B — Spec A (defined via f : Q — ¢ 'Q) is
continous. That is, with respect to the Zariski topology on both sides, show that
the pre-images of closed subsets are closed.

b) Give an alternative proof of (a) by showing that the pre-image of the so-called
elementary open subsets D(f) C Spec A (for f € A) are open in Spec B. Why does
it suffice to consider these special open subsets instead of all ones?

c) Recall that, for every P € Spec A, we denote by K(P) := Quot(A/P) the asso-
ciated residue field of P. Show that ¢ and f from (a) provide a natural embedding
?: K(f(Q)) = K(Q) for each Q € Spec B.

d) Recall that elements a € A can be understood as functions on Spec A via as-
signing each P its residue class @ € K(P). Show that, in this context, the map
¢ : A — B can be understood as the pull back map (along f) for functions, i.e.
that, under use of (¢), p(a)=ao f.

(A maybe confusing remark: Making the last correspondence more explicit — but
maybe less user friendly — one is tempted to write p(a) = Poao f. However, this is
even less correct, since there is no “general map” ©; even the domain and the target
of @ depend on Q).)

Solution: (a) If J C A, then Q € f~Y(V(J)) & f(Q) €

Q2 ¢(J) & Q2 ¢(J)- B. Thus, F1(V(J) = V() - B).
(b) If a € A, then Q € f~1(D(a)) & f(Q) € D(a) & a & ¢ 1(Q) & ¢(a) & Q.
Thus, f~'(D(a)) = D(p(a)). Checking these special olomontau open subsets
suffices since every open subset is a union of those. Moreover, the operator “U” is
compatible with f~1.

() K(Q) = Quot B/Q and K(f(Q)) = Quot A/p'(Q). Hence, the inclusion
v Al HQ) — B/Q induces an inclusion ¢ : K(f(Q)) — K(Q) among their
respective quotient fields.

V() © ¢ Q)2 J =

(d) We have to compare two functions on Spec B. Accordingly, we take an element
() € Spec B, i.e. a prime ideal () C B.



Now, (¢(a))(Q) was defined as the residue class p(a) of ¢(a) € B in B/Q C
Quot(B/Q) = K(Q).

On the other hand, (ao f)(Q) = a(f(Q)) = a(p 1 (Q). And this equals the residue
classaof a € Ain A/p Q) = K(f(Q)).

Aufgabenblitter und Nicht-Skript: http://www.math.fu-berlin.de/altmann
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4. AUFGABENBLATT ZUM 18.5.2022

Problem 69. Let k be a field, and let P, ..., Ps € P? be five points with no three
of them being on a common line. Show that there is then exactly one conic in P?
containing these points, i.e. there is (up to a constant factor) exactly one homogenous
polynomial Q(zg, 21, 22) of degree 2 such that P, ..., Ps € V(Q).

(Hint: First, use linear coordinate changes to assume that all points are in the affine
chart A2 C P? and, moreover, that Py = (0,0), P, = (1,0), Ps = (0,1) in affine
coordinates. Then, we may deal with P, = (z1,y;) and P, = (22, ¥2).)

Solution: We have to show that

, 22

1 Y1 7 Y1 Ty
2 2

T2 Y2 Ty Yy T2Y2

1
1

"y - T — K

rank i 00 0 0 0 =9 rank <'/fl"] (z1—1) n(y —1) :1:|!/1>
1

i.e., via Gauf} elimination,

1 0 1 0 0 =
To(xo — 1) yolys — 1) x9ou:
01 0 1 0 2 (12 ) ,/2(,12 ) T2y
However, with x;,7; # 0, the condition “rank < 17 implies [z1 = xo, y1 = yo] Or
21 +y1 =20+ 1y =1],ie. PL=Pyor P,,P, €line V(z+y—1) C A%

Problem 70. a) Let £ = V(y*—2%+x) C A?, and denote blE C P? the projective
closure obtained by homogenizing the equation. Show that £\ E consist of a single
point P.

b) Denote by (A%) C P? one of the standard charts containing P. Describe the
affine coordinate ring of £ N (A?)".

Solution: (a) E = V(y*z — 2® + 22%) = P = (0:1:0). This is the only point in F
with z = 0.

(b) In the affine (x,z)-coordinates (with y = 1) E is given by the affine equation
z = 2% — x2%, and P corresponds to the origin. Thus, the affine coordinate ring of
this chart equals k[z, 2]/ (2 — 22% — 2).

Problem 71. a) The map 7 : A"\ {0} — P" sending (cg,...,¢n) — (co: ... :Cp)
looks locally like 77! (D (2;)) = D(z;) — D(z;). Within the Spec language, this
could be understood as

k[z)() = klz]., = klz]eolz, 27 '] = k2] O klzi, 271

Z;)
Geometrically, this means that D(z;) = D, (z;) x k*. Show this directly at the level

of (closed) points.
b) Let vy : P! — P2 be the Veronese embedding vy : (20 : 21) + (wp : wy @ wy) =
(28 : 2021 : 27). Describe the ring homomorphism corresponding to the restriction

V2|, (20) * D+ (20) = Dy (wo).



Solution: (a) We just assume that ¢ = 0 for a better layout. Then,

Di(z0) = {(co:cr:...icn)|co#0} = {(1:¢:...:)|c €k}
= {(c,--. )| ¢ €k}

with ¢; = ¢o - ¢;. On the other hand,
D(z0) = {(co,c1,---¢n) | co#0} = {co- (1,6, ...,¢) | ¢ € kyeo € K}
(b) k[, 2] = k[2], ey 2, 22 (2)2

wo ’ wo 7 wo 20’ wo

Problem 72. a) Let J C k[z| := k[20, ..., z,) be an ideal. Show that (J : (z)*°) is
the largest ideal J' containing J but still satisfying J, = J., for alli =0,...,n.

b) Let J C k[z] := K[z, ..., 2z,) be a homogeneous ideal. Show that (J : (z)™) is
the largest homogeneous ideal J’ containing J but still satisfying J(’Zi) = Jiz,) for all
1 =0,...,n where these expressions mean the homogeneous localizations.

Solution: (a) For a given J C k[z] we know that {f € k[z]| f/1 € J.,} = (J : (2:)>).
On the other hand, we know that the left hand side is the largest extension of J

which does not change the localization in z;.

Afterwards, one should use that () (J : (2;)>®) = (J : (z)™).

(b) If J is homogeneous, then (J : (z)*) is homogeneous, too. Moreover, if J O J
is another homogeneous ideal, then we have ,](’Zi) = J, if and only if J, = J,,.
While (<) is clear (homogeneous localizations are just the subsets of degree 0), the
implication (=) can be obtained as follows:

If f/zF e J. with f € J', then we decompose f
particular, f; € J' for all d. Hence, f/z¢ € J(’Zi) =
i.e.,, f/1 and f/zF belong to J,,, too.

= >, fa by its degrees. In
Jey C© o, Thus, fq/1 € J.,
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Problem 73. For an ideal I C k[x] with x = (z1,...,2,) denote by I" := (f"| f €
I) C k[z] with z = (2, ..., 2z,) and x; = z;/2o its homogenization. On the contrary,
for a homogeneous ideal J C k[z] we denote by J° C k[x] its dehomogenization
obtained by zy + 1 and z; — x; for ¢ > 1. It equals the homogenous localization
J(z). Eventually, we denote by Vp(J) C P" and Vi (I) € A" = D, (2) C P* the
respective vanishing loci.

a) Recall that Vi (J%) = Vi(J) N Dy (%) inside A" = D, (z). Assume that k = k,

and use the Hilbert Nullstellensatz to show that then Vp(I") = V, (1) inside PY.
b) Show by presenting a suitable example that the equality of (a) fails for & = R.

c¢) In Subsection (11.2) we had considered A’ := A""! instead of P := P". In
particular, we denote V. (J) C A’ for the affine subsets induced by homogeneous
ideals J C k[z]. Comparing both situations via 7 : A"\ 0 — P we have now open
subsets D(zp) C A’ and D (z9) C P with D(z9) = 7 *(D4(20)), see Problem 71.
We have seen in Subsection (16.6) that Vi (J)ND(z0) = 7~ (Va(J?)) with Vi (J°) C
A = D, (z) C P. Or, with other symbols, and Vi (I")ND(z) = 7' (Va(I)). Using
this, we have got in Subsection (11.2) that Vu/(I") = Vu/(I") N D(z) inside A’.
Now, use this to derive Vp(I") = Vp(I") N D (2) inside P.

Solution: (a) Let g(z) = 0 on Vo(I) € Di(z) € P". Then, on the one hand,
g°(x) = 0 on Vi(I) C A", ie. there is an N with (¢°)Y € I, hence ((¢")")V =
((¢°)YM)h € I". On the other, g = z& - (¢°)", thus gV = 2N - ((¢")")Y € I". So it
follows that g(z) = 0 on Vp(I"), too.

(b) For k = R consider the example I = (22 + (x5 — x3)? +1). While Vi (I) = 0, we
have I" = (22 + (29 — 23)% + 22) with (0: 0:1:1) € Vp(I").

(c) We have to show that there is no homogeneous ideal J C k[z] such that
Ve(I™) N Dy (z0) € Va(J) € VB(I™).

However, from this we may apply 7! (and add 0 € A’ at the last to gadgets) to
obtain

Var (I N D(2) € Vi (J) € Vo (IM).

And this is a contradiction to the statements before.

Problem 74. a) Let H denote the hexagon with the vertices v; = [0, 0], vy = [1, 0],
vy = [2,1], vg = [2,2], v5 = [1, 2], v6 = [0, 1]. Describe the corresponding embedding
P(H) < P% by giving some homogeneous equations by hand and, afterwards, “all”
homogeneous equations by using SINGULAR or MACAULY2.

b) If Ay, Ay C Mg are lattice polyhedra, then we define their Minkowski sum as
A+ Ay :={a+b|ae€ A, be Ay}, Show that this is again a lattice polyhedron



and that its vertices are sums of the vertices of A; and A,, respectively. Does every
such sum provide a vertex of A + Ay?

c¢) Calculate the Minkowski sum A of the triangles Ay = conv{[0,0]; [1,0]; [1, 1]}
and Ay = conv{[0,0]; [1,1]; [0,1]}. Can you find a Minkowski decomposition of A
into one-dimensional sums?

d) Show that there is always a regular map P(A; + Ag) — P(A; x Ag). Describe
this map explicitely for A; = Ay =[0,1] C Q.

e) Show how the two-dimensional P(H) of part (a) becomes a closed subset of both
P? x P? and P! x P! x P!. Describe its equations in both instances.

Solution: (a) There is the additional lattice point vy = [1, 1]. If z; denotes the homo-
geneous coordinate associate to v;, then, e.g., 2129 — 2926 Or 2124 — 28 are equations.
(b) A = H from (a). In the decomposition (c) [0,0] 4 [1, 1] = [1, 1] is not a vertex.
(¢) H = conv{[0,0]; [1,0]} 4+ conv{[0,0]; [0, 1]} + conv{[0,0]; [1, 1]}.

(d) z — w with w,p = z44p. If all w-coordinates were vanishing, then all z-
coordinates vanish, too. For the example we use first the Veronese and Segre em-
bedding: P! = 15(P') C P2 — P3 (20 : 21) = (22 : 2021 : 2}) and (wp : wy : wy) —
(wo : wy : wy : wy), hence altogether (2q : 21) — (28 : 2021 : 2021 : 27). Alternatively,
this could be understood as the diagonal map P' — P! x P!

(e) Denote the coordinates of the Segre embedding of P? x P? by (wq : ... : wg) =
(ToYo : ToY1 © ... 1 Tayy : Xay2). Hence, (29 : ... 1 26) — (21 120 1 26 : 221 23 : 20
20 @ 24 © 25). The equations are w; = ws = wg, 1.e., Toy; = T1Y2 = T2Yo. Lhey are
bilinear, i.e., linear in the P?-arguments (x¢, r1,22) and in (yo, Y1, ¥2).

Similarily, for P! x P! x P!, we get just a single equation like zoyoz1 = z1y129 which
is again multilinear — namely linear in all of the three P!-arguments (zg, z1), (vo, y1),
and (2o, 21).

Problem 75. Let A C My be a lattice polytope and ¥ = N(A) the associated
(inner) normal fan in the dual space Ng. Denote by n : TV(X) — P(A) C P#ANM)-L
the map being glued from the following local pieces:

For each o € ¥ there is some (maybe non-unique) w = w(o) € AN M such that
min(A,a) = (w,a) for all a € o. On the other hand, w € AN M gives rise to a
homogeneous coordinate z, of P#(A”M)_l; denote U, := D, (z,). Now, there is an
inclusion (A —w) C oV.
a) Check this inclusion.

b) Derive a morphism between the affine varieties p, : TV(o) — U, N P(A) with
w=w(o).

¢) Under which conditions do we have R>q - (A — w) = ¢¥? And, if both cones
are different, what is the true relation between them (or, between their respective
duals)?

Maybe, instead of checking this formally, it would be more helpful to explain and
digest this via pictures and examples. At least as a first step.



d) Show that these local maps glue, i.e., that for faces 7 < o the restiction Po|Tv(r)
equals p, when considered as maps towards P(A).

e) Assuming equality in (c), show that p, : TV(o) — U, NP(A) is an isomorphism
after replacing A by some dilation Ay := N -A with NV > 0. Can you give an exact
condition for the minimal possible Ay?

Solution: (a) If a € o, then (A, a) > (w,a), i.e., (A —w,a) > 0. Thus, A—w C o".

(b) The affine coordinate ring of U, is the homogenous localization of k[A] :=
EIN- (AN M,1)] by z, = x*!. This ring equals k[(AN M) —w] C 0¥ N M].

(c) The elements of o attain their minimum on A in a face F'(¢) < A. Then
UVZR20‘<A—F),

and the latter equals R>g - (A —w) if and only if w € int F' is a point of the relative
interior of F'. In general, R>q - (A — F')¥ is just a face of R>g - (A —w)".

(e) p, is an isomorphism for all o iff for all vertices w € Ay (that is, the correspond-
ing o are full-dimensional cones) the set Ay — w contains the Hilbert basis of the
cone R>g - (Ax —w). And, actually, this cone does not depend on N at all. Only
the finite set Ay — w does.

Problem 76. A lattice polyhedron A C My is called normal if IANM = d(ANM)
where the latter means the set of all sums obtained by exactly d summands from
ANM.

a) Show that V := conv{[000], [100], [010], [112], [113]} is not normal — namely, [d —
1,1,1] € dP N M, but not in d(P N M) for any d > 2.

b) Let A C Mg be a lattice polytope and d € N. Show that the homogeneous
coordinates z, of P(A) corresponding to a vertex v € A cannot simultaneously
vanish. Use this to construct the natural map ¢ : P(dA) — P(A).

c) If A is additionally normal, then define the d-th Veronese map v, : P(A) — P(dA)
and check that it is the inverse of ¢ of (b).

d) Show that (two-dimensional) lattice polygons are always normal.

Solution: (a) [d—1,1,1] = $[1,1,2]+ (d—2) [1.0.0)+ 1 [0, 1,0] + 3 [0, 0, 0]. Actually,
the point [1, 1, 3] was not needed at all — it is just there to ensure that the set (MNV)
spans the lattice M = Z3, which makes the example nicer.

(b) Let w € AN M be an arbitrary lattice point inside A. Then, there is a non-
negative, rational linear combination w = ) A,v with > = 1 such that the sum is
taken over all vertices of A. Multiplying with the common denominator, we obtain
k-w=>3,k, v with k, k, € N. This translates into the equation 2% — ], z* for
the variety P(A). Thus, if all “vertex coordinates” z, vanish, then z, will vanish,
too.

Now, on the open subset U, C P(dA) defined by z4, # 0, we may define P(dA) D
U, 5 P(A) via ¢(c)w = C(d—1)v4w for any w € AN M. This guarantees that

p(c)y # 0.



(¢) We simply define vy : P(A) — P(dA) by v4(¢)w := ¢y, - - . .- ¢y, where w € dANM
and v; € AN M with Zle v; = w. The existence of those lattice points v; follows
from the normality of A, and the independence of v, on their choice is a consequence
of the equations of P(A): Any two choices leed to an affine relation among the points
of AN M. Finally, one checks that the image satisfies the equations of P(dA).

(d) Polygons A can be decomposed into elementary triangles. And those are normal.
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Problem 77. Show that the local blowing up map ¢ : k[z,y] < k[z, £] is not flat —
do this by calculating all modules Tor* ™Y (k[z, 41, k) with k = k[z,y]/(x,y). What
is the geometric meaning of Tort ™ (k|z, U k) = klx, 2] @pay) k = K[z, 2]/ (z,y) =
k[2]? Likewise, with ¢ = £, the map ¢ can be denoted by k[xz, xt] — k[, t].

Having done this — can you find now an injection M <— N of k[z, y]-modules that
does not stay injective after being tensorized with k[z, £]?

Solution: Resolving k, the Koszul complex 0 — k[z, zt] — k[z, xt]* — k[z,zt] — 0
involves the maps (zt, —z)T and (z, zt). Tensorizing with k[z, t] changes the complex
into 0 — klz,t] — klz,t]* — k[x,t] — 0, but keeps the maps. Thus, Tor; = Tory =
k[t]. The latter equality reflects the open, affine piece of the exceptional divisor
E = P! (since the tensor product with k calculates the fiber over 0).

Just use M := (x,y) and N := k[x,y] — then one has the exact sequence 0 — M —
N =k —0.

Problem 78. a) Let £ C AZ be a line through the origin. Describe both, the total
and the strict transform 7~1(¢) and 7% (¢) inside the blowing up A?. Try both the
(“naive”) geometric description and the algebraic one via the covering with affine
charts.

b) Use the example of blowing up the origin f = 7 : A2 — A2 to show that it might

happen that f~1(y) # f~'(y) (for points y € A2). Is, however, one of the two sides
always contained in the other?

Solution: (a) 7~ 1(¢\ 0) = {£} x (£\0) C P! x (A?\ 0). Thus 7#(¢) = 7—1(£\ 0) =
{0} x ¢ © A2 C P! x A2, On the other hand, 771(¢) = ({£} x £) U (P* x {0}) where
the latter component equals F.

Algebraic description: The restriction of 7 to one chart corresponds to k[x,y] —
klx,t] with t = y/x. The equation of ¢ is some linear form ¢(z,y) = {1z + loy where
not both ¢4, /s vanish. Now, the total transform is given by ¢(x,tx) = (1x + lotx =
x - (01 + lot). Here, V(x) equals E (or, better, the part from E being contained
in our chart, that is, one point of £ = P! is missing), and V ({; + lot) is the strict
transform (within our chart).

It is interesting to observe that, restricted to our chart, [x = 0] equals E, but
77 (¢) equals [t = —F, /l;constant]. That is, both lines are transversal to each other.
However, if ¢5 = 0, then the strict transform is empty (in our chart), i.e., it is

entirely contained in the other chart. And exactly this happes to our chart for
0y = 0. If 41,05 # 0, then the strict transform is contained in both charts, i.e., in
their intersection as well.

(b) We always have that f~1(y) C f~!(y). However, you might take y := 7y, i.e. the



generic point of a line ¢ C A? containing 0. Then, 7 (n,) is the generic point of
the strict transform 7#(¢) and 7—1(n,) is the entire strict transform. On the other
hand, 7; = ¢, and its pre-image is the total transform 7—!(n).

Problem 79. Let I C A be an ideal in a ring A.
a) Show that 7 : Proj @4>0/% — Spec A is an isomorphism outside V (I).

b) Assume that I = (f) with a non-zero divisor f € A. Show that the blowing up
of I is an isomorphism everywhere.

Solution: (a) We show that 7 is an isomorphism outside V' (f) 2 V(1) (with f € I).
Since V/(I) = (¢, V(f), this will prove the claim.

We localize A — Ay, i.e. wlo.g. we may assume that f € A*. But then, I = (1),
and @g>ol? = A[t]. On the other hand, Proj A[t] = D, (t) = Spec A[t]) = Spec A.
Alternatively, one might look at I = (fi,..., f,). Then, the blowing up is locally
given by A[%, S %} However, the homomorphism A — A[%./ S ];—"] becomes an
isomorphisrhl after Iécalizing with f;. - h

(b) There is only one chart, namely A — A[%] = A.

Problem 80. Let ¥ be the two-dimensional fan in Q? that is spanned by the six
rays

aO = (130)a b2 = (L 1)7 al = (07 ]-)7 bo = (_170)7 Cl2 = (_]—7 _1)7 bl = (07 _1)7

i.e. it consists of six two-dimensional cones, six rays, and the origin.

a) Show that the three fans induce two different morphisms ¢, : TV(XZ) — P? and
oy : TV(X) — P2. Can you comment the relation between, e.g., ¢, and the blowing
up of 0 € A??

b) Show that ¢, is birational, i.e. it provides an isomorphism between certain non-
empty, open (hence dense) subsets U C TV(X) and V' C P2 Can you spot those
U,V (as large as possible) explicitely?

¢) Describe the rational (i.e., not everywhere defined) map (p, 0 ¢,*') : P2—— P? by
explicit coordinates. In which points is this map not defined?

Solution: (a) Denote by 3, and 3, the two-dimensional fans spanned by {a’, a', a*}
and {0°, b' b}, i.e. arising from X by removing the b-rays and the a-rays, respec-
tively. Then, both ¥, and ¥, are fans describing the variety P?, and the fact that
Y. is a subdivision of these fans means that we have toric maps ¢, : TV(X) —
TV(Z,) = P? and ¢, : TV(E) — TV(Z,) = P2

Over each of the three charts of IP?, the morphism ¢, is the blowing up of its origin.
Thus, altogether, ¢, is the blowing up of P? in three points. Alternatively, this can
be visualized as cutting the corners off the triangle representing P? = P(A). This
yields a hexagon, and ¥ equals the normal fan of this hexagon.

(b) Denote by ¥’ the one-dimensional fan in Q? that consists of the rays {a’, a', a*}

(and the origin). The toric variety TV(X') becomes then an open subset in both

TV(S) and TV(S,).



(c) Ome of the possible identifications (C*)?2 = TV(0) C TV(X,) = P? men-

tioned in (a) works as (z,y) — (1 :  : y). Doing the same with ¥,, we obtain
(z,y) — (1:2: i) The composition yields (1 : 2 :y) — (1: 1 : i) In homoge-
nous coordinates, this yields the so-called CREMONA transformation P?— — P2,
(z:y:2) — (L i 1) = (yz : zz : xy). It is undefined in the three points

(1:0:0),(0:1:0),and (0:0:1).
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Problem 81. Let I C A be an ideal in a ring A. Then, we denote by
X = Proj @dzold t4 5 SpecA=:X

the blowing up of X in in Z := V(I) = Spec A/I, cf. Problem 79. If J C I, then
Y := Spec A/J is sandwiched between Z and X, i.e., Z C Y C X. We define the
strict transform of Y as

T (Y) =2 (V) \ 71 (Z)

where E = 771(Z) was the so-called exceptional divisor in X. Show that 7#(Y")
equals (is isomorphic) to the blowing up of Y in Z.

Solution: We consider the situation via the local charts. If A = (fi,..., f,), then
the k-th chart of X is Spec A[f/fi] — Spec A where A[f/fi] should be understood
as a subring of the localization Ay, , ie., f turns into a non-zero divisor (being a
unit in the ambient ring Ay, ).

The strict transform 7#(Y) is given by the ideal (J : f5°) == (J : (fx)*°) in A[f/ f],
i.e., we are supposed to show that the kernel of

o ALf/ il = (A DIf ] fx
equals exactly this ideal. Moreover, one has to check that these local isomorphisms

glue along the intersections of the charts, i.e., that all these homomorphisms fit with
further localizations A — Ay, — Ay, 5, But this is straightforward.

Obviously, the homomorphisms p; are surjective. To consider their kernels, it is
convenient to switch into the level of their ambient rings, i.e., to investigate the
extension of py

Dk - Afl« - <A/]>fl. - Afk/('] ’ Afk:)'
Here, the kernel is obvious. Thus, it remains to understand the following situation:
Let J C A be an ideal, f € A an element, and B C A; an A-subalgebra. What is
(J-As) N B? 1t is easy to check that

(J-ANNB = ((J-B): ).

Problem 82. Recall Problems 31, 32, 35 from Algebra I; they deal with the notion
of direct limits. You can find them with their proposed solutions earlier in this text.
I have, additionally, added them (without solutions) at the end of this sheet.

Problem 83. Let O be a presheaf of rings, let F, G be presheaves of abelian groups
or, for the second problem, of O-modules on a topological space X. Let p € X. Show
that there are natural isomorphisms ¢ : (F & G), = F, ® G, and ¢ : (F ®0 G), —
Fp ®o, G-



Solution: The canonical map ¢ : (F ®o G), = F, @0, G, is clearly surjective.
Moreover, if (3, aj, ® b)) = 0 in F, @, Gy, then this is witnessed by a finite sum
of bilinearity relations. All participating elements can then be lifted on a common
open neighborhood U > p.

Problem 84. Let f : F — G be a map of sheaves of abelian groups. Show that the
map f is

a) zero (i.e. f(U): F(U) — G(U) is zero for all open U C X), or

b) injective (i.e. f(U) : F(U) — G(U) is injective for all open U C X), or

¢) an isomorphism

if and only if for all p € X the corresponding maps f, : F, — G, are zero, injective,
or an isomorphism, respectively.

Solution: (c¢) Assuming isomorphisms f, : F, — G, it remains to show that F(U) —
G(U) is surjective for each open U C X. Let t € G(U). For every p € X there is an
Sp EN tp. Choose a neighborhood p € U(p) C U such that there is a section s(p) €
L'(U(p), F) with s(p), = sp. In particular, f(s(p)) € T'(U(p),G) with f(s(p)), = t.
Thus, there is a, maybe smaller, p € V(p) C U(p) such that f(s(p)) =t after being
restricted to V(p), i.e. such that f(s(p)lvy)) = tlvp). In particular, locally on a
(the) open covering {V'(p)} of U, we have found pre-images of ¢.

Now, since f is injective by (b), all pre-images of ¢ (if they exist) are uniquely
determined on each level, i.e. on each open subset of U. In particular, s(p)|vpnv () =
s(q)|vp)nv(q), since both sides are pre-images of t|y/(,)nv (). Thus, they glue, i.e. there
is an s € I'(U, F) such that s|y,) = s(p)|v(y. Finally, we see that f(s) = ¢, since
both sides coincide when restricted to V(p) for each p € U.

Aufgabenbldtter und Nicht-Skript: http://www.math.fu-berlin.de/altmann



Here are the old problems from Algebra I dealing with direct limits:

Problem 31. a) Let [ := (I, <) be a poset. It turns into a category via objects := I

a,b)} ifa <b,
and Hom;(a,d) := ! 0 ) otherwise .

category C” is a (covariant) functor I — C; the “direct limit” h_m) X, of such a system

A “directed system on I with values in a

X = (X;|i € 1) is defined via the following universal property: Homc(li_m> X, Z) =

{p e [[;Hom(X;, Z) | i < j = ¢; = p;jo[X; = Xj|}. In particular, there are canon-

ical maps X; — lim X; (as the image of id € Hom¢(lim X;, lim X;)). Translate the
— i S

notion of the direct limit into that of an initial object in some category.

b) What is h_m) X; it I contains a maximum? What is h_m> X; if all elements of I are

mutually non-comparable, i.e. if 1 < j &1 =57

¢) Let C = Modpg be the category of modules over some ring R. For an element

m; € M; we will use the same symbol m; for its canonical image in M := ®;c;M;,

too. Using this notation, show that hin> M; = M /N where the submodule N C M is

generated by all differences m; — ;i (m;) with m; € M;, j <k, and @5, : M; — M,

being the associated R-linear map.

d) Assume (I, <) to be filtered, i.e. for i,j € I there is always a k = k(i,j) € I with

i,j < k. If C = Modpg, then h_rn) M; =11, M;/ ~, where [ [ means the disjoint union

(as sets) and “~" is the equivalence relation generated by [p;;(m;) ~ m; for i < j]

(with ¢;; : M; — M;). (Hint: First, define an R-module structure of the right hand
side. Then check that an element x € M; turns into 0 € h_m> M; if and only if there
Solution:  (a) For a fixed directed system X = (X, |4 € I) which includes compat-
ible maps v;; : X; — X for ¢ < j, we define the category

with the obvious morphisms. Then, 7 = hg X, together with the maps ¢; : X; —
li_m> X, is the initial object of the category CX.

(b) th/,; = Xax7 and hﬂX,— = coproduct (being the direct sum in Modg and
the disjoint union in Set).

(c) For a directed system (M, | ¢ € I) (including compatible maps ¢;; : X; — X for
i < j), we define M := @;c;M; and N as in the problem. Then, we have natural
maps ¢; : M; — M —» M/N. The quotient construction with N ensures ¢, = 00,y
for 7 < k. Finally, the universal property follows directly from this construction: If
we have compatible R-linear maps f; : M; — L, then we obtain, e.g. by the universal
property of the direct sum, a map M — L. And the compatibilities among the maps
fi ensures that N is sent to 0 via this map.

(d) Denote C' := [[,.; M;. Then, if m; € M; C C is a representative of m; € C'/ ~
and r € R, then it is clear how to obtain r - m; := 7m;. Moreover, this construction



is compatible with ¢;;(m;) ~ m; — just because varphi;; is linear.
More intersting is the addition — this is exactly the part where the filtering becomes
essential: If we were supposed to add m; and T, then we may choose a k = k(i, j)

with 4,j < k. But then, by the definition of ~, we obtain m; = @;(m;) and
m; = @jr(m;), i.e. both summands are represented by elements in M. There, we
can add them, and this solves the problem.

Problem 32. a) Let P € Spec R be a prime ideal and M an R-module. Show that
the localisation Mp is the direct limes of modules M; with distinguished elements
f € R. What is the associated poset (I,<)? Is it filtered?
b) Show that infinite direct sums are filtered direct limits of finite direct sums. What
is the underlying poset?
Solution: (a) The underlying poset is I := R\ P with f < ¢ being defined via
the relation f|g. If this is the case, we have natural maps Ry — R,. This poset is
filtered because of k(f,g) := fg. Now, we can check the universal property for the
compatible system of maps {M; — Mp| f € I}.
(b) Let A be a set, and we consider R-modules M, for A € A. The basic poset [ is
defined as

I:={SCA|#S<o0}C2"
with the inclusion relation. For each S € I we define Mg := ®,\csM), which induces
natural embeddings Mg < Mg whenever S C S’. They are compatible with the
overall embedding Mg < @xep M.

Problem 35. In the category of directed systems of R-modules on a poset [ :=
(I, <) (ctf. Problem 31) define kernels, images, and cokernels in a natural way, e.g.
ker (¢ : (M;|i€I)— (N;|iel)):= (ker[p;: M; = N;]|i€I).

This leads to the notion of exact sequences of directed systems.
a) Show that h_m> is right exact (by constructing a right adjoint functor).

b) Show that filtered direct limits with values in Modg are even exact.

c) Consider the set I := {m, a,b} with m < a and m < b. Show that the direct limit
over this I (even with values in Modpg) is not left exact.

Solution:  (a) The right adjoint functor is Z +— [constant system Z|. Indeed, the
universal property of the direct limit says Hom(li_my M;,N) = Hom({M;}, N) =
Hom({M;}, {N, := N}). 7’

(c) Consider (0, M, M) — (M, M, M). The direct limits of both systems are M & M
and M?/ ~ with (m,0,0) ~ (0,m,0) and (m,0,0) ~ (0,0,m), i.e. the latter becomes
isomorphic to M. The map lii1>(0, M, M) — liﬂ(]\f;fv M, M) becomes the addition
M & M — M. It is not injective at all.
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8. AUFGABENBLATT ZUM 15.6.2022

Problem 85. In class we had defined the so-called constant presheaf F := AP™ via
F(U) := A. Afterwards, assuming that X is a locally connected topological space,
we define another presheaf G via G(U) := A™W) - Show that G is actually a sheaf,
namely G = F°. It is called the “constant sheaf” G = A.

Solution: (i) G is a sheaf. Assume that U = |J,U; and s € A™W) ie. s:m(U) —
A. If s; - mo(U;) — mo(U) — A vanishes for all 4, then s vanishes, too: If C' C U is a
connected component, then we choose an index ¢ with U; N C' # (). Hence, there is
a connected component C; of U; intersecting C', hence being contained in C'. Thus,
via the map m(U;) — mo(U), C; maps to C, and we obtain C' +— 0.

On the other hand, if s; : mo(U;) — A are compatible maps, then we start again
with some C' € my(U), choose some C;, and define s(C') := s;(C;). It remains to
show that different choices C; € mo(U;) and C € m(Uj) (even i = j is a non-trivial
case) lead to s;(C;) = s;(C}). This can be done by creating a chain of mutually
overlapping C, € m(U,). However, the following alternative point of view simplifies
the situation a lot:

Assigning to A the discrete topology, the set A™() = Maps(mo(U), A) can be iden-

tified with the set of all continous maps U — A. And now, the glueing procedure is
straightforward.

(i) G equals F*. There is an obvious map of presheaves F — G; for each open
U C X it becomes A — A™U) sending a € A to the constant map mo(U) — A

or U % A. For each P € X, the associated map A = Fp — Gp on stalks is an
isomorphism; its inverse Gp — A is f — f(P).

Problem 86. Let A be a ring and X := Spec A. Show that the functor M +— M
from the category of A-modules into the category of Ox-modules is fully faithful,
i.e. that it induces isomorphisms on the sets Hom(., ).

Solution: M — N is equivalent to a system of compatible A-linear maps My — Ny
with f € A.

Problem 87. Let S be a graded ring and f € S;. Show that, for every k € Z, the
S(p)- modules S(y) and S(k)(y) are isomorphic where S(k) denotes the degree shift
by k. Find a counterexample for deg f = 2.

Solution: The map S(yy — S(k)(y) with s/f* — s/f* defines the desired isomor-
phism.

For a counterexample, take S := k[z,y, f] with degx = degy = 1 and deg f = 2.
Then S(p) = k[2?/f, zy/f, v*/f] = k[A, B,C]/(AC — B?) and, as a module, Sy is
(of course) generated by the single element 1. On the other hand, S(1)) is gener-
ated by x and y. There is no way to do it with just one element.



Or, alternatively, take S = k[f] with deg f = 2. Then S(y) = k. On the other hand,
Sy = 0.

Problem 88. Define F as the sheaf of regular sections of the map h : An — P!
arising from blowing up of the origin 7 : A® — A". Recall that such a section s
assignes to each ¢ € P"~! a point ¢ € £ C A™.

—_—

On the other hand, we define G := S(—1) with S := k[z] := klz1,...,2,]. It is a
sheaf of Opn-1-modules where Opn-1 = S.
a) Show that the sheaves F and G are isomorphic by investigating (and glueing)

their local pieces on the open subsets D, (z;). The sheaf F = G is usually called
Opn—l(_l).

b) What is its global sections? That is, determine I'(P"~*, O(—1)) = O(-1)(P"1).

Solution: (a) Local Sections of h: Locally, on D, (z;), the map h : An — Pl
corresponds to the embedding ¢; : k[z/z] — klz,z/z] = k[z;,2/2z]. Thus, over
D, (z;), a regular section s; corresponds to a k-algebra-homomorphism

st klzi, 2/ 2] — klz/ 2]
satisfying s} o ¢; = id[z/.;. That is, si just corresponds to the choice of an element
s(zi) € k[z/z]. In other words, F (D, (z;)) = k[z/z]. So far, this results coincides

with the sheaf O = § and, actually, with all sheaves O(¢) = S(¢) for ¢ € Z,
cf. Problem 87.

Glueing these sections: Since z; = zj/z - 2z;, two sections s; and s; coincide on
D+(Z7;Zj) iff
si(2) = si(z5) = 87 (25/2 - z1) = 23/ 2 - 87 (%)

This can be written in a more symmetric way as

si(25)/2; = si(zi)/z inside k[z ...
Thus, is; is better encoded by s} (2;)/z; € z; 'k[z/z] = k[z](—1),, instead of s7(z;) €
k|z/z]. It leads to the fact that the identification

F(Di(z)) = kz)(=1) ) = G(Dy(2))

is compatible with changing the charts Dy(z;) D D4(zi2z;) C Di(z;). That is, it
yields a global isomorphism F = G.

27 C k(z).

’rn

(b) The global sections are the intersection
DB, Opni (—1)) = () klz)(—1),) = 0.
i=1

This is analogous to (16.8) with Opn—1 = Opn-1(0). Similarily, z, € (i, k[z](1) ),
i.e. these elements of S = k[z] become global sections of the sheaf Opn-1(1). While S
does not collect functions, this provides an alternative interpretation of its elements.
And, interpreting the sheaf O(1) as the sheaf of sections (in its original meaning) of
a bundle over P!, this interpretation is even a geometric one.
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9. AUFGABENBLATT ZUM 22.6.2022

Problem 89. a) Let A be a ring and f,g € A with D(f) C D(g) within Spec A.
Show that g € A}.
(Hint: Reduce the problem w.l.o.g. to the case f = 1.)

b) Let ¢ : (R,m) — (S,n) be a non-local homomorphism of local rings. Show that,
for every S-module N, the modules Tor’ (N, R/m) vanish for every i € Z.
Solution: (a) We replace A by Ay — then the relation D(f) C D(g) remains true,
but D(f) = Spec A; becomes the whole space. Thus, the problem can, w.lo.g.,
be reduced to the following one: Let g € A such that D(g) = Spec A. Show that
g € A*. But this is clear — if g ¢ A*, then there was a prime P € Spec A containing
g, 1i.e., P ¢ D(g).

(b) If p(m) Z n, then there is an r € m which becomes a unit in S. Thus, while
N 5 N is an isomorphism, the map R/m > R/m is zero. In particular, if T :=
TOI'lR(]\*‘: R/m), then the bifunctoriality of Tor implies that the endomorphism 7"
T is an isomorphism and, at the same time, equal to 0.

Problem 90. Let X = [0,1] C R with the classical, i.e., EUCLID ean topology.

a) We define F as the so-called skyscraper sheaf on 0 € X (with value Z): For each
open U C X we define

Z ift0eU
0 otherwise

F(U) = {

with the canonical restriction maps (always idz, whenever this makes sense). Show
that F is really a sheaf and calculate all its stalks.

b) Let G = Z be the constant sheaf (the sheafification of the constant pre-sheaf).
Then, show that Hom(F,G)o = 0. Compare this with Hom(Fy, Go).

Solution: (a) F is obviously a presheaf. It stalks are Fy = Z and F. = 0 for
¢ # 0. Thus, to check the sheaf property, one could either check the axioms, or
one calculates F* — which is easy because only one single stalk is non-trival — and
observes that F* = F.

Alternatively, we consider the closed embedding i : 0 — X and realize that F =
i+(Z) where Z = Z is the constant (pre-)sheaf on the point 0.

(b) Obviously, Hom(Fy,Gy) = Hom(Z,Z) = 7Z (at least if we consider Z-linear
maps). In particular, it is non-zero.

On the other hand, let f € Hom(F,G)y and let this be represented by a map
[+ Flu = G with a connected open U > 0, e.g., some interval U = [0,). We take



V :=U \ {0} and consider the restriction diagram

Z=FU)—1-g)=2z

oi lid
0=F(V)—=G(V)=Z.
It implies that f = 0.

Problem 91. Let f : X — Y and g : Y — Z be continous maps between topological
spaces. Show that for a sheaf H on Z we have that (gf) ' (H) = f~lg'H.

Solution: It suffices to look at the case of pre-sheaves. Then, for an open U C X
we have that

_1 *17-[ U _ 1 i —17_[ V _ l 1 H W
UmgmH0) = I ¥ V) = I By )
= lim H(W).
*W2gf(U)

Both directed systems for W coincide — one can see this better by rewriting the
conditions into U C f~'V, V C ¢g7'W, and U C f~'¢g~'W. The U is given, both is
conditions for W — and the V' does not matter at all. It is just supposed to exist —
but for this one might take V := ¢~ 1V.

Problem 92. a) Let R be a sheaf of rings on some space X. A sheaf F of R-modules
is called locally free if there is an open covering X = J, U; such that all restrictions
Fly, are isomorphic to direct sums of copies of R|y,. Show that tensorizing with
locally free sheaves is an exact functor.

b) Let S = Cl[z, z1] and take X := ProjS. It becomes a locally ringed space via

Ox = S. Show that the sheaves of Ox-modules Ox (k) := S(k) (for k € Z) are
locally free.

¢) Show that Ox and Ox(—1) are not isomorphic to each other.

d) Show that Ox (k) ®o, Ox (k') = Ox(k + K').

e) Show that Ox (k) = Ox(K) < k=Fk.

Solution: (a) The exactness can be checked locally, e.g., on the stalks — but there,
the functor is @z, R%’, hence exact.

(b) On D4 (z;) we know that S(k),) = zF - S(,), cf. Problem 87. This shows that,
locally, Ox (k) is free of rank 1.

(c) See Problem 88: We know that I'(P? Op2) = C, but I'(P?, Op2(—1)) = 0.

(d) Locally on D, (z;) we know that (2F-S.,)) ®s..) (zF - Siy) = AL S(zy)- Since
this map is simply given by the multiplication within Quot S = C(zo, 21), it does
not depend on the choice of i, i.e., it glues foor different indiced i, j.

To mention a counter example, i.e., a situation where this argument does not work:
The isomorphisms (-zf) : S(,,) = 2F - S(.,) depend on i. That is, when you replace i
by j, then both maps induce different maps S.,..) — 2 Saizy) = zf’ *S(zz;) on the
set Dy (z2;) = Di(2) N Di(z5).



(e) If k > K, then any isomorphism f : Ox (k) = Ox (k') would induce an isomor-
phism f ®ido—p—-1): Ox(k—k —1) = Ox(—1). But, by arguments like that from
(¢), this cannot exist.

Aufgabenbldtter und Nicht-Skript: http://www.math.fu-berlin.de/altmann
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10. AUFGABENBLATT ZUM 29.6.2022

Problem 93. a) Let F := A be the constant sheaf on U := (—2,0) U (0,2) C R;
denote by j : U — R the natural embedding. What are the germs of j,F in the
points 0, 1, 2, and 3, respectively?

b) I mentioned in class, as a general philosophy, that in a series of constructions
with sheaves it suffices to sheafify only once at the end. Recall this philosophy in
the construction of, say (F ® G) @ H.

Demonstrate that this philosophy does not work in the context of (a) — if we start
with F := AP show that (j.F*)* # (7.F)* Why does the usual stalk argument
does not work anymore?

c) Let j : U — X be an open embedding and F,G be sheaves on U and X,
respectively. Are there natural maps between F and (j.F)|y or between G and
d) Let i : K — X be a closed embedding of topological spaces, i.e. K C X is a
closed subset with the induced toplogy. If F is a sheaf on K, then calculate the
stalks of 7,F in terms of those of F.

e) Let f: X — Y be a closed (and continous) map, i.e. images of closed subsets are
closed in Y. Show that (f.F), = ll_m> F(U) for sheaves F|X andy € Y.
UD

of "ty

Solution: (a) A® A, A, A, and 0.
(b) ® commutes with stalks; for j, this does not even make sense. In this particular
example, we consider the stalks at 0: (juF*)§ = (juF%)o = AB A, but (j.F)i =
(J*Jr )0 = A.
(c) First, we even have F = (j.F)|y. For G, we consider open V C X = pyyny :
G(V) = gUNV) = (4.(Glu)(V) gives G = j.(Glv).
(d) First, if p € X \ K, then (i.F)|x\x = 0 implies that (,F), = 0. On the other
hand, if p € K, then (i.F), = F,: Both sides are direct limits over the sections
F(W) with W C K being open subsets containing p — but for the left hand side we
have the additional property that W has to be of the form W = U N K for an open
subset U C X. But this is not a restriction at all (every W has this property), both
limits coincide.
(e) The universal property of the direct limes gives a natural map

(1 F)y = h—m>f*lx,,f72f*1y]:<fil‘/) - h—mﬁfgf’ly]:(U)
(with U € X and V' C Y). The closeness assumption of f ensures that for all

UD flythereisa V 2y with U D f~'V D fly: Just take V :=Y \ f(X\U).

Problem 94. a) Let ¢ : A — B be a ring homomorphism and denote by f :
Spec B — Spec A the associated map between the associated affine schemes. Assume



that M and N are A- and B-modules, respectively. For the corresponding sheaves
show that

"M =M®sB

on Spec B and

f.N =Na
on Spec A.
b) Let j : D(a) < Spec A be the “nice” open embedding obtained for an a € A.
Does (a) say something about M |p)?
Solution: (a) We have for all a € A the following chain of equalities: (f.N)(D(a)) =
A\T(D( v(a )) = Ny@ = (Na)a- They are compatible with the inclusions D(aa’) C
D(a), hence provide an isomorphism of sheaves.

There are natural maps M — T['(Spec B, f~* \[) and M @, B — F(%p(*( B, f* \[)

The latter induces Opg-linear sheaf homomorphism M, Q4B — f* M. On the level
of stalks this yields the natural maps (M ®4 B)g — My-1(0) ®a__ : Bg for @ €
Spec B. However, these maps are clearly isomorphisms.

(b) ;\'N[\D(u) — j*M = M, on D(a) = Spec A,.

L@

Problem 95. a) Denote by R* the group of units in a ring R. Similarily, if Oy
is a sheaf of rings on X, then we define O%(U) := Ox(U)*. Show that this de-
fines a sheaf of abelian groups. Moreover, for a section s € I'(U, Ox) it satisfies
s € '(U,0%) & sp € Oxpforal PeU.

b) We call locally free sheaves of rank one on a ringed space (X,Ox) invertible
sheaves. Let L be such an invertible sheaf, i.e. there is an open cover {U; C X };¢;
with isomorphisms ¢; : L|y, — Op,. Show that the composition maps ¢; o ;"
are given by elements h;; € I'(U; N U;, O%) having the property h;; = hi_j1 and
hij - hjk - hi; =1 on U; N U; N Uy, (“cocycle condition”).

c) How do the h;; change if the isomorphisms ¢; are altered?

d) Show that L = Ox < there are elements g; € I'(U;, O% ) such that h;; = g; - gj_l
(“h,. is a coboundary”).

e) How does one obtain the cocycle {H;;} for the sheaves L @ L' and LY :=
Homey (L, Ox) out of the cocycles {h;} and {h;;} of L and L', respectively?

f) let {U; € X}ier be an open cover, and let h;; € I'(U; N U;j, O%) be elements
satisfying the cocycle condition. Show that there is an, up to isomorphism unique,
invertible sheaf L on X inducing the given h;; via (b).

g) How do the cocycles of the sheaves Opn(f) on P look like? (Consider at least
¢(=-1,0,landn=1o0orn=2.)

h) Show that the set of isomorphism classes of invertible sheves forms a group; it is
called the “Picard group” Pic X. Note that the group operation is ® and that the
inverse of L is given by LY := Homo, (L, Ox).

Solution: (f) Existence part: L(U) :={s € [[, Ov,(UNU;)| s; = hsjs;}.



Problem 96. a) Let ¢ : A — B be an injective ring homomorphism. Show (without
using (b)) that f : Spec B — Spec A is dominant, i.e., that f(Spec B) is dense in
Spec A, i.e., that its closure equals the whole Spec A.

(Hint: A set X C Spec A is contained in a proper closed subset F' C Spec A iff there
is a non-empty (nice?) open subset U C Spec A being disjoint to X.)

b) Let ¢ : A — B be a ring homomorphism leading to f : Spec B — Spec A. Assume
that f(Spec B) C V() for some ideal I C A. Show that then exists another ideal
I' C I with V(I') = V(I) such that ¢ factorizes via A/I’. Moreover, give an example
where I’ = I cannot be achieved.

Solution: (a) Assume that D(a) C Spec A is non-empty (i.e., a ¢ +/0) but disjoint
to f(Spec B). This means that

D(¢(a)) = f'D(a) = 0, ie., ¢(a) € VO C B.

However, under an injective ring homomorphism, non-nilpotent elements cannot
become nilpotent.

(b) Let J := kerp. Then ¢ : A/J — B leads to a dominant map f : Spec B —
Spec A/J, i.e. V(I) D f(SpecB) = V(J). Now, we set I’ := I N J. On the one
hand, we have the chain of maps

A— A/l' » AlJ < B,
and on the other, we know that V(I') =V (I)uV(J) =V ).
The counter example was already mentioned in class:
X := Speckl[e]/(?) < Spec kle]

sends this single point into V() C Spec k[e]. However, the map does not factor via

Xrea = Spec kle]/(e).
For the glueing of schemes, please have a look at Problem [Hart, 11/2.12].

Aufgabenbldtter und Nicht-Skript: http://www.math.fu-berlin.de/altmann
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11. AUFGABENBLATT ZUM 6.7.2022

Problem 97. Let f : Spec B — Spec A be a morphism that is induced from a ring
homomorphism ¢ : A — B. Assume that there is an open covering Spec A = | J, U;
such that all maps f|;—1@,) : f~'(U;) — U; are closed embeddings, i.e., locally
(on the target) of the form Spec A;/J; — Spec A;. Show that this implies that
¢ : A — B is surjective. (L.e. f is a closed embedding “on the direct way”, namely
not just using some open covering.)

Solution: Refining the open covering {U;} leads to the w.l.o.g. assumption U; =
le) o) 2 le) 1
Spec Ar.. Thus, fli1ry @ fYH(U;) — U, is associated to the ring homomorphism
./L ) e f ((1> o 2 ? S
Ayj, — By, Now, we may use Proposition 4 in (2.6).

Problem 98. a) Let X be a scheme with an open, affine cover {U; = Spec A4;}.
Show that the affine schemes Spec(A;)req (With (4;)seq := A;/v/0) can be glued to
become a reduced scheme X,.4. Are there maps between X and X,.q? Are they
finite? How do they look like on the topological level?

b) Let X be an irreducible scheme. Show that there is a unique “generic point”
n € X, i.e. it is characterized by the property 7 = X. How can one obtain open
affine subsets Spec A C X containing 7?

c¢) Let X be an integral (irreducible and reduced) scheme. Show that Ox , is a field
(the “function field” of X). How does it look like for X = AZ, or X = P4?

Solution: a) A;/+/(0) = (A/V0)f. Xiea = X is a closed embedding, in particular
finite, and it is an isomorphism on the underlying topological spaces.
b) W.lo.g. X is reduced. Then, if Spec A C X is an open subset, A is an integral

domain, and the point 1 := (0) € Spec A C X does not depend on A. The stalk is
Ox ., = Quot(A). For instance, if X = A%, or X = P2, then Ox, = C(z,y).

Problem 99. Let f : X — Spec B be a morphism of schemes. If X = (J,_, Spec A,
then we had defined in class the scheme theoretic image of f as Spec B/J with
J =), ker(B — A;) C B. It was the the smallest closed subscheme of Spec B such
that f factorizes through.

a) Assume that the index set I is finite. Show that V(J) = f(X).

b) f corresponds to a ring homomorphism f*: B — I'(X, Ox). What is the relation
between ker(f*) and the ideal J from (a)?

Solution: (a) While “O” is clear, we have to show that f is dominant whenever J = 0.
This is the global version of Problem 96. We can prove it similar: If D(b) # () was
disjoint to f(X), then b € B is not nilpotent, but all ¢;(b) € A; become nilpotent
via ¢; : B — A;. Thus, there is a common n such that ¢;(b") = 0 € A;, hence
b" = 0.

Alternatively, one can check that Z := Spec[],.; A; = Ujer Spec A;. There is a



canonical, surjective map 7 : Z — X, and f and f o7 have the same image. On
the other hand, Z is affine, i.e., Problem 96 applies directly.

b) The restriction morphisms I'(X,Ox) — I'(iSpec 4;,Ox) = A, induce a map
I'(X,O0x) = [];c; Ai which is injective (by the sheaf axioms). Thus, J = ker(f*).

Problem 100. Let X be a scheme and x € X be a closed point. This gives rise
to the local ring A := Ox,. We denote its maximal ideal by m C A. We call
T*X :=m/m? the cotangent space of X in .

a) Show that an open embedding U < X and a closed embedding Z < X give rise
to isomorphisms T X = T*U and surjections T X —» T Z, respectively (if z € U
and x € 7).

b) Determine these maps explicitely for the origin x = (0,0) with respect to the
closed embeddings

(i) Z1 = SpecClz, y]/(y) — SpecClz, y],

(ii) Zo = SpecClz,y]/(y?) — Spec C|x,y], and

(iii) Z3 = Spec C[z,y]/(y* — 23) — Spec C|z, y].

Moreover, draw a rough picture of the three situations (i)-(iii).

¢) Choose some concrete tangent vector 0 # t € T(0,0)Z3 and describe the associated
morphism Spec C[e]/e? — Zs.

Solution: (a) For a local embedding U — X, the local rings Oy, and Oy, coincide.

The closed embedding Z < X locally looks like Spec A/J < Spec A. The point
x € Z corresponds to some maximal ideal P C A above J. Hence, Ox, = Ap and

Oz.=(A/J)p = Ap/(J - Ap). The maximal ideal is induced by P in both cases.
Thus,
my,,/m%, = PAp/P?Ap = P/P*®,4 Ap = P/ P’
and
mza/my, = (P/J)/(P/J])* = P/(P* +J).

(b) We obtain T(’Bﬂo)(c2 = (z,y)/(z,y)* = Cx & Cy. Similarily,

T2 = (x.y)/ (2% zy, v y) = (x,y)/ (2%, y) = Ca,
and
T2z = (,9)/ (2% 2y, 5% y") = T()C* = Cx & Cy,
and
Ty Zs = (z,y)/ (2%, 2y, v%; (y° — 2°)) = T} C* = Cz & Cy,

(c) We have got T 2s = T(*Oﬂo)(c2 = C?, and we choose t = (2,1) € T 25 =

((xy)/(xy)Q) Je, t:(z,y)/(z,y)* — C with z + 2 and y > 1.

The associated morphism ¢ : Spec C[e]/e? — Z3 corresponds to the ring homomor-
phism Clz, y]/(y* —2?) — Cle]/e? sending = — 2¢ and y > e. The reason for having
no “non-e-term”, i.e., z — (0+ 2¢), is that the point of interest is (0, 0), i.e., having



0 as both coordinates.

If we were looking at T(; 1)C? instead (with the same tangent vector (2,1)), then we
would have obtained x +— 1+ 2¢ and y ~— 14 ¢ instead. Why didn’t I take T{; 1) 237
While (1,1) € Zs, the tangent vector (2,1) does not belong to T(y 1yZ3. The latter
can be calculated as follows: Substitute a := 2z —1 and b :=y — 1, then
Clz,y]/(y* — 2°) = Cla, b]/(b* + 2b — a® — 3a* — 3a),
and we look at the point (a,b) = (0,0). The cotangent space is (a, b)/(a?, ab, b*,2b—
3a), and the vector (2,1) does not define a correct linear map
(a,b)/(a® ab,b* 2b —3a) — C, a+2, b 1.

On the other hand, it does not make sense to compare the tangent spaces of some
X within different points, anyway. We have no parallel transport.

Aufgabenbldtter und Nicht-Skript: http://www.math.fu-berlin.de/altmann
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12. AUFGABENBLATT ZUM 13.7.2022

Problem 101. Let F' be a locally free sheaf on an integral, i.e. irreducible and
reduced scheme X. Show that, for open subsets U C X, the restriction map
I'(X,F) — (U, F) is injective.

Give counter examples for the cases when one of the assumptions is violated.

Problem 102. a) Show directly that the diagonal A : PL — P& x¢ Pg is a closed
embedding. What is the homogeneous ideal of A(Pg) C P? after additionally using
the Segre embedding? Do you see the Veronese embedding within this picture?

b) Let X := ALUA{ glued along the common A} \ {0}. Show directly that there are
affine open Uy, Uy C X such that either U; N U is not affine or that U; NU; = U is
affine with U; = Spec A; and U = Spec B such that A; ®c As — B is not surjective.

c) In the situation of (b) show that A(X) C X Xgpecc X is not a closed subset.

Problem 103. a) Show that d-dimensional k-varieties (with a perfect field k) are
birational equivalent to hypersurfaces in P4+
(Hint: Use the theorem of the primitive element.)

b) Let f,g € k[z] be two different polynomials with simple roots. Construct a hy-
persurface of C? that is birational equivalent to V (y? — f(z), 2* — g(z)) C C3.

Problem 104. Assume that the ring A is factorial. Show that this implies Pic(Spec A) =
0, i.e. every invertible sheaf on Spec A is isomorphic to Ogpec 4.

(Hint:  For invertible sheaves £ one is supposed to use the cocycle description on an
open covering {D(g;)} with £|p(g,) = Opy,), cf. Problem 95. Via induction by the overall
number of prime factors of the g;, one can reduce the claim to the special case that all ele-
ments g; are prime. Now, using again Problem 95, one can attain that h;; € A* for all 4, j.)

Problem 105. Show (by using the toric language via polytopes in Mg) that the
blowing up of P? in two points is isomorphic to the blowing up of P! x P! in one
single point.

Aufgabenbldtter und Nicht-Skript: ~ http://www.math.fu-berlin.de/altmann



