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15. Aufgabenblatt zum 14.2.2024

Problem 137. Let ∆ ⊂ MR be a smooth lattice polytope, i.e., its normal fan
Σ := N (∆) is supposed to be smooth. Denote C[∆] := {f ∈ C[M ] | supp(f) ⊆ ∆}.
Each f ∈ C[∆] gives rise to a subvariety Z(f) ⊆ T = SpecC[M ]. Denote by Z(f)
the closure of Z(f) in X := TV(Σ).

a) For a given f ∈ C[M ] and a given chart TV(σ) ⊆ X describe the closure of Z(f)
in TV(σ). Does this set equal Z(f) ∩ TV(σ)?

b) Show that the set of f ∈ C[∆] such that Z(f) is smooth forms an open, dense
subset of C[∆].

c) Denote by J (f) ⊆ OX the ideal sheaf of Z(f) ⊂ X. Under which assumptions
do we obtain Z(f) ∼= OX(−∆)? Is it always true?

d) Show that for smooth, reflexive polyhedra ∆, there is a dense subset of f ∈ C[∆]
such that Z(f) is a smooth Calabi-yau variety.

Problem 138. Let Σ be the fan in Q3 built from the rays

Σ(1) = {ei, ai, (−1,−1,−1) | i = Z/3Z}
(with ei denoting the canonical basis vectors and ai := (1, 1, 1) + ei) and be-
ing spanned by the three-dimensional cones 〈(−1,−1,−1), ei, ei+1〉, 〈ei, ei+1, ai+1〉,
〈ei, ai, ai+1〉, and 〈a1, a2, a3〉 for i = Z/3Z. Show that Σ is not the normal fan of a
polytope, i.e. that TV(Σ) is complete, but not projective.
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