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Motivation

B Brokate—Sprekels 1996:

B Representation of hysteresis operators with scalar, piecewise monotone inputs and
scalar outputs by functions acting on alternating strings with elements of R
B Investigation of operators by considering their representations

B Current talk:
Introduction of appropriate functions space for input functions and of appropriate set for
strings allowing a similar representation result for hysteresis operators with vectorial
inputs
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Some Notations and Definitions |

Let 7" > 0 denote some final time.
Let (X, ||| ) be some normed vector space.

|

|

B Let Y be some nonempty set, and let Map ([0,77],Y) :={v: [0,T] — Y}.
B Let C([0,77; X') denote the set of all continuous functions u : [0, 7] — X.
|

a:[0,T] — [0,T] is an admissible time transformation :<=> ais continuous and
increasing (not necessary strictly increasing), a(0) = 0 and o(T") = T

B Let Cpim([0,77]) € C([0,T]; R) be the set of all piecewise monotone and continuous
functions from [0, 7] to R.
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Some Notations and Definitions Il

B LetH : D(H)(C Map ([0, 7], X)) — Map ([0, T],Y) with D(#) # 0 be given.

B H a hysteresis operator :<=> H is rate-independent and causal.
B H is rate-independent :<=> VY v € D(H),V admissible time transformation
a:[0,T] — [0,T)withvoa € D(H),Vt € [0,T]:

Hlo o al(t) = Hp(a(t).
B His causal <=V vi,v2 € D(H),Vt € [0,T]:
Ifv1(7) = v2(7) V7 € [0,t] then Hlv1](t) = H[v2](¥).
B Let Dy C Map ([0, T7], X) be nonempty. Let Z be a nonempty set of initial states. Let
G :Z x Dy — Map ([0,T],Y) be given.
G is a hysteresis operator :<= for all zo € Z it holds that G[zo, -] is a hysteresis
operator
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B Hysteresis operators with scalar inputs and outputs; representation theorem by
Brokate and Sprekels
m Examples for hysteresis operators with scalar input and output
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Scalar relay operator: |

For a < b let the relay operator Ra, : {—1,1} x C ([0, T];R) — Map ([0, 7], {—1,1})
be the operator mapping o € {—1,1} andu € C ([0, T]; R) to

Cap(u(t)), if u(t) ¢la,b],
Raplno, ul(t) := ¢ no, if u(s) €la,b] Vs €0t
Cayp (u (max{s € [0,¢] : u(s) ¢la,b[})), otherwise,

with Ca,p 1] — 00, a] U [b, co[— {—1, 1} defined by

Coplwy = 4B b (1)
ab(w) =
’ -1, if w<a.
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Scalar relay operator: Il

B The relay operator is a hysteresis operator.
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B Hysteresis operators with scalar inputs and outputs; representation theorem by
Brokate and Sprekels

m Representation result by Brokate and Sprekels
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Set of alternating strings and piecewise monotone inputs

B Set of alternating strings:

Sa = {(vo,v1,...,vn) € R™! |n>1,
('Ui — vi_l)(viH — 'Ui) < 0, Vi<i< n}

B For any function u : [O, T} — R being piecewise monotone the standard monotonicity
partition of [0, T'] for u := unique defined decomposition 0 = tg < t1 < -+ < tp =T
of [0, 7] such that for 1 < ¢ < n holds: ¢; is the maximal number in |¢;_1, T'] such that
w is monotone on [t;—1, t;].

It holds

(u(to)7u(t1), .. .,u(ti_l),u(t)) c SA7 Vit E]ti_l,tiL 1<i<n.
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Representation results for Hysteresis operators with scalar inputs

Brokate-Sprekels 1996:

B Leta functionG : Sa — R be given.
Foru € Cpm([0,TY) let He " [u] - [0, 7] — R be defined by considering the standard
monotonicity partition 0 = to < t1 < --- < t, = T of [0, T'] for u and defining

Hi'cn[u} (t) =G (U(to),u(t)) , Vte [t07t1]7 (2a)
Heul(t) .= G (u(to), . .., uti—1),u(t)), Vit €lti—,ti], 2<i<n. (2b)
The mapping uw — HE™" [u] is a hysteresis operator on Cpm ([0, T7).

B Every hysteresis operator on Cpm ([0, T]) can be uniquely generated by this method.
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Consequences of the representation results

B The representation results above yields that for evaluating a hysteresis operator for
continuous piecewise monotone inputs one needs not to memorize the exact evolution,
but it is sufficient to keep track of the values of u in the past local extrema.

B Many properties of this hysteresis operators can be conveniently formulated and
investigated by considering the functional generated by the operator.

Hysteresis operators and functions on strings - HSFS 2011, December 14th, 2011 - Page 13 (33)



Functional generating the scalar relay

Formno € {—1,1}R it holds: The restriction of the R 510, -] to Cpm ([0, 1) is equal to

H%;‘QJMO with G= a.b,m, : Sa — R defined by

GR,abm ((Vo,V1,-..,0))

Ca,b(vn)y if vp € ]a;b[v
=qmno, if v; €la,b], Vie{0,...,n},
Casb (Vigas) > With imay := max{i € {0,...,n — 1}| vi ¢]a,b[} otherwise

V (vo,v1,...,Un) € Sa

with (4,5 a@s in (1).
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El Representation result for hysteresis operators with vectorial input and examples
m Monotaffine functions and standard monotaffinicity decomposition
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Monotaffine function = composition of a monotone with an affine function

Kl. 2011,2012:

B Let some function w : [0, 7] — X be given Let some t1,t2 € [0,T] with t1 < t2 be
given.
w is monotaffine on [t1, t2] <=
38 : [t1, t2] — [0, 1] monotone increasing (not necessary strictly increasing) such that

u(t) = (1 - B(t))u(tr) + Bt)ulta), Vi€ [tr,ta].

B u: [0,T] — X is denoted as piecewise monotaffine <=
there exists a decomposition 0 = to < t1 < --- < t, = T of [0, T] such that for
1 < i < m:wis monotaffine on [t;—1, t;].

B Let Cp wom.a ([0, 7]; X) be the set of all piecewise monotaffine functions in
C([0,T]; X).

B Letu € Cp.w.m.a. ([0, T]; X) be given. The standard monotaffinicity partition of [0, T']
for u is the uniquely defined decomposition 0 = tg < t1 < «-+ < t,, = T of [0, 7]
such that for 1 < ¢ < n holds: ¢; is the maximal number in ]¢;_1, 7’| such that u is
monotaffine on [t;—1, ¢].
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Example for a monotaffine function |

u(ts)

u(ty)

u(tl)
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Example for a monotaffine function I

u(tg)

u(tg)

u(t;) ®

u(ty) u(t)

B Foru € Cp.w.m.a.([0,T]; X) and every admissible time transformation
a:[0,T] — [0,T]is holds that u o & € Cp.w.m.a. ([0, T]; X).

Hysteresis operators and functions on strings - HSFS 2011, December 14th, 2011 - Page 18 (33)



El Representation result for hysteresis operators with vectorial input and examples

m Strings and convexity triple free strings
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Strings and convexity triple free strings

KI. 2011:
B A string of elements of X is any (vo, - . .,vs) € X" T! withn € N.
It is a convexity triple free string of elements of X <= w; @é conv(vi_1, viy1) for all
1 <1< n.

B Forv,w € X :conv(v,w) :={(1—Nv+Aw|Xe€0,1]}.
B LetSr(X):={VeX"™ |neN and V isa convexity triple free string of
elements of X }.

It holds

Sa = Sr(R).

Theorem

Letu € Cp.w.m.a ([0, T]; X) be given. Let0 = to < t1 < -+ < tn, = T of [0, T] be the
standard monotaffinicity partition of [0, T'] forw. Then it holds.

(u(to),u(tl), e ,u(ti_1)7u(t)) € SF(X), Vit G]ti_l,tiL 1<i<n.
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El Representation result for hysteresis operators with vectorial input and examples

m Representation result for hysteresis operators with vectorial inputs
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Representation results in Brokate-Sprekels 1996 is extended to

Kl.-2011, 2012

1. Every function G : Sp(X) — Y generates a hysteresis operator
HE™ : Cpw.m.a. ([0, T]; X) — Map([0, T];Y') by considering for
u € Cp.w.m.a.([0,T]; X) the corresponding standard monotaffinicity decomposition
0=to <t1<:---<tn =T of[0,T)] and defining GZ"" [u] : [0,T] — Y by

HE [u](t) = G (ulto), u(t)) , Vit € [to, ta], (3a)
*g"[u](t) = G (u(to), 0oo ,u(ti_1)7u(t)) ,Vt G]ti_hti], 2 S 7 S n. (3b)

2. For every hysteresis operator 3 : Cp,.w.m.a.([0, T]; X) — Map([0, T); Y) there
exists a unique function G : Sp(X) — Y such that B = Hg".
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Generating function for vectorial hysteresis operators

B For a hysteresis operators H : D(H)(C Map ([0,77], X)) — Map ([0, 7],Y") with
Cp.w.m.a.([0,T]; X) C D(H) we denote by the string function generated by H. the
function G : Sp(X) — Y such that we have

__ (gen
7'[|Cp.w.m.a.([O,T];X> =0a"

This function can be determined by evaluating the operator for piecewise affine functions.

B If one is evaluating a hysteresis operator acting on continuous monotaffine functions, then
it is sufficient to keep track of the positions of the changes of direction of the input function.
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El Representation result for hysteresis operators with vectorial input and examples

m Examples for vectorial hysteresis operators and the generated string functions
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Reformulation of scalar relay operator

Forv € R,r > 0,m0 € {—1,1},and u € C ([0, T]; R) it holds

Colu®)), it Ju(t) —v| >,
Rv—r,v+r[n0>ul(t) = 4 1o, If |U(S) — 7J| <r Vse [O,t],
Co (u (max{s € [0,1] : [u(s) —v| >r})), otherwise,
with

= w —v

Co(w) :

TR
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Vectorial relay as in as Léschner-Brokate 2008, Loschner-Greenberg 2008:

Following Léschner-Brokate 2008, Léschner-Greenberg 2008:
For& € RY and r > 0 let the vectorial relay operator be defined by

Rer:RY x C ([0-,T];RN> — Map ([O,T],RN> ,

Ce(u(t), ifflu(t) —Ellgn =7,
Rl ul(t) = 4, it Jhus) — Ellgw <7, Vs € 0,4,
Ce (u (max{s € [0,¢]] |lu(s) — &llzgw >7})), otherwise,
with
Ce :R‘V\{ﬁ}—H?B](Ox), Ce(v) := ﬁ 4)
RN

The vectorial relay operator is a hysteresis operator.
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Vectorial relay as in as Léschner-Brokate 2008, Loschner-Greenberg 2008:

Foré,mo € RN, r > 0and

ueC([QT];RN)it \\\\ \ T f ////
el “NANANN S

n Rw[no, u] =

Ce(ult)) if u(t) is not RGN \ T / S S
in the blue circle, \\\\ \ / / S o

B If u(t) enters the blue
circle Re [0, u]
relay = Q,;‘ (W)

-

becomes constant, i.e.
Re,r[no, u] “freezes”,
(notation following == = NN

TS
m figure on the A avi / l \ NN N N
wopronom <L NN
Loschner-Greenberg Yy / / l x AN

2008
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String function generated by vectorial relay

For o € RY it holds: The string function generated by Ree,rno, -] is
Gro(erymy - Sr(RY) — RY defined by

GR,(g,r),mo ((v0, 01, ,vn))

Ce(vn) it [lon —€llgn >,

7%, it fvi — €|y <7 Vie{0,1,...,n},

Ce (1 — Xmax)Vk + XUk41)  Wwith
Xmax := max{x € [0,1] | [|(1 = x)vx + xvrt1 — €|l > 7},
k:=max{i€{0,....n—1}| [lv; —=&|| > 1},

otherwise

with (¢ as in (4).
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Vectorial Preisach as in Loschner-Greenberg 2008, Brokate-Léschner 2008

Let a Lebesgue-integrable Preisach density function w : RY x [0, oo[—> IR and some
measurable initial state n° : R™ x [0, oo[— 9B (0) with B;(0) being the ball in RY with
radius 1 around 0 be given

Considering, as for the scalar Preisach operator, a weighted superposition of relays, one
obtains the vectorial Preisach operator introduced in Brokate- Léschner-Greenberg 2008,
Léschner-Greenberg 2008, (omitting the dependence on the initial state)

PR . C ([07 TY; ]RN) — Map ([07 1], ]RN) :
PR = [ [ wlenRie i €n).ul(odear
The string function generated by PRY<“ is
Gprovee : Sr(X) = R,

GPRJ}E'{!(V) = / /RN w(é, ’I“)GR7(§7T)7»,70(5,T)(V) df d’l“.
0
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Generalized vectorial relay

Many vectorial relay considered in the literature can be rewritten as an operator of the following

form:
For a nonempty, open subset O of X and a function ¢ : X \ O — Y we deal with the
following generalized relay operator:

Ro,:Y x C([0,T]; X) — Map ([0,T],Y),
Cu(t)), it u(t) €O,
R().([noau}(t) =10 it w([0,t]) C O,
¢(u({selo,t ’u ¢ 0})), otherwise.

B The generalized relay operator is a hysteresis operator.

B Example: Vectorial Relay as in A. Visintin’s talk:
Rap,0[u] = Rap[u - egleg corresponds to

O ={veR’|v-ep€la,bl},

C(v) =rap(v-eo)eq.
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Function on strings generated by the vectorial relay

For 1o € Y holds: The string function generated by Ro ¢ [no, ] is Gr.0,c.n : Sr(X) =Y
defined by

GR,0.¢m0 (V0,V1, ..., Vn)

C(vn), it va €O,

n°, i conv(vi,vi41) CO Vi€ {0,...,n—1},

C((1 = Xmasx)Uk + XmaxVk+1)  with
Xmax 1= max{x € [0,1] | (1 = x)vx + xvr+1 € O},
k :=max{i € {0,...,n— 1} } conv(vi,viy1) ¢ O},

otherwise.
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B Concluding remarks
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Concluding remarks

B Using the monotaffine functions and convexity triple free strings one can extend the
representation result in Brokate-Sprekels 1996 to the vectorial case.

B [f one is considering piecewise affine or piecewise monotaffine and continuous inputs,
one needs not the memorizes the whole evolution of the input to be able to evaluate the
value of the hysteresis operator, one needs only to keep track of the positions of the
directions changes of the input.

B The string representation of hysteresis operators can be used to formulated and
investigated properties of these operators. For example:
B Which elements of a string can be removed without changing the value returned by
the string function, c.f. Madelung deletion in Brokate-Sprekels 19967
B The level-set functions generalizing those considered in Brokate-Sprekels simplify
the investigation of the hysteresis operator.
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