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€ 

u ≥ 0

Obstacle Problem: 

€ 

Hu = Δu − ut = χΩ in D
u =|∇u |= 0 in D -Ω

|| u ||∞,D≤ M
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€ 

u ≥ 0

Obstacle Problem: 

€ 

Hu = Δu − ut = χΩ in D
u =|∇u |= 0 in D -Ω

|| u ||∞,D≤ M

€ 

+

u = 0 on ∂D

Contact Case 
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€ 

u ≥ 0

Obstacle Problem: 

2-phase Problem: 

u > 0 
u < 0 

u = 0 

€ 

Hu = Δu − ut = χΩ in D
u =|∇u |= 0 in D -Ω

|| u ||∞,D≤ M

€ 

+

u = 0 on ∂D

Contact Case 

€ 

Hu = λ+χ u>0{ } − λ−χ u<0{ } in D

€ 

λ± > 0, λ± ∈ Lip
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1.   How regular is          ? 

2.   How regular is          ? 

€ 

u

€ 

∂Ω
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Optimal regularity of a solution 

€ 

u∈ Cx
1,1∩Ct

0,1



U
N

IV
E R S IT

A
S

S
A

R
A V I E

N

S
I
S 1-PHASE PROBLEM 

Optimal regularity of a solution 

€ 

u∈ Cx
1,1∩Ct

0,1

 Remark. 

Classical PDE-Theory gives that            
is bounded 

€ 

u∈ Cx
1,α ∩Ct

0,α

€ 

Hu

We want    

€ 

α =1
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€ 

α =1
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€ 

α =1

€ 

ur x, t( ) =
u rx,r2t( )

r2
Hur = χΩ r

€ 

If α =1 then ur is bounded

€ 

We can go for a limit as r→ 0
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€ 

α =1

€ 

ur x, t( ) =
u rx,r2t( )

r2
Hur = χΩ r

€ 

ur → u0
Ωr →Ω0

€ 

If α =1 then ur is bounded

€ 

We can go for a limit as r→ 0

Moreover, 

  

€ 

Hu0 = χΩ0
in  +

n+1

u0 = Du0 = 0 in  +
n+1− Ω0

u0 ≤ C 1+ x 2 + t( )
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Regularity of  

€ 

∂Ω

€ 

∂Ω = "regular points"{ }∪ "singular points"{ }

€ 

u = 0
€ 

u = 0

€ 

u = 0
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Regularity of  

€ 

∂Ω
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Regularity of  

€ 

∂Ω

€ 

Hu = χΩ in Q
u = ∇u = 0 in Q−Ω

 
 
 

No contact points !!! 

€ 

∂Ω∩ R ∈ C1,α
“thickness condition”  
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Regularity of  

€ 

∂Ω

€ 

Hu = χΩ in Q
u = ∇u = 0 in Q−Ω

 
 
 

No contact points !!! 

€ 

∂Ω∩ R ∈ C1,α
“thickness condition”  

€ 

Hu = χΩ in Q
+

u = ∇u = 0 in Q+ −Ω

u = 0 on x1 = 0{ }

 

 
 

 
 

Contact points may 
exists!!! € 

∂Ω∈ Lip

€ 

∂Ω∈ C1,αat interior 

points only!!! 
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Optimal regularity of a solution 

€ 

∇u is Lipschitz continuous w.r.t. space variables

€ 

∇u is Holder continuous with exponent 1/2 w.r.t. time variable
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Regularity of  

€ 

∂Ω

• 1-phase points 

€ 

∂ u > 0{ }∩ ∇u = 0{ }

€ 

∂ u < 0{ }∩ ∇u = 0{ }

€ 

∂Ω∈ C1,α
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Regularity of  

€ 

∂Ω

• 2-phase nonbranch points 

€ 

u = 0{ }∩ ∇u ≠ 0{ }

€ 

∂Ω∈ C1

Implicit function 
Theorem 
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Regularity of  

€ 

∂Ω

• 2-phase branch points 

€ 

∂ u > 0{ }∩∂ u < 0{ }∩ ∇u = 0{ }
near 

€ 

∂Ω is a union of two Lip - graphs, 

€ 

which are continuously differentiable w.r.t space variables



FBP Regularity 
 of u 

Regularity of the  free 
boundary 

€ 

u∈ Cx
1,1∩Ct

0,1

Optimal ! 

€ 

u∈ Cx
1,1∩Ct

0,1€ 

Hu = χΩ in Q
u = ∇u = 0 in Ωc

 
 
 

No contact points 

€ 

Hu = χΩ in Q
+

u = ∇u = 0 inΩc

u = 0 on x1 = 0{ }

 

 
 

 
 

Contact points may exist 

Optimal ! 

€ 

∂Ω∈ Lip

€ 

∂Ω∈ C1,α at interior 

points only!!! 

€ 

Hu = λ+χ u>0{ } − λ−χ u<0{ }

€ 

∂Ω = "regular"{ }∪ "singular"{ }

€ 

"thickness condition"
⇓

∂Ω∩R ∈ C1,α

€ 

∇u∈ Cx
0,1∩Ct

0,1/ 2

€ 

u = 0{ }∩ ∇u ≠ 0{ }∈ C1

€ 

∂ u > 0{ }∩ ∇u = 0{ }∈ C1,α

€ 

∂ u > 0{ }∩∂ u < 0{ }∩ ∇u = 0{ }∈ Lip
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