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Abstract

We develop a Fourier approach to rough path integration, based on the series decom-

position of continuous functions in terms of Schauder functions. Our approach is rather
elementary, the main ingredient being a simple commutator estimate, and it leads to re-
cursive algorithms for the calculation of pathwise stochastic integrals, both of It6 and of
Stratonovich type. We apply it to solve stochastic differential equations in a pathwise

manner.
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1 Introduction

The theory of rough paths [Lyo98] has recently been extended to a multiparameter set-
ting [Hail4, GIP13]. While [Hail4] has a much wider range of applicability, both approaches
allow to solve many interesting SPDEs that were well out of reach with previously existing
methods; for example the continuous parabolic Anderson in dimension two [Hail4, GIP13,
CF14], the three-dimensional stochastic quantization equation [Hail4, CC13], the KPZ equa-
tion [Hail3, GP14], or the three-dimensional stochastic Navier Stokes equation [ZZ14b, ZZ14a).
Our methods developed in [GIP13] are based on harmonic analysis, on Littlewood-Paley de-
compositions of tempered distributions, and on a simple commutator lemma. This requires
a non-negligible knowledge of Littlewood-Paley theory and Besov spaces, while at the same
time the application to classical rough path SDEs is not quite straightforward. That is why
here we develop the approach of [GIP13] in the slightly different language of Haar / Schauder
functions, which allows us to communicate our basic ideas while requiring only very basic
knowledge in analysis. Moreover, in the Haar Schauder formulation the application to SDEs
poses no additional technical challenges.

It is a classical result of Ciesielski [Cie60] that C® := C%([0,1],R%), the space of o
Holder continuous functions on [0, 1] with values in R?, is isomorphic to ZOO(]Rd), the space of
bounded sequences with values in R?. The isomorphism gives a Fourier decomposition of a
Holder-continuous function f as

f = Z<Hpm7 df>Gpm7
p,m

where (Hp,,) are the Haar functions and (G,,) are the Schauder functions. Ciesielski proved
that a continuous function f is in C%([0, 1], RY) if and only if the coefficients ((Hpm,df))pm
decay rapidly enough. Following Ciesielski’s work, similar isomorphisms have been developed
for many Fourier and wavelet bases, showing that the regularity of a function is encoded in
the decay of its coefficients in these bases; see for example Triebel [Tri06].

But until this day, the isomorphism based on Schauder functions plays a special role in
stochastic analysis, because the coefficients in the Schauder basis have the pleasant property
that they are just rescaled second order increments of f. So if f is a stochastic process with
known distribution, then also the distribution of its coefficients in the Schauder basis is known



explicitly. A simple application is the Lévy-Ciesielski construction of Brownian motion. An
incomplete list with further applications will be given below.

Another convenient property of Schauder functions is that they are piecewise linear, and
therefore their iterated integrals [ Gpm(s)dGyn(s), can be easily calculated. This makes them
an ideal tool for our purpose of studying integrals. Indeed, given two continuous functions
f and g on [0, 1] with values in £(R? R™), the space of linear maps from R¢ to R", and R?
respectively, we can formally define

/f )dg(s) ==Y > (Hpm,d an,dg/Gpm §)dGyn (s).

pm gq,n

In this paper we study, under which conditions this formal definition can be made rigorous.
We start by observing that the integral introduces a bounded operator from C* x C? to C8
if and only if & + 8 > 1. Obviously, here we simply recover Young’s integral [You36]. In our
study of this integral, we identify different components:

/0 £(5)dg(s) = S(f.9)(t) + 7< (. 9)(t) + L(f.9)(2),

where S is the symmetric part, T~ the paraproduct, and L(f, g) the Lévy area. The operators
S and 7. are defined for f € C* and g € CP for arbitrary a,8 > 0, and it is only the
Lévy area which requires o + 8 > 1. Considering the regularity of the three operators, we
have S(f,g) € C*T8, n_(f,g9) € CP, and L(f,g) € C*P whenever the latter is defined.
Therefore, in the Young regime [; f(s)dg(s) — m<(f,g) € C*™. We will also see that for
sufficiently smooth functions F' we have F(f) € C% but F(f) — n<(DF(f), f) € C**. So
both [, f(s)dg(s) and F(f) are given by a paraproduct plus a smoother remainder. This
leads us to call a function f € C paracontrolled by g if there exists a function f9 € C? such
that f — m-(f9,g) € C**A. Our aim is then to construct the Lévy area L(f,g) for a < 1/2
and f paracontrolled by g. If 5 > 1/3, then the term L(f — n<(f9,¢),g) is well defined,
and it suffices to make sense of the term L(7<(f9,g),g). This is achieved with the following
commutator estimate:

H (r<(f%.g / ()4, )| < 115l gl

36

Therefore, the integral fo )dg(s) can be constructed for all f that are paracontrolled by
g, provided that L(g,g) can be constructed. In other words, we have found an alternative
formulation of Lyons’ [Lyo98] rough path integral, at least for Hélder continuous functions of
Holder exponent larger than 1/3.

Since we approximate f and g by functions of bounded variation, our integral is of
Stratonovich type, that is it satisfies the usual integration by parts rule. We also consider a
non-anticipating Itd type integral, that can essentially be reduced to the Stratonovich case
with the help of the quadratic variation.

The last remaining problem is then to construct the Lévy area L(g, g) for suitable stochas-
tic processes g. We construct it for certain hypercontractive processes. For continuous mar-
tingales that possess sufficiently many moments we give a construction of the It6 iterated
integrals that allows us to use them as integrators for our pathwise It6 integral.

Below we give some pointers to the literature, and we introduce some basic notations
which we will use throughout. In Section 2 we recall some details on Ciesielski’s isomor-
phism, and we give a short overview on rough paths and Young integration. In Section 3



we develop a paradifferential calculus in terms of Schauder functions, and we examine the
different components of Young’s integral. In Section 4 we construct the rough path integral
based on Schauder functions. Section 5 develops the pathwise It integral. In Section 6 we
construct the Lévy area for suitable stochastic processes. And in Section 7 we apply our
integral to solve both It6 type and Stratonovich type SDEs in a pathwise way.

Relevant literature Starting with the Lévy-Ciesielski construction of Brownian motion,
Schauder functions have been a very popular tool in stochastic analysis. They can be used
to prove in a comparatively easy way that stochastic processes belong to Besov spaces; see
for example Ciesielski, Kerkyacharian, and Roynette [CKR93|, Roynette [Roy93], and Rosen-
baum [Ros09]. Baldi and Roynette [BR92] have used Schauder functions to extend the large
deviation principle for Brownian motion from the uniform to the Holder topology; see also Ben
Arous and Ledoux [BL94] for the extension to diffusions, Eddahbi, N’zi, and Ouknine [ENO99]
for the large deviation principle for diffusions in Besov spaces, and Andresen, Imkeller, and
Perkowski [AIP13] for the large deviation principle for a Hilbert space valued Wiener process
in Holder topology. Ben Arous, Gradinaru, and Ledoux [BGL94| use Schauder functions to
extend the Stroock-Varadhan support theorem for diffusions from the uniform to the Holder
topology. Lyons and Zeitouni [LZ99] use Schauder functions to prove exponential moment
bounds for Stratonovich iterated integrals of a Brownian motion conditioned to stay in a
small ball. Gantert [Gan94] uses Schauder functions to associate to every sample path of the
Brownian bridge a sequence of probability measures on path space, and continues to show
that for almost all sample paths these measures converge to the distribution of the Brownian
bridge. This shows that the law of the Brownian bridge can be reconstructed from a single
“typical sample path”.

Concerning integrals based on Schauder functions, there are three important references:
Roynette [Roy93] constructs a version of Young’s integral on Besov spaces and shows that
in the one dimensional case the Stratonovich integral fo F(W4)dWs, where W is a Brownian
motion, and F € C?, can be defined in a deterministic manner with the help of Schauder
functions. Roynette also constructs more general Stratonovich integrals with the help of
Schauder functions, but in that case only almost sure convergence is established, where the
null set depends on the integrand, and the integral is not a deterministic operator. Ciesielski,
Kerkyacharian, and Roynette [CKR93]| slightly extend the Young integral of [Roy93], and
simplify the proof by developing the integrand in the Haar basis and not in the Schauder
basis. They also construct pathwise solutions to SDEs driven by fractional Brownian motions
with Hurst index H > 1/2. Kamont [Kam94] extends the approach of [CKR93| to define
a multiparameter Young integral for functions in anisotropic Besov spaces. Ogawa [Oga84,
Oga85| investigates an integral for anticipating integrands he calls noncausal starting from
a Parseval type relation in which integrand and Brownian motion as integrator are both
developed by a given complete orthonormal system in the space of square integrable functions
on the underlying time interval. This concept is shown to be strongly related to Stratonovich
type integrals (see Ogawa [Oga85], Nualart, Zakai [NZ89]), and used to develop a stochastic
calculus on a Brownian basis with noncausal SDE (Ogawa [Oga07]).

Rough paths have been introduced by Lyons [Lyo98], see also [Lyo95, LQ96, LQ97] for
previous results. Lyons observed that solution flows to SDEs (or more generally ordinary dif-
ferential equations (ODEs) driven by rough signals) can be defined in a pathwise, continuous
way if paths are equipped with sufficiently many iterated integrals. More precisely, if a path



has finite p—variation for some p > 1, then one needs to associate |p| iterated integrals to it
to obtain an object which can be taken as the driving signal in an ODE, such that the solu-
tion to the ODE depends continuously on that signal. Gubinelli [Gub04, Gub10] simplified
the theory of rough paths by introducing the concept of controlled paths, on which we will
strongly rely in what follows. Roughly speaking, a path f is controlled by the reference path
g if the small scale fluctuations of f “look like those of g”. Good monographs on rough paths
are [LQO02, LCLO7, FV10b, FH14].

Notation and conventions. Throughout the paper, we use the notation a < b if there
exists a constant ¢ > 0, independent of the variables under consideration, such that a < c-b,
and we write a ~ b if a < b and b < a. If we want to emphasize the dependence of ¢ on the
variable z, then we write a(z) <, b(x).

For a multi-index g = (p1,...,pq) € N% we write |p| = p1 + ... + pg and O* =
ol oL ... 94 DF or F' denote the total derivative of F. For k € N we denote by D*F the
k-th order derivative of F. We also write 0, for the partial derivative in direction z.

2 Preliminaries

2.1 Ciesielski’s isomorphism

Let us briefly recall Ciesielski’s isomorphism between C([0, 1], R?) and ¢*°(RY). The Haar
functions (Hpm,p € N,1 < m < 2P) are defined as

Var, o te [ A

Hpm(t) = _\/277 te [22717};117 Qmp) )
0, otherwise.

When completed by Hyy = 1, the Haar functions are an orthonormal basis of L%([0, 1], d¢).
For convencience of notation, we also define Hyg = 0 for p > 1. The primitives of the Haar
functions are called Schauder functions and they are given by Gpn(t) := fg H,(s)ds for
t€[0,1], pe N, 0 < m < 2P. More explicitly, Goo(t) =t and for p € N, 1 <m < 2P

op/2 (t _ m—l) L te [m—l 2m—1) ’

2p op ) optl
Gpm(t) = =22 (t = 35), te[5F5),

0, otherwise.

Since every Gpp, satisfies Gy, (0) = 0, we are only able to expand functions f with f(0) = 0in
terms of this family (Gpy,). Therefore, we complete (Gp,) once more, by defining G_19(t) := 1

for all ¢ € [0,1]. To abbreviate notation, we define the times t;;m, i=0,1,2, as

o . m—1 1 2m-—1 o . m
ZL/pm T P ’ pm T op+1 ’ pm T 2717’

for p € Nand 1 < m < 2P. Further, we set t%,, := 0, tL,, := 0, t2;, := 1, and t), := 0,
t(l)o =1, t%o =1, as well as t;o :=0for p>1and:=0,1,2. The definition of t’;w and t%o
for ¢ # 1 is rather arbitrary, but the definition for ¢ = 1 simplifies for example the statement
of Lemma 2.1 below.



For f € C([0,1],R%), p € N, and 1 < m < 2P, we write
<Hpm7df> ::2g [(f (tgl;m) - f (tgm)) - (f (t127m) —f (tlljm))]
=25 [2f (thn) = F (t9) — f (tm)]

and (Hoo,df) := f(1) — f(0) as well as (H_19,df) := f(0). Note that we only defined G_o
and not H_qg.

Lemma 2.1. For f: [0,1] — R?, the function

k2P k 2P
fr = (H10,df)G 10+ (Hoo,df)Goo + > Y (Hpm, df)Gpm = > Y (Hpm, df) G
p=0m=1 p=—1m=0

is the linear interpolation of f between the points t{lo,t[l)o,t;m, 0<p<k1<m<2P Iff
is continuous, then (fi) converges uniformly to f as k — oc.

Ciesielski [Cie60] observed that if f is Holder-continuous, then the series (fx) converges
absolutely and the speed of convergence can be estimated in terms of the Holder norm of f.
The norm ||-||ce is defined as

|fst
Co 1= + su :
I7llcw = I1flle +  sup_ =0,

where we introduced the notation

fsp = F(t) = f(s).

Lemma 2.2 ([Cie60]). Let a € (0,1). A continuous function f :[0,1] — R is in C if and
only if sup,, ,, 2P 2 |(H,,. df)| < oo. In this case

sup 27| (Hpp, df)| = | lo and &)
p,m
oo 2P
1 = fv-tlloo = || 32 D2 WKHpm, df) G| S 1127,
p=N m=0

Before we continue, let us slightly change notation. We want to get rid of the factor 277/
in (1), and therefore we define for p € N and 0 < m < 2P the rescaled functions

Xpm 1= 2§Hpm and Ppm = 2§Gpm,
as well as ¢p_19 := G_190 = 1. Then we have for p € Nand 1 <m < 2P

1
p [P _p 2m—1 2m —2 1
bl = ) =28 [ 2has =2 (558 - 2052 )

0
pm
so that [|¢pmllc < 1 for all p,m. The expansion of f in terms of (¢pm) is given by fi =
S0 Yoo fym@pm, Where f_1g:= f(1), and foo := f(1) — f(0) and for p € N and m > 1

fpm = 27P<Xpm7df> =2f (’%m) —f (tgm) —f (th) = fio, 0, — feu 2 -

pm> tpm pmtpm

We write (xpm,df) := 2P fpm, for all values of (p,m), despite not having defined x_1¢.



Definition 2.3. For a > 0 and f: [0,1] — R¢ the norm ||-||, is defined as

[fllov := sup 2% fpml,
pm

and we write
¢ = co(RY) == { f € C10,1],RY) 1 || flla < o0}

The space C® is isomorphic to £>°(R%), in particular it is a Banach space. For o € (0,1),
Ciesielski’s isomorphism (Lemma 2.2) states that C* = C%(]0,1], R?). Moreover, it can be
shown that C! is the Zygmund space of continuous functions f satisfying [2f(x) — f(x + h) —
f(z — h)] < h. But for @ > 1, there is no reasonable identification of C* with a classical
function space. For example if o € (1,2), the space C*([0,1],RY) consists of all continuously
differentiable functions f with (aw—1)-Hdlder continuous derivative D f. Since the tent shaped
functions ¢y, are not continuously differentiable, even an f with a finite Schauder expansion
is generally not in C'*.

The a priori requirement of f being continuous can be relaxed, but not much. Since the
coefficients (fpm) evaluate the function f only in countably many points, a general f will not
be uniquely determined by its expansion. But for example it would suffice to assume that f
is cadlag.

Littlewood-Paley notation. We will employ notation inspired from Littlewood-Paley the-
ory. For p > —1 and f € C([0,1]) we define

2P
Apf = fomepm  and  Spfi=> A.f.
m=0

q<p

We will occasionally refer to (A, f) as the Schauder blocks of f. Note that

*={f € C([0,1],RY) : [|2**[|Apflloc)plie < o0}.

2.2 Young integration and rough paths

Here we present the main concepts of Young integration and of rough path theory. The results
presented in this section will not be applied in the remainder of this chapter, but we feel that
it could be useful for the reader to be familiar with the basic concepts of rough paths, since
it is the main inspiration for the constructions developed below.

Young’s integral [You36] allows to define [ fdg for f € C%, g € CP, and a+ 8 > 1. More
precisely, let f € C® and g € C? be given, let t € [0, 1], and let m = {to,...,tx} be a partition
of [0,t], i.e. 0 =1tg < t1 <--- <ty =t. Then it can be shown that the Riemann sums

N—

S Fg(th) - F(t) (gtir) — 9(t)

tpe™ k=0

,_.

converge as the mesh size maxy—o . ~n—1 [tk+1 — tx| tends to zero, and that the limit does not
depend on the approximating sequence of partitions. We denote the limit by fo s)dg(s),



and we define fstf(r)dg(r) = f(ff(r — J5 f( . The function ¢ fo s)dg(s) is
uniquely characterized by the fact that

t
/ F(r)dg(r) — f(s)(g(t) = g()| S It = s[** N fllallglls

for all s,t € [0,1]. The condition o+ 3 > 1 is sharp, in the sense that there exist f,g € C/2,
and a sequence of partitions (m,),eny With mesh size going to zero, for which the Riemann
sums >, oo f(tr)(9(tkt1) — g(tk)) do not converge as n tends to oo.

The condition o + 8 > 1 excludes one of the most important examples: we would like
to take ¢g as a sample path of Brownian motion, and f = F(g). Lyons’ theory of rough
paths [Lyo98] overcomes this restriction by stipulating the “existence” of basic integrals and
by defining a large class of related integrals as their functionals. Here we present the approach
of Gubinelli [Gub04].

Let o € (1/3,1) and assume that we are given two functions v,w € C%, as well as an
associated “Riemann integral” I} = [/ "v(r)dw(r) that satisfies the estimate

|(I)ISJ:ZU = |I§;tw - U(S)ws7t| S |t — S|2a' (2)

The remainder ®** is often (incorrectly) called the area of v and w. This name has its origin
in the fact that its antisymmetric part 1/2(®.;" — @;Utv) corresponds to the algebraic area
spanned by the curve ((v(r),w(r)) : r € [s,t]) in the plane R?.

If « < 1/2, then the integral 1" cannot be constructed using Young’s theory of integra-
tion, and also I"" is not uniquely characterized by (2). But let us assume nonetheless that
we are given such an integral 1" satisfying (2). A function f € C% is controlled by v € C¢
if there exists f¥ € C°, such that for all s,t € [0, 1]

‘fs7t_f:’l)87t| S ‘t_s‘2a. (3)

Propostion 2.4 ([Gub04], Theorem 1). Let a > 1/3, let v,w € C®, and let I satisfy (2).
Let f and g be controlled by v and w respectively, with derivatives fU and g. Then there
exists a unique function I(f,g) fo ) that satisfies for all s,t € [0, 1]

(S, 9)s0 = f(S)gs,t - f”(S)gw(S)@l),’?”I St = sl

If (my,) is a sequence of partitions of [0,t], with mesh size going to zero, then

1(£,9)(t) = Tim > (F(t)gna s + [L00 005, ) -
tpEmy

The integral I(f,g) coincides with the Riemann-Stieltjes integral and with the Young
integral, whenever these are defined. Moreover, the integral map is self-consistent, in the sense
that if we consider v and w as paracontrolled by themselves, with derivatives v¥ = w% = 1,
then I(v,w) = I"".

The only remaining problem is the construction of the integral IV*. This is usually
achieved with probabilistic arguments. If v and w are Brownian motions, then we can for
example use It6 or Stratonovich integration to define I"*. Already in this simple example
we see that the integral IV is not unique if v and w are outside of the Young regime.

It is possible to go beyond « > 1/3 by stipulating the existence of higher order iterated
integrals. For details see [Gub10] or any book on rough paths, such as [LQ02, LCL0O7, FV10b,
FH14).



3 Paradifferential calculus and Young integration

In this section we develop the basic tools that will be required for our rough path integral in
terms of Schauder functions, and we study Young’s integral and its different components.

3.1 Paradifferential calculus with Schauder functions

Here we introduce a “paradifferential calculus” in terms of Schauder functions. Paradifferen-
tial calculus is usually formulated in terms of Littlewood-Paley blocks and was initiated by
Bony [Bon81]. For a gentle introduction see [BCD11].

We will need to study the regularity of me UpmPpm, Where uy, are functions and not
constant coefficients. For this purpose we define the following space of sequences of functions.

Definition 3.1. If (upmy, : p > —1,0 < m < 2P) is a family of affine functions of the form

Upm, [tgm, tf,m} — R?, we set for a > 0

[ (pm) |4 = sup 2P|t || oo,
p?m

where it is understood that [[upmlec := maxiepo 2 1|upm(t)]. The space A% := A%(RY) is
then defined as

A% = {(upm)pz,mgmggp D Upm, € C([tgm,tgm],Rd) is affine and ||(upm )|l 4o < oo} .

In Appendix A we prove the following regularity estimate:

Lemma 3.2. Let a € (0,2) and let (upm) € A%. Then }, , upmppm € C*, and
|37 tomeom]|, S ot
p?m &

Let us introduce a paraproduct in terms of Schauder functions.

Lemma 3.3. Let € (0,2), let v € C([0,1], L(RE,R™)), and w € C*(R?). Then

o0
me(v,w) =) Spo1vByw € COR™Y) and  |me(v,w)]s S [vlloolwl|s- (4)

p=0
Proof. We have m<(v,w) = 3 UpmPpm with upp, = (Sp_lv)“tgm’t%m}wpm. For every
(p,m), the function (Sp,lv)htgm’t}zm] is the linear interpolation of v between tgm and t}%m‘

As [[(Sp-1v)[p0, 2 1Wpmlleo < 27PB||v||oo||w]| 5, the statement follows from Lemma 3.2. O

pmiUpm

Remark 3.4. If v € C*(R) and w € C’(R), we can decompose the product vw into three
components, vw = T« (v, w)+ms (v, w)+7o (v, w), where 7 (v, w) := 7= (w, v) and 7w, (v, w) =
>_p ApvAjyw, and we have the estimates

7> (v, w)lla S [[ollallwle,  and mo(v, w)llars S [ollallwls

whenever « + 3 € (0,2). However, we will not use this.



The paraproduct allows us to “paralinearize” nonlinear functions. We allow for a smoother
perturbation, which will come in handy when constructing global in time solutions to SDEs.

Propostion 3.5. Let a € (0,1/2), 3 € (0,a], let v € C¥RY), w € C*TP, and F €
Cy /(R R). Then

1F (v +w) = 7<(DF +w), v)llats S [Fllgresra(l+ lolla) 5 (1 + wllass). — (5)

IfF e C§+6/a, then F(v) —rm<(DF(v),v) depends on v in a locally Lipschitz continuous way:
[1F(v) = < (DF(v),v) = (F(u) = 7<(DF(u), u))|lats
S IFll garora (L4 Jlvlla + lulla) o = ulla- (6)

Proof. First note that ||F(v+w)|eo < || F|co, which implies the required estimate for (p, m) =
(—=1,0) and (p,m) = (0,0). For all other values of (p,m) we apply a Taylor expansion:

(F(v+w))pm = DF(U(tgljm) + w(tglam))vpm + Rpm,
where |Rpp,| < 2_p(°‘+5)HFHC;W/Q(Hva’B/a + ||w]la4p). Subtracting 7« (DF(v),v) gives

Flv4+w) —n<(DF(v+ w) v)
= SIDF(u () + () = (Sy-aDF (0 + )l

pm 7t;2rm]

[vpmepm + R.

Now (Sp—1DF(v+ w))’[tgm,t?,m} is the linear interpolation of DF (v + w) between tg and t]%m,
so according to Lemma 3.2 it suffices to note that

12,11 0pm|loo

IDF(0(thy) + w(th)) = (Spm1DF (0 +w))lg, o
S 2P IDF (o +w)lloa2 " olla S 27X IF o (14 olla + folla) o]l

The local Lipschitz continuity is shown in the same way. O
Remark 3.6. Since v has compact support, it actually suffices to have F' € C18/® without
assuming boundedness. Of course, then the estimates in Proposition 3.5 have to be adapted.

Remark 3.7. The same proof shows that if f is controlled by v in the sense of Section 2.1, i.e.
fsit = fU(s)vst + Rsy with f¥ € C* and |Rs¢| < ||R|24(t — 5|2, then f — 7. (fY,v) € C?*.

3.2 Young’s integral and its different components

In this section we construct Young’s integral using the Schauder expansion. If v € C* and
w € CP, then we formally define

/O‘U(S)dw(s) =)D Upmilgn /0 Ppm (8)dpgn(s) 2/ Apv(s)dAgw(s).

pm g,n

We show that this definition makes sense provided that o + 8 > 1, and we identify three
components of the integral that behave quite differently. This will be our starting point
towards an extension of the integral beyond the Young regime.

In a first step, let us calculate the iterated integrals of Schauder functions.

10



Lemma 3.8. Letp > q > 0. Then
! 2 0
/0 o (5)dpgn () = 277 2 gn (19,1) %

for all m,n. If p = q, then fol ©pm(8)depn(s) = 0, except if p = q¢ = 0, in which case the
integral is bounded by 1. If 0 < p < q, then for all (m,n) we have

1
/0 o (5)dgn(s) = —271 2y (12,) (8)

If p = —1, then the integral is bounded by 1.

Proof. The cases p = g and p = —1 are easy, so let p > ¢ > 0. Since x4n = an(tgm) on the
support of ¢p,, we have

1 1
| om0 = Xaulth) [ 515 = g W22
If 0 < p < g, then integration by parts and (7) imply (8). O
Next we estimate the coefficients of iterated integrals in the Schauder basis.

Lemma 3.9. Leti,pZ—l,qu,0§j§2i,05m§2p,0§n§2‘1. Then

2 <Xij>d</. ¢meqnd3>>‘ < 2—2(inVq)+p+q’ 9)
0

except if p < q = 1. In this case we only have the worse estimate

<Xij>d</0. Someqnd5>>‘ <1 (10)

Proof. We have <X,10,d(f0' ©pmXqnds)) = 0 for all (p,m) and (g,n). Soleti > 0. Ifi < pVgq,
then x;; is constant on the support of @pmXgn, and therefore Lemma 3.8 gives

2—i

27" |(Xijs PpmXan) | < [{@pms Xqn)| < 2PHI2OVD = g=2VPVO)Fpa,

Now let ¢ > g. Then x4, is constant on the support of x;;, and therefore another applica-
tion of Lemma 3.8 implies that

27 |(Xijs PpmXqn)| < 9—i9qop+i—2(pVi) _ 9—2(iVpVg)+pr+q

The only remaining case is ¢ = g > p, in which

2
ij

2 i )| <2 [ o (5)ds < gl < 1.

i
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Corollary 3.10. Leti,p > —1 and ¢ > 0. Let v € C([0,1], L(RY,R"™)) and w € C([0,1],R?).
Then

ol [ avvnanu)| 2 m o rraaog) . (1)
except if i = q > p. In this case we only have the worse estimate
|a( /0 Apu(8)A8qu(s) )| S 180 lacl| Agw]oc. (12)

Proof. The case i = —1 is easy, so let i > 0. We have

A%(/O APU(S)quw(S)> = Z Upqun@_iXij»‘Pmeqn><Pij-

]7m7n

For fixed j, there are at most 2(0VPVa)—

obtain from Lemma 3.9 that

non-vanishing terms in the double sum. Hence, we

S 20PYDT Ao | Aqul|oo (27 2VPVOIPH 415 )

~

H Z Upqun<27iX7jj, QOmeqn>SOij

m,n

= (2‘<ivqu>_i+p+q + Lizgop) [ Apv][ ool Aqw ]| so-
]

Corollary 3.11. Let i,p,q > —1. Let v € C([0,1], L(RY,R")) and w € C([0,1],RY). Then
for pV q <i we have

18 (ApvAgw) ||, S 27 CPVD=HPHYA oo | Aqu]loo, (13)
except if i =q > p ori =p > q, in which case we only have the worse estimate
1Ai(AprAqw) oo S A0l Aqwlloc- (14)
If p>i orq>i, then Ay(AppAgw) = 0.

Proof. The case p = —1 or ¢ = —1 is easy. Otherwise we apply integration by parts and
note that the estimates (11) and (12) are symmetric in p and ¢. If for example p > 4, then
Ap(v)(tfj) =0 for all k, j, which implies that A;(A,pA,w) = 0. O

The estimates (11) and (12) allow us to identify different components of the integral
Jo o( . More precisely, (12) indicates that the series > _ [ Apv(s)dAgw(s) is rougher
than the remamder 2 p>q Jo Apv(s)dAqw(s). Integration by parts gives

S [ Buvls)adgu(s) = mev,0) = 35 vt [ n5)iem(s)

p<q p<qg mn

This motivates us to decompose the integral into three components, namely

Z/ Apv(s)dAgw(s) = L(v,w) + S(v,w) + 7< (v, w).

12



Here L is defined as the antisymmetric Lévy area (we will justify the name below by showing
that L is closely related to the Lévy area of certain dyadic martingales):

L(v,w) := Z Z(vpqun — vqnwpm)/ CpmdQgn

p>qg myn 0
= Z (/ ApvdS,_1w —/ d(Sp_lv)pr> .
> 0 0

The symmetric part S is defined as

S(an) = Z UOmwOn/ SOOmdQODn'i‘ZZUpmwpm/ @pmd@pm
0 0

m,n<1 p>1 m
‘ 1
= Z VomWon Yomdeon + 5 Z Ap'Upr7
mn<1 0 p>1

and 7. is the paraproduct defined in (4). As we observed in Lemma 3.3, 7~ (v, w) is always
well defined, and it inherits the regularity of w. Let us study S and L.

Lemma 3.12. Let o, 5 € (0,1) be such that a+ > 1. Then L is a bounded bilinear operator
from C® x CP to CT5,

Proof. We only argue for Jo ApvdS, 1w, the term — [; d(Sp—1v)A,w can be treated with
the same arguments. Corollary 3.10 (more precisely (11)) implies that

[ ([, amasrw)]
<SS [a( [ awasg) |+ 3 8l [ speasg)]|
p>i q<p

p<i q<p
< (Z D27 oo 2 Pwlls + Y0 z—“qz—m||vua2—qﬂuw||ﬁ)
p<i q<p p>1 q<p
i(a+8

Sats 27D jolla[lwlls,

where we used 1—a < 0 and 1—/ < 0 and for the second series we also used that a+5 > 1. 0O
Unlike the Lévy area L, the symmetric part S is always well defined. It is also smooth.

Lemma 3.13. Let o, 8 € (0,1). Then S is a bounded bilinear operator from C* x CP to CoHP.

Proof. This is shown using the same arguments as in the proof of Lemma 3.12. O

In conclusion, the integral consists of three components. The Lévy area L(v,w) is only
defined if &+ 3 > 1, but then it is smooth. The symmetric part S(v,w) is always defined and
smooth. And the paraproduct 7 (v,w) is always defined, but it is rougher than the other
components. To summarize:

13



Theorem 3.14 (Young’s integral). Let o, 5 € (0,1) be such that o+ 3 > 1, and let v € C*
and w € CB. Then the integral

I(v,dw) := Z/ ApudAgw = L(v,w) 4+ S(v,w) + 7 (v, w) € C?
0
P

satisfies |[I(v, dw)|[s < [|vllallwlls and
(v, dw) = 7<(v,w)[latp S [[0]lallw]]p- (15)

Lévy area and dyadic martingales

Here we show that the Lévy area L(v,w)(1) can be expressed in terms of the Lévy area of
suitable dyadic martingales. To simplify notation, we assume that v(0) = w(0) = 0, so that
we do not have to bother with the components v_1¢ and w_jg.

We define a filtration (F,)n>0 on [0, 1] by setting

fn:U(Xpm:0§p§n7O§m§2p)v

we set F = \/, F,, and we consider the Lebesgue measure on ([0, 1], ). On this space,
the process M, = ZZ:O 23::0 Xpm, n € N, is a martingale. For any continuous function

v :[0,1] — R with v(0) = 0, the process

n 2P n 2P
My, = Z Z (27 Xpm, Av)Xpm = Z Z UpmXpm = OpSnv,
p=0 m=0 p=0 m=0

n € N, is a martingale transform of M, and therefore a martingale as well. Since it will be
convenient later, we also define F_; = {0, [0,1]} and MY, = 0 for every v.

Assume now that v and w are continuous real-valued functions with v(0) = w(0) = 0, and
that the Lévy area L(v,w)(1) exists. Then it is given by

oo p—1

1
L(v,w)(1) = ZZ Z(Upqun - anwpm)/o ©pm(8)Xqn(s)ds

p=0 g=0 m,n
oo p—1

1
= Z Z Z(Upqun - anwpm>2p/0 an(s)l[tg7n,tg7,L)(3)d3<90pm; 1)

p=0 q=0 m,n
oo p—1

1
- Z Z Z(Upqun - anwpm)Q_p/O an(S)sz(s)ds2_p_2

p=0 q=0 m,n
oo p—1

1
= Z Z 2—2])—2 /0 Z Z(vpqun - anwpm)an(s)xpm(s)XPm/(S)ds’

p=0¢=0 m,n m/

where in the last step we used that xpm and xpm, have disjoint support for m # m/. The
p-th Rademacher function (or square wave) is defined for p > 1 as

op
() 1= 3 2P (1),
m/=1

14



The martingale associated to the Rademacher functions is given by Ry := 0 and R, :=
Zzzl i for p > 1. Let us write AMy = M, — M | and similarly for M" and R and all
other discrete time processes that arise. This notation somewhat clashes with the expression
A,v for the dyadic blocks of v, but we will only use it in the following lines, where we do
not directly work with dyadic blocks. The quadratic covariation of two dyadic martingales is
defined as [M, N, :=>"}'_ ) AM,ANy, and the discrete time stochastic integral is defined as

(M - N)y = >0y Mi_1ANy. Writing E(-) for the integral fol -ds, we obtain
oo p—1
Lv,w)(1) =) > 277 °E(AMJAMYAR, — AM{AMAR,)

p=0 ¢=0

=> 2P 2E (MY AM) — My AM}) AR,)
p=0

=Y 27 %E (A [M® - M° — MY - MY, R]p> .
p=0

Hence, L(v,w)(1) is closely related to the Lévy area 1/2(M"™ - MV — M - M™) of the dyadic
martingale (MY, M™).

4 Paracontrolled paths and pathwise integration beyond Young

In this section we construct a rough path integral in terms of Schauder functions.

4.1 Paracontrolled paths

We observed in Section 3 that for w € C* and F € C’;+6/a we have F(w) — m«(DF(w),w) €
CotB. In Section 3.2 we observed that if v € C*, w € C? and a + B > 1, then the Young
integral I(v, dw) satisfies I (v, dw)—n<(v,w) € C**P. Hence, in both cases the function under
consideration can be written as 7~ (f",w) for a suitable f*, plus a smooth remainder. We
make this our definition of paracontrolled paths:

Definition 4.1. Let a > 0 and v € C®(R%). For 8 € (0,a] we define
DJ = DIR") = {(f, /") € C*(R") x CHLRL,R) : f* = [ = 7c(f",0) € PR }.

If (f, f") € DY , then f is called paracontrolled by v. The function f? is called the derivative
of f with respect to v. Abusing notation, we write f € DY when it is clear from the context
what the derivative f? is supposed to be. We equip Dg with the norm

1£llo,s = 15Nl + 1l ats-
If v € C* and (f, f7) € Dg, then we also write
dps (f, ) =11 = Flls + 1f* = Follate.

Ezample 4.2. Let o € (0,1) and v € C®. Then Proposition 3.5 shows that F(v) € D} for
every F' € C;Jrﬁ/a, with derivative DF(v).
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Ezample 4.3. Let a + > 1 and v € C%, w € CP. Then by (15), the Young integral I (v, dw)
is in D¢, with derivative v.

Ezample 4.4. f a+ < 1 and v € C%, then (f, f) € DY if and only if | fst— flvss] S |t—s|otP
and in that case
’ ;]t’ ’fst

v
v ) B U7 <
I.f Hoo+sup Ta—re +S;I§ TR If

vs(1+[[vlla)-

Indeed we have |fPvs: — m<(f%,v)se| < |t — 8|°P||£°]I5]|v]|as Which can be shown using
similar arguments as for Lemma B.2 in [GIP13]. In other words, for o € (0,1/2) the space
D¢ coincides with the space of controlled paths defined in Section 2.2.

The following commutator estimate, the analog of Theorem 2.3 of [Bon81] in our setting,
will be useful for establishing some stability properties of Df.

Lemma 4.5. Let o, 3 € (0,1), and let u € C([0,1], LR R™)), v € C*(LR%R™)), and
w € CP(RY). Then

I7<(u, 7< (v, w)) = w< (w0, W)|ats S ullcol|v]lalwls-

Proof. We have

e (u, e (0, w)) = T (wv, w) = Y (Sp-1tlme (v, W))pm — Sp—1 (L) Wprm ) Ppm

and [Sp_1u(m< (v, w))pm — Sp—1(uv)wpm||fo is affine. By Lemma 3.2 it suffices to control

pm> m]

[[Sp—1u(m< (v, w))pm — Sp— l(u”)wpm”[tgm,tgm]uoo-
The cases (p,m) = (—1,0) and (p,m) = (0,0) are easy, so let p > 0 and m > 1. For
r < q < p we denote by m, and m, the unique index in generation ¢ and r respectively for

which Xpm@gm, Z 0 and similarly for 7. We apply Lemma 3.9 to obtain for ¢ < p

‘(Sq 1UAqw pm| ‘ Z Vrm,. wqmq <Xpm7 d(@rmr Pamyq )> ’
r<q

- ‘ Z Urm,. wqmq27p<Xpm’ Xrm,Pgmg + ©rm, quq>
r<q

< lollallwllg Y 27702 9027Pom 2R trrd < 92 HaCma=D) |y |, [l .
r<q

H <Sp,1u Z(Sq,lquw)pm)
a<p

If p < q, then Aqw(t’;m) = 0 for all k and m, and therefore (S;—1vAqw)pm = 0, so that it only
remains to bound ||[S,— 1u(Sp_1Upr)pm = Sp—1(uv)wpmllo, 12 1llec- We have Apw(ty,,) =
Apw(t2,) = 0and Apw(t), ) = wym/2. On [t9 12 ], the function S,_1v is given by the linear
interpolation of v(t),,) and v(t2,,), and therefore (Sp—1vALW)pm = 5(v(t9,,) + v(t2,,)) Wy,

Hence

H < Nulloollv]allwl] g27P@H+A).

[tpm 7tpm}
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leading to

1[Sp-1u(Sp-10Apw)pm — Sp—1(wv)wpm|lzg, 42 1lloo

2 40
pm pm

< fwpm | > | [ ((t5) +

(8 + 7 g )]

t2 pm Ypm
pm pm

[t9,,,t2 }Hoo

pmtpm
S lullool[vlallw]|s277 ),
where the last step follows by rebracketing. O

As a consequence, we can show that paracontrolled paths are stable under the application
of smooth functions.

Corollary 4.6. Let a € (0,1), g € (0,a], v € C*, and f € DY with derivative fY. Let
F e CbHB/a. Then F(f) € DY with derivative DF(f)f", and

IE(H)llos S 11N gaevare (1 + olla) (L A 11F o) (14 117 lloo) 77

Moreover, there exists a polynomial P which satisfies for all F' € Cerﬂ/a, v € CY, f € Dg,
and

M = max{|[v|la, [|8llas | £l | Fllz,5}
the bound

dps (F(f), F(f)) < P(M)||Fll 245/ (dps (f, ) + lJu = tlla)-

Proof. The estimate for |DF(f)f"||s is straightforward. For the remainder we apply Propo-
sition 3.5 and Lemma 4.5 to obtain

IF(F) s < IF(f) = m<(DF), llars + 1m<DFF), ) llass
+ |[m<(DF(f),7<(f*,v)) = 7<(DF(f)f*,0)|ats
SIEll gressa(+ Im(£*0) o) P40+ | Fllase)
+F N 1 los + 1F Nl 17 lslvlla
S IFl gaara (L4 17 lloo) (1 + flolla) 77 (1 + 11l 6)-

The difference F(f) — F(f) is treated in the same way. O

When solving differential equations it will be crucial to have a bound which is linear in
[ fllv,5- The superlinear dependence on || f*|ls will not pose any problem as we will always
have f = F(f) for some suitable f, so that for bounded F we get || F'(f)|lv,5 Srv 1+ f]lv,8-

4.2 A basic commutator estimate

Here we prove the commutator estimate which will be the main ingredient in the construction
of the integral I(f,dg), where f is paracontrolled by v and g is paracontrolled by w, and where
we assume that the integral (v, dw) exists.
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Propostion 4.7. Let o, 3,7 € (0,1), and assume that o« + +y > 1 and S+ < 1. Let
fec™ velh, and w e C'. Then the “commutator”

C(f’v7w) = L(7r<(f,v),w) _I(deL(va)) (16)
= hIIl [L(SN(W<(f,U))7SNw) - I(fa dL(Svast))}

= hm ZZ

p<N q<p

| Autretron@asgus) = [ a@yme(ro)@am()

- ([ r@ameasu - [ roaam) pw<s>)]

converges in C*TPY=¢ for all e > 0. Moreover,

IC(fs v, w)latpiny S [ fllallvllsllwl]ly-

Proof. We only argue for the first difference in (16), i.e. for

Xy = XX | [ Autretton@ants - [ roapeisne]. )

p<N q<p

The second difference can be handled using the same arguments. First we prove that (Xy)
converges uniformly, then we show that || X || o8+ stays uniformly bounded. This will imply
the desired result, since bounded sets in C*TA17 are relatively compact in CoHA+7—¢,

To prove uniform convergence, note that

Xy - Xy = X | [ avre(fopeasgus) - [ f6aveeaae)

q<N

—Z[ZZ/ANAfAvmquw()

q<N Lj<N i<y

~ ZZ/ Aj(Asf Ano)(s)dAguw(s )] (18)

J>N i<j

where for the second term it is possible to take the infinite sum over j outside of the integral
because Y ;Ajg converges uniformly to g and because Aqw is a finite variation path. We
also used that An(A;fAjv) = 0 whenever ¢ > N or j > N. Ounly very few terms in (18)
cancel. Nonetheless these cancellations are crucial, since they eliminate most terms for which
we only have the worse estimate (14) in Corollary 3.11. We obtain

Xy — XNl_ZZZ/ANAfAU()dAw(

g<N j<N i<j qg<N

2D 3D 30 3 RNEVZNBIBELAE

g<N j>N i1<j

—ZZ/A (A FANV)(s)dAw(s). (19)

q<N j>N

/ AN ANfAN’U)( )dA w( )
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Note that [|0:Aqw|lec S 29]|Aqw|o. Hence, an application of Corollary 3.11, where we use
(13) for the first three terms and (14) for the fourth term, yields

XN = Xn-1lloo S Ifllallvllgllw] [Z D) o HitgTiagTifga(i=)

q<N j<N i<j

+ Z 9—N(at+p)ga(l=y) 4 Z Z ZQ—QJ'-FHNQ—Z'GQ—NﬁQQ(l—W)

q<N g<N j>N i1<j

+ Z Z 2]’0121\7/32!1(17)]

q<N j>N
S I fllallollgllw]y 2~ NP+, (20)

where in the last step we used «, 5,7 < 1. Since o 4+ 8 + v > 1, this gives us the uniform
convergence of (Xy).

Next let us show that || Xn|la+s++ S || fllallv] gllw]y for all N. Similarly to (19) we obtain
forn e N

A, XN = Z ZAn

p<N g<p

>3 /0 Ap(Aif A7) (s)dBqu(s) - /0 DA FA)(5)dA u(s)

> /O | Aj(Az‘prU)(s)quw(s)] ,
j>p i<j

and therefore by Corollary 3.10

1A XN lloo S D [Z > 27T A (A fA ) ool Aql| o

P q<p Lj<p i<j

VI A (A FALD) ool Ague]
D3 zM“ﬂ*qHAxAiprv)HooquwHoo] -
J>p i<j

Now we apply Corollary 3.11, where for the last term we distinguish the cases ¢ < j and ¢ = j.
Using that 1 — v > 0, we get

12X lloo < IFlallvligllwlly D 27071 05 Jomtpmntpg2pgitizalgii=s)
P J<p i<j
+ 9~ (nVp)—ntpg—pag—ps

+ Z Z 9= (nVi)—n+jo—2j+i(1-a)+p(1-p)

Jj>p i<y
+ Z 9—(nVj)—n+tjo—ja—pps
i>p
S llalloliglwly 25+,
where we used both that « + 3+ v > 1 and that 8+ v < 1. O
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Remark 4.8. If 4+~ = 1, we can apply Proposition 4.7 with § — ¢ to obtain that C(f,v,w) €
CoTB71=¢ for every sufficiently small € > 0. If 8+ > 1, then we are in the Young setting
and there is no need to introduce the commutator.

For later reference, we collect the following result from the proof of Proposition 4.7:

Lemma 4.9. Let o, 3,7, f,v,w be as in Proposition 4.7. Then
IC(f, v, w) = L(Sn (m< (£, v)), Svw) = I(f,dL(Snv, Syw))lloo S 27NV flallo]l gl

Proof. Simply sum up (20) over N. O]

4.3 Pathwise integration for paracontrolled paths

In this section we apply the commutator estimate to construct the rough path integral under
the assumption that the Lévy area exists for a given reference path.

Theorem 4.10. Let a € (1/3,1), B € (0,a] and assume that 2a+ 3 > 0 as well as o+ # 1.
Let v € C*(RY) and assume that the Lévy area

L(v,v) :== lim (L(SNUk,SNUZ))

N oo 1<k<d,1<¢<d

converges uniformly and that supy||L(Snyv, SNv)||l2a < 00. Let f € DY(L(RY,R™)). Then
I(Sn f,dSnv) converges in C*¢ for all e > 0. Denoting the limit by I(f,dv), we have

(f; dv)lla S IS

Moreover, I(f,dv) € DY with derivative f and

o (Ivlla + 10112 + 1L (v, v)l|2a)-

(£, dv)llo.e S I1F s (14 10l1G + 1L (v, 0)]l2a)-

Proof. If B+ v > 1, everything follows from the Young case, Theorem 3.14, so let 8+ v < 1.
We decompose

I(SNf, dSNU) = S(SNf, SNU) + 7T<(SNf, SNU) + L(SNfﬂ, SN'U)
+ [L(SNW<(fU, U), SNU) — I(fv, dL(SNU, SN’U))] + I(fv, dL(SNU, SN’U)).

Convergence then follows from Proposition 4.7 and Theorem 3.14. The limit is given by
I(f,dv) = S(f,v) + 7<(f,0) + Lf%,0) + C(f* 0,0) + I(F7, dL (v, v)),
from where we easily deduce the claimed bounds. O

Remark 4.11. Since I(f,dv) = limy_, fo Sy fdSywv, the integral is a local operator in the
sense that I(f,dv) is constant on every interval [s,t] for which f| 4 = 0. In particular we
can estimate I(f,dv)|o, using only flj and f*]jo 4

For fixed v and L(v,v), the map f + I(f,dv) is linear and bounded from DY to D¢, and
this is what we will need to solve differential equations driven by v. But we can also estimate
the speed of convergence of I(Sy f,dSnv) to I(f,dv), measured in uniform distance rather
than in C*:
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Corollary 4.12. Let a € (1/3,1/2] and let B,v, f be as in Theorem 4.10. Then we have for
alle € (0,20 + p — 1)

1T(Sn f,dSnv) — I(f,dv)|lee Se 27 NVEHE=129)) £{1, 5 (J|v]|a + [[0]12)
+ 1728l L(Snv, Snv) — L(v,w)]|20—e-

Proof. We decompose I(Sy f,dSnv) as described in the proof of Theorem 4.10. This gives
us for example the term

[r<(Snf = £, Sn0) + 7<(f, Snv = v)lloo Se 1SN S = flloollvlla + [1flloc [ fllallSnv — vl

for all € > 0. From here it is easy to see that

Im<(Snf = £, Sng) +7<(f, Sng=)lloo S 27V fllallolla S 27V f

But now 8 < a < 1/2 and therefore a > 2o + § — 1.

Let us treat one of the critical terms, say L(Sy f*, Snyv) — L(f*,v). Since 2a +  —& > 1,
we can apply Lemma 3.12 to obtain
IL(Sn %, Swv) = LS, 0)lloo S ILESNF# = £, Sno)l14e + IL(f, Sno = )14

Se 1S8f* = fillive—alvlla + 1 fFllatsllSnv = vll14e—a—sp
S 2 NP lrem ) i gllofla + 27 V@ UFem e £ oy gl

vp(lvlla+[1v]12).

S 2N g

o
Lemma 4.9 gives
IL(Snm<(f°, ), Snv) = L(w<(f*,0),0)[loo S 27N CHED £ g]l0]|2
+ I L(f°, dL(Snv, Syv)) — I(f*,dL(v,v))|co-

The second term on the right hand side can be estimated using the continuity of the Young
integral, and the proof is complete. O

Remark 4.13. In Lemma 4.9 we saw that the rate of convergence of
L(Snm<(f"v), Snv) = I(f", dL(Snv, Snv)) — (L(7<(f*, v),v) = I(f*,dL(v,v)))

is in fact 27N 2a+A-1) when measured in uniform distance, and not just 2~V @a+A-1-¢) Tt ig
possible to show that this optimal rate is attained by the other terms as well, so that

I (Sn f,dSnv) = I(f,dv)llse S 274 £l s ([[0]la + [[0]12)
+ 177 lIL(SNv, Syw) = L(v, w)|20-—e-

Since this requires a rather lengthy calculation, we decided not to include the arguments here.

Since we approximate f and g by the piecewise smooth functions Sy f and Syg when
defining the integral I(f,dg), it is not surprising that we obtain a Stratonovich type integral:

Propostion 4.14. Let a € (1/3,1) and v € C*(RY). Let ¢ > 0 be such that (2+¢)a > 1 and
let F € C?*(R% R). Then

F(o(t) = F(0(0) = I(DF(v),dv)(t) == lim I(SxDF(v),dSyo)(t)

for all t € [0,1].
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Proof. The function Sywv is Lipschitz continuous, so that integration by parts gives
F(Syv(t)) — F(Snv(0)) = I(DF(Snv),dSnv)(t).

The left hand side converges to F(v(t)) — F(v(0)). It thus suffices to show that I(SyDF(v) —
DF(Snv),dSyv) converges to zero. By continuity of the Young integral, Theorem 3.14, it
suffices to show that limy o0 ||SNDF (v) — DF(Snv)|la(i4ery = 0 for all &’ < e. Recall that
Snv is the linear interpolation of v between the points (t;,m) for p < N and 0 < m < 2P, and
therefore A,DF(Snv) = AyDF(v) = ApSyDF (v) for all p < N. For p > N and 1 <m < 2P
we apply a first order Taylor expansion to both terms and use the e-Holder continuity of D?F
to obtain

[SNDF(v) = DF(Snv)]pm| < Crp2 7149 Sy vl
for a constant C'r > 0. Therefore, we get for all ¢/ < e
ISNDF (v) = DF(Sxv)[la(ten Se 27N |[v]a,
which completes the proof. O

Remark 4.15. Note that here we did not need any assumption on the area L(v,v). The
reason are cancellations that arise due to the symmetric structure of the derivative of DF’,
the Hessian of F.

Proposition 4.14 was previously obtained by Roynette [Roy93|, except that there v is

assumed to be one dimensional and in the Besov space B, /

5 Pathwise Ito integration

In the previous section we saw that our pathwise integral I(f,dv) is of Stratonovich type, i.e.
it satisfies the usual integration by parts rule. But in applications it may be interesting to
have an Ito integral. Here we show that a slight modification of I(f,dv) allows us to treat
non-anticipating It6-type integrals.

A natural approximation of a non-anticipating integral is given for k € N by

I f, dv)( Z F@ Vw2, At) —o(tl, At))

= Z Z Z fpqun@pm(tgm)(an(t%m At) — ‘Pqn(tgm At)).

m=1 p,g m,n

Let us assume for the moment that ¢ = m2~% for some 0 < m < 2¥. In that case we obtain
for p > k or ¢ > k that opm (2, )(gn(ts,, At) — @gn(tD,, At)) = 0. For p,q < k, both ppm,
and g, are affine functions on [t2 At,t7 At], and for affine u and w and s < ¢ we have

u(s)(w(t) —w(s)) = / u(r)dw(r) — %[U(t) — u(s)][w(t) — w(s)].
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Hence, we conclude that for ¢t = m2~*

LE(f, dv)(t) = I(Sk—1f, dSk—1v)(t) — %[f, vlk(t), (21)

where [f, v]; is the k—th dyadic approximation of the quadratic covariation [f,v], i.e.

2k
[Fo0lk(®) = D [ (R A ) = F(t AON0(8 A ) = 0(t A D).
m=1
From now on we study the right hand side of (21) rather than I}*°(f,dv), which is justified
by the following remark.
Remark 5.1. Let v € (0,1). If f € C([0,1]) and v € C?, then
1
2

| o (f.aw) = (1St £,08k-10) = 1Sk £, Semroli) | S 2750 el

This holds because both functions agree in all dyadic points of the form m2~%, and because
between those points the integrals can pick up mass of at most || f||ce2 (|0

We write [v,v] := ([v*,v7])1<;j<a and L(v,v) := (L(v*,v7))1<; j<d, and similarly for all
expressions of the same type.

Theorem 5.2. Let o € (0,1/2) and let 3 < « be such that 2a+3 > 1. Letv € C*(R?) and f €
Dg(ﬁ(Rd;R")). Assume that (L(Sgv, Syv)) converges uniformly, with uniformly bounded C**

norm. Also assume that ([v,v]x) converges uniformly. Then (I}*(f,dv)) converges uniformly
to a limit I"(f, dv) = I(f,dv) — 1/2[f,v] which satisfies

I (f, dv)lloo S 11

and where the quadrativ variation [f,v] is given by

08(10lla + 012 + [1L(, v) 20 + [0, v]llo),

ol = [ £ ) =<€i [ ie) (22)
=1

1<i<n

where (f9)"¢ is the £—th component of the v—derivative of f7. For e € (0,3a — 1) the speed
of convergence can be estimated by
170, dv) = IO (f, dv) || o Se 27519 £l s (vl + [[0]12)
+ 121181 L(Sk—1v, Sk—1v) — L(v,v) 24
+ [ oo lvs v]ie = [0, ][ oo
Proof. By Remark 5.1, it suffices to show our claims for I(Sy_1f,dSx_1v) — 1/2[f,v]x. The
statements for the integral I(Sk_1f,dSk_19) follow from Theorem 4.10 and Corollary 4.12.

So let us us concentrate on the quadratic variation [f,v];. Recall from Example 4.4 that
f € D if and only if Rf;t = for — fU(s)ws, satisfies |R£t\ < |t — s|“FP. Hence

[fsv]i(t) = Z (ft%m/\ttim/\tvto A E2 /\t)Z

km km

m
) d
( i \v,€ (10 14 J
:5 R/ ;0 2 +§ g YR A )T o LU .
( tgm/\t’tim/\t tkm/\t7tkm/\t) ) (f ) (km ) tkm/\t’tkm/\t t%m/\t’tim/\t
m J.4= m
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It is easy to see that the first term on the right hand side is bounded by

ST B o et s )| S 2Dl s ol + o],
m

For the second term, let us fix £ and j. Then the sum over m is just the integral of ( fiyvt
with respect to the signed measure uf = Do 5t2mvigm ALEZ /\tvf%m A2 AL Decomposing fif
into a positive and negative part as

1 , )

k L 2 l 2

e =7 [Z 5t2m (v +v )tgm/\t,tzm/\t] - Z 5tgm [(v) —v )tgmAt,tim/\t]
m m

and similarly for dy; = d[v?,v’]; we can estimate

[k — [ o)
<IN (17 + 07l = B 4 0]l + I = 70— ot =] )
<17 o 0200k~ [0.0]

where we write [u] := [u, u] and similarly for [u]. By assumption the right hand side converges
to zero, from where we get the uniform convergence of [f, g|x to [f, g]. O

Remark 5.3. We calculate the pathwise It6 integral I'°(f,dv) as limit of nonanticipating
Riemann sums involving only f and v. This is interesting for applications of mathematical
finance, because the integral process has a natural interpretation as capital obtained from
investing. The classical rough path integral, see Proposition 2.4, is obtained via “compensated
Riemann sums” that explicitly depend on f¥ and I'*(v, dv).

Remark 5.4. We calculate the pathwise Ité integral I™°(f dv) as limit of nonanticipating
Riemann sums involving only f and v. The classical rough path integral, see Proposition 2.4,
is obtained via “compensated Riemann sums” that depend explicitly on the derivative f* and
the iterated integrals of v. For applications in mathematical finance, it is more convenient
to have an integral that is the limit of nonanticipating Riemann sums, because this can be
interpreted as capital process obtained from investing.

Note that [v,v] is always a continuous function of bounded variation, but a priori it is not
clear whether it is in C?®. Under this additional assumption we have the following stronger
result.

Corollary 5.5. In addition to the conditions of Theorem 5.2, assume that also [v,v] € C**.
Then I'(f,dv) € DY with derivative f, and

I (f,dv) v S I fllos (1 + 012 + L0, 0) 20 + (1[0, v]l|2a)-

Proof. This is a combination of Theorem 4.10 and the explicit representation (22) together
with the continuity of the Young integral, Theorem 3.14. O

The term I(Sk_1f,dSkg_1v) has the pleasant property that if we want to refine our
calculation by passing from k£ to k + 1, then we only have to add the additional term
I(Sk—1f,dAgv) + I(Agf,dSkv). For the quadratic variation [f,v]; this is not exactly true.
But [f, v]i(m27%) = [Sk_1f, Sk_1v](m27F) for m = 0,...,2* and there is a recursive way of
calculating [Sg—1f, Sk—10]:
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Lemma 5.6. Let f,v € C([0,1],R). Then

[Skf, Skvlk41(t) = %[Skflfa Sk—1V]k(t) + [Sk—1.f, Apv]rs1(t) + [Arf, Skv]ig1(t) + Ri(t)

(23)
for allk > 1 and all t € [0,1], where
Ry (t) == _gthkJ,tULth,t + thkJ,ftk’H7/\t%thrtk+17/\t + frt’“'*‘“/\t,tvrtk"'l"'/\t,t
and Lt* = [12F|27F and ’_tk—' = th 42Dy particular we obtain for t =1 that
[f» ]k-l—l( ) + kam Vem = 2k+1 222 fpmvpm (24)
p<k m

If moreover o € (0,1) and f,v € C*, then ||[Sk-1f, Sk—19]k — [f; 9lkllco < 2_2ka||f||aHgHa.

Proof. Equation (23) follows from a direct calculation using the fact that Si_1f and Sk_jv
are affine on every interval [t9,,t1,] respectively [t},,t7,] for 1 < ¢ < 2*. The formula for
[f,v]k+1(1) follows from the that [A, f, Agv]r41(1) = 0 unless p = ¢, and that [Ag f, Agv]p1 =
1/2%",, fkmVkm. The estimate for ||[Sx—1f, Sk—19]k—[f, 9)k||cc holds because the two functions
agree in all dyadic points m27%. O

Remark 5.7. The Cesaro mean formula (24) makes the study of existence of the quadratic
variation accessible to ergodic theory. This was previously observed by Gantert [Gan94]. See
also Gantert’s thesis [Gan91], Beispiel 3.29, where it is shown that ergodicity alone (of the
distribution of v with respect to suitable transformations on path space) is not sufficient to
obtain convergence of ([v,v]r(1)) as k tends to oco.

It would be more natural to assume that for the controlling path v the non-anticipating
Riemann sums converge, rather than assuming that (L(Skv,Skv))r and ([v,v]g) converge.
This is indeed sufficient, as long as a uniform Holder estimate is satisfied by the Riemann
sums. We start by showing that the existence of the It0 iterated integrals implies the existence
of the quadratic variation.

Lemma 5.8. Let o € (0,1/2) and let v € C*(R?). Assume that the non-anticipating Riemann
sums (I}*(v,dv))s, converge uniformly to I'°(v,dv). Then also ([v,v])x converges uniformly
to a limit [v,v]. If moreover

]I,?é(v, dv)(m/27F) — I,Icté(v, dv)(m27F) — v(m27F) (v(m/27%) — v(Mm27F))|
sup  sup - —n
k 0<m<m/ <2k [(m/ —m)27K|
=C < o0, (25)
then [v,v] € C?* and ||[v,v]||2a < C + ||v||%.
Proof. Let t € [0,1] and 1 <i,5 <d. Then

ok
V(007 (8) =0 (0007 (0) = Y [0 (G A OV (8 A1) = 0 (8 AL (8, A1)

m=1

j J
= E [ tkm to AEE2 A T U (tkm) t0 ALE2 /\t+vt0 A2 /\t%O At 2 /\t}

= I;Icto(v L dv?) () + I (07, o) (8) + [, 7] (1),
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which implies the convergence of ([v,v];)x as k tends to co. For 0 < s <t <1 this gives
(1 0)es = (0'9), , — T2, v — 10007, )
= [V ()l = IO v )| + [0 ()0, = 007 av') | + 0k,
At this point it is easy to estimate ||[v, v]||2q, Where we work with the classical Hélder norm

and not the C2* norm. Indeed let 0 < s < t < 1. Using the continuity of [v,v], we can find k
and s < s, = m27F < my27F =t <t with |[v,v]|ss, + |[0, 0]}t < 0)2]E — s|>*. Moreover,

v,V — 19—
|['U,'U”Sk7tk S (Sup Sup ‘([ ? ]K)TI'LQ e,mZ Z‘

- |t — sk** < (2C + |Jo]|2)]t — s[>
0>k 0<m<m/<2¢ |(m" —m)2 £|2a ) “

O]

Remark 5.9. The “coarse-grained Hélder condition” (25) is from [PP13] and has recently been
discovered independently by [Kell4].

Similarly convergence of (I}*°(v,dv)) implies convergence of (L(Syv, Skv))x:

Lemma 5.10. In the setting of Lemma 5.8, assume that (25) holds. Then L(Skv,Skv)
converges uniformly as k tends to oo, and

~

SlépllL(Sk%Skv)llza S C+ |3

Proof. Let k € N and 0 < m < 2¥ and write t = m27%. Then we obtain from (21) that
L(Sk-1v, Sp-1v)(1) (26)

= I}*°(v,dv)(t) + %[U,’U]k(t) = T (Sk—-10, Se—10)(t) — S(Sk—-10, Se—10) (1)

Let now s,t € [0,1]. We first assume that there exists m such that ¢ < s <t <t} . Then
we use [|0;Ag0] 0o < 2907)|v]|4 to obtain

t t
|L(Sk—10, Sp—1v)ep] <D0 / Apu(r)dAv(r) — / dAv(r)Apu(r) (27)
p<k g<p VS s
SOOD = s[27P200 12 St — s[27 D o)1 < - s o)2

p<k q<p

Combining (26) and (27), we obtain the uniform convergence of (L(Sk_1v, Sk—1v)) from
Lemma 5.8 and from the continuity of 7. and S.

For s and t that do not lie in the same dyadic interval of generation k, let "s*7 = m 27"
and (t*; = m;27F be such that Ts¥F7— 2% <« s < "¢k and tF, <t < tF,+27% In
particular, "s¥7 < L t* 5. Moreover

‘L(Sk,ﬂ}, Skfl’l})s,t‘ < ’L(Skfl’l), Skf]_'l))&rskﬂ‘ + ’L(Skfl’l), Skf]_'l))l‘sk‘\VLth|
+ ’L(Sk—lv7 Sk—lv)l_th,t|‘
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Using (27), the first and third term on the right hand side can be estimated by (|”s*7— s|2® +
[t — Ct* 22 |2 < |t — s/?*||lv]|2. For the middle term we apply (26) to obtain

[L(Sk10, Sk10)r g | < [TE(0, dv)e e g, = 0T (0(H) = 0755 T)|

+

U('_Sk—‘)’l)rsm’Lth — < (Sk_lv, Sk_l'l))rsk—l’Lth

+ ‘S(Sk_lv, Sk_lv)rskﬂ’Lth

1
5 (00 o),
S et =TSP(C + |oll2) < [t = s (O + [loll2) |
where Example 4.4, Lemma 5.8, and Lemma 3.13 have been used. O
It follows from the work of Féllmer that our pathwise It6 integral satisfies 1t6’s formula:

Corollary 5.11. Let a € (1/3,1/2) and v € C*(RY). Assume that the non-anticipating
Riemann sums (I{*°(v,dv)) converge uniformly to I'®(v,dv) and let F € C*(R%,R). Then
(IM(DF(v),dv)) converges to a limit I'"°(DF (v),dv) that satisfies for all t € [0,1]

. d
F(u(t)) — F(v(0)) ZIIté(DF(v)vdv)(t)Jr/O > 05,00, F (v(s))d[oF, v")(s).
k=1

Proof. This is Remarque 1 of Follmer [F6179] in combination with Lemma 5.8. O

6 Construction of the Lévy area

To apply our theory, it remains to construct the Lévy area respectively the pathwise It6 in-
tegrals for suitable stochastic processes. In Section 6.1 we construct the Lévy area for hyper-
contractive stochastic processes whose covariance function satisfies a certain “finite variation”
property. In Section 6.2 we construct the pathwise It6 iterated integrals for some continuous
martingales.

6.1 Hypercontractive processes

Let X: [0,1] — R? be a centered continuous stochastic process, such that X? is independent
of X7 for i # j. We write R for its covariance function, R: [0,1]? — R%*? and R(s,t) :=
(E(X!X}))i<ij<d- The increment of R over a rectangle [s,t] x [u,v] C [0,1]? is defined as

R[s,t}x[u,v] = R(t) U) + R(S) ’LL) - R(Sv U) - R(t7 U) = (E(X;,tXQJL,U))ISIJSd
Let us make the following two assumptions.

(p—var) There exists C' > 0 such that for all 0 < s < ¢ < 1 and for every partition s = tg < t; <
-+ <ty =t of [s,t] we have

n
Z ’R[fi—l,tilx[fjflvfj]‘p < Clt = s|.
ij=1
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(HC) The process X is hypercontractive, i.e. for every m,n € N and every r > 1 there
exists Crmn > 0 such that for every polynomial P : R® — R of degree m, for all
i1y yin € {1,...,d}, and for all t1,...,t, € [0,1]

E(P(Xy},. .. X{PP) < Craman B(IP(X]]

t19° t19°

LX)

These conditions are taken from [FV10a], where under even more general assumptions it
is shown that it is possible to construct the iterated integrals I(X,dX), and that I(X,dX)
is the limit of (/(X™,dX"™))nen under a wide range of smooth approximations (X™), that
converge to X.

Ezample 6.1. Condition (HC) is satisfied by all Gaussian processes. More generally, it is
satisfied by every process “living in a fixed Gaussian chaos”; see [Jan97], Theorem 3.50.
Slightly oversimplifying things, this is the case if X is given by polynomials of fixed degree
and iterated integrals of fixed order with respect to a Gaussian reference process.

Prototypical examples of processes living in a fixed chaos are Hermite processes. They
are defined for H € (1/2,1) and k € N, k > 1 as

zPM = o(H, k) /

Rk

1-H

t F —(iyl-H
(/0 H(S_yi)+(2+ b )ds> dBy, ...dBy,,
=1

where (By)ycr is a standard Brownian motion, and C'(H, k) is a normalization constant. In
particular, Z®# lives in the Wiener chaos of order k. The covariance of Z*H is

B(ZMH ZRH) — % (25 4 2H 1| g2H)
Since ZMH is Gaussian, it is just the fractional Brownian motion with Hurst parameter H.
For kK = 2 we obtain the Rosenblatt process. For further details about Hermite processes
see [PT11]. However, we should point out that it follows from Kolmogorov’s continuity
criterion that Z% is a~Holder continuous for every a@ < H. Since H € (1/2,1), Hermite
processes are amenable to Young integration, and it is trivial to construct L(Z®H, ZFH)
Ezample 6.2. Condition (p—var) is satisfied by Brownian motion with p = 1. More generally
it is satisfied by the fractional Brownian motion with Hurst index H, for which p = 1/(2H).
It is also satisfied by the fractional Brownian bridge with Hurst index H. A general criterion
that implies condition (p-var) is the one of Coutin and Qian [CQO02]: If E(|X{,|*) < |t — s|2H
and |E(X§’s+hXZ¢+h)| < |t—s|?=2p2 fori = 1,...,d, then (p-var) is satisfied for p = 1/(2H).
For details and further examples see [FV10b], Section 15.2.
Lemma 6.3. Assume that the stochastic process X : [0,1] — R satisfies (p—var). Then we
have for all p > —1 and for all M, N € N with M < N < 2P that

N
Do EX iy Xpm)IP S (N = M +1)277, (28)

mi1,mo=M

Proof. The case p < 0 is easy so let p > 1. It suffices to note that
E(Xpm1Xpmz) =K ((Xto no—Xg e )Xo on = Xp g ))

pmyTpmy pmyrvpmy pm2r7pma pmgr7pmay
= —1)ateR i i i
Z, ;0 1( ) [t sty 1X £ iy |
1,22=U,
and that {t;m :1=0,1,2,m = M,..., N} partitions the interval [(M — 1)27P, N27P]. O
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Lemma 6.4. Let X,Y : [0,1] — R be independent, centered, continuous processes, both
satisfying (p—var) for some p € [1,2]. Then for all i,p > —1, ¢ <p, and 0 < j < 2!

2} < 2PVi(1/p=4)9(avi)1=1/p)g—igp(4=3/p)9a/p.

EH Z Z XmeY”<2_iXij’90meqn>

m<2P n<24

Proof. Since p > q, for every m there exists exactly one n(m), such that PpmXgn(m) 18 nOt
identically zero. Hence, we can apply the independence of X and Y to obtain
m<2P n<29

]
2r

< Z }E(Xpﬂu Xpm2 )E(Y;Jn(mﬁyqn(mz) ) <27iXij’ Ppm an(m1)> <27iXij7 Ppma an(mz)) ‘ .

m1,ma=0

EH Z Z XmeZI”<2_iXij790meqn>

Let us write Mj := {m : 0 <m < 2P, (Xij, PpmXqn(m)) 7 0}. We also write p’ for the conjugate
exponent of p, i.e. 1/p+1/p’ = 1. Holder’s inequality and Lemma 3.9 imply

Z ‘ E(Xpml Xpm2 )E(Y:]n(mﬂyqn(mg) ) <2_iXija Ppm1 an(m1)> <2_iXij7 Ppma an(m2)> ‘

m1,m2€EM;

e 1/p
S ( Z ‘E(Xpm1Xpm2)‘p> < Z ‘E(an(ml)an(mg))}p> (272(])\/i)+p+q)2'

mi,moEM,; m1,moEM,;
J J

Now write N; for the set of n for which x;;xgn is not identically zero. For every n € N; there
are 2P~9 numbers m € M; with n(m) = n. Hence

N 1/p
(> B Yan)”)

m1,m2€EM;

/

. 1/p
§(22(p7q))1/p << max |E(an1an2>}>p ’ Z ‘E(Y;]nlyzﬂw)‘p) )

n1,n2E€N;
n1,n2€N;

where we used that p € [1,2] and therefore p’ — p > 0 (for p’ = oo we interpret the right
hand side as maxy, nyen; [E(Ygn, Yqny)|). Lemma 6.3 implies that (‘E(ququ)‘p ) e <

~

2-a(1/p=1/p") Similarly we apply Lemma 6.3 to the sum over ni,no, and we obtain

2(p-0)y1/¢ o A\
(25 D)LP (( max ‘E(ququ)D Z ‘E(Y;zmyqnz)‘ >

n1,n2€N;
n1,m2€N;

< (22(p—q))1/0’2—q(1/p—1/p’)(|Nj|2—q)1/p’ — olavi)/p' 9—i/p'92p/p" 9a(=2/p'—1/p)
= 2(av)(1=1/p)9i(1/p=1)92p(1=1/p) 9a(1/p=2)

where we used that |N;| = 2(@V)=%. Since |M;| = 2PV~ another application of Lemma 6.3
yields

( Z \E(Xpleme)\p> 1/p < 2Vvi)/pg=ilpy=n/p,

m1,m2€M;
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The result now follows by combining these estimates:
, 2

EH Z Z Xmeqn<27ZXij790meqn> }

m<2P n<249

/ /
5( Z ‘E(Xpm1Xpm2)|p>lp( Z ‘E(an(mnyqn(mz))p

m1,ma€M; m1,ma€M;

) 1/e (2-2(pVi)+pray?

< (2(pVi)/p2ﬂ'/p27p/p)( 9(aVvi)(1=1/p)9i(1/p=1)92p(1-1/p)9a(1/p— 2))( (pV1)+2p+2q)
— 9(pVvi)(1/p=4)9(qVi)(1=1/p)9—igp(4=3/p)9a/p

O

Theorem 6.5. Let X: [0,1] — R? be a continuous, centered stochastic process with indepen-

dent components, and assume that X satisfies (HC) and (p—var) for some p € [1,2). Then
for every a € (0,1/p) almost surely

> IL(SNX, Sy X) — L(Sn-1X, Sy—1X) |, < o0,
N>0

and therefore L(X, X ) = limpy_,00 L(SNX, SN X) is almost surely a—Hdélder continuous.

Proof. First note that L is antisymmetric, and in particular the diagonal of the matrix
L(SyX,SyX) is constantly zero. For k,¢ € {1,...,d} with k # ¢ we have

IL(SnyX*, Sy X?) — L(Sy_1 X%, Sy 1 X9 ||o

= H SN (xb XL - XE X /0 @Nm(s)d“”q”('s)Ha

g<N m,n
< ZHZXJ]%WXSH/O (me( dSan H + ZHZXNm / (PNm(S)dSan(S)Ha
qg<N mmn g<N mymn

Let us argue for the first term on the right hand side, the arguments for the second one being
identical. Let » > 1. Using the hypercontractivity condition (HC), we obtain

Z Z Z (‘ZXNm 2 X@]»@Nqun>

i, N j<2t q<N

> 2—ia2—N/(2r)2—q/(2r)>

< Z Z Z (‘ZXNm 2 nga @Nqun) 2T) 2ia2T2N+q
i,N j<2i q<N
’S Z Z Z E(‘ZXNm 2 X’Lj; (PNqun> 2)T2io¢2r2N+q.

1,N j<2t q<N
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Now we can apply Lemma 6.4 to bound this expression by

Z Z Z (Q(N\/i)(l/f)—4)2(q\/i)(1—1/P)2—i2N(4—3/P)QQ/P)7“2730427“2N+q
i,N j<2i g<N
< ZT’ Z Z 9ir(2a—4) 9 Nr(4=3/p+1/r) 9qr(1/p+1/7)
i N<ig<N
+ Z 9t Z Z oir(2a—=1/p)oNr(1/r=2/p)ogqr(1/p+1/r)
i N>ig<i
" Z oi Z Z 9ir(2a—1)9Nr(1/r=2/p) 9qr(1+1/7)
i N>ii<q<N
< Z gir(2a+3/r=2/p) | Z Z 9ir(2a+2/r) 9 Nr(1/r—=2/p)
i i N>i
n oir(20+1/r=1)gNr(142/r—2/p)
R
For r > 1 we have 1/r—2/p < 0, because p < 2. Therefore, the sum over N in the second term
on the right hand side converges. If now we choose r > 1 large enough so that 1+3/r—2/p < 0
(and then also 2ac + 3/r — 2/p < 0), then all three series on the right hand side are finite.

Hence, Borel-Cantelli implies the existence of C'(w) > 0, such that for almost all w € © and
for all N,7,j and g < N

‘ZXz‘Qm(w)an(w)<2"'Xijv PNmXqn)| < C(w)27 02~ N/Crig=a/n),

From here it is straightforward to see that for these w we have
[e.e]
S IE(SNX (@), Sy X (@) — L{Sn-1X (@), Sy 1 X ()], < 0.
N=0

6.2 Continuous martingales

Here we assume that (X¢)c[o,] is a d-dimensional continuous martingale. Of course in that
case it is no problem to construct the It integral I'"°(X,dX). But to apply the results
of Section 5, we still need the pathwise convergence of I1*°(X,dX) to I'°(X,dX) and the
uniform Hélder continuity of I}*°(X,dX) along the dyadics.

Recall that for a d-dimensional semimartingale X = (X*!,..., X d)‘, the quadratic variation
is defined as [X] = ([X", X7])1<ij<a. We also write X, X := (X!X7,)1<ij<a for s,t € [0,1].

Theorem 6.6. Let X = (X',..., X9 be a d-dimensional continuous martingale. Assume
that there exist p > 2 and 8 > 0, such that p3 > 7/2, and such that
E(|[X]s4l?) S |t — s (29)

for all s,t € [0,1]. Then I;**(X,dX) almost surely converges uniformly to I''°(X,dX). Fur-
thermore, for all « € (0,8 — 1/p) we have X € C* and almost surely

[LE0(X, dX ) gk pro—r — Xk X gk gro]|
sup  sup

ko 0<t<t/<2k (€ — )27 k|2

(30)
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Proof. The Holder continuity of X follows from Kolmogorov’s continuity criterion. Indeed,
applying the Burkholder-Davis-Gundy inequality and (29) we have

d d
E(IXou ) $Y_E(XLPP) S E(X
i=1 =1

so that X € C* for all « € (0,8 — 1/(2p)) and in particular for all « € (0,5 — 1/p). Since we
will need it below, let us also study the regularity of the Itd integral I Ito(X ,dX): A similar
application of Burkholder-Davis-Gundy gives

P) S E(I[X]se?) S It = 5177,

t
B(I"(X,dX)s; — XoXsuP) < E( X, — X,2d|[X]]s|?
S

We apply Holder’s inequality (here we need p > 2) to obtain

B(| [ 1 - xpapan]f) < B(E [ 1x - xraix).

Now the inequalities by Cauchy-Schwarz and then by Burkholder-Davis-Gundy yield

p_1q ¢ p
(s [ - Xopaixl) < 2(1X1E suw (X, - Xp)
s rels,t]

< \/E(sup |Xr_Xs|2p> E([X]5,)

re(s,t]

< B([X]selP) S It = s,
The Kolmogorov criterion for rough paths, Theorem 3.1 of [FH14], now implies that
[IM°(X, dX)s — XoXou| S|t - 5% (31)

almost surely for all a € (0,5 —1/p).
Let us get to the convergence of I1*(X,dX). As before, we have

E(’IItG(X, dX)gQ—k ng—k - Illcté(X, dX)éQ—k g/2—k|p)

—E ‘/e Zlkam+1)2 (1) X,

92—k

)
ook -1

2_q
S (RIS e [ 3 tona-t i) X P

LX),

Since the terms in the sum all have disjoint support, we can pull the exponent p/2 into the

32



sum, from where we conclude that

pro—k =1

( ‘gQ k 12— k/ Z 1[m2*k,(m+1)2*k)(’r)’XmQ*k,T’pd‘[X”5>
m=/{
-1
S B2 |32 Bt gy (1) Xoma s, ) BT )
re S, mze
-1
Sy 2 mmmmfkrp)¢E<\[X1@fk,g/2fkrp>

< \/ /- Zp/i\/| 2 k"QpB — (g _ g)%+pﬁ2fk2pﬁ.
Hence, we obtain for o € R that
P (11" (X, dX)pyk prr = TE(X,dX) gt gai| > (¢ = 027512

(f’ _ E)%+p62—k2p,8
~ (E/ _ €)2pa27k2poz

_ (g/ _ g)%-&-ﬁﬂ—?POéQ—k?P(ﬁ—a)_

If we set « = 8 —1/(2p) — ¢, then 1/2 +pﬁ — 2pa = 3/2 — pf + 2pe. Now by assumption
pf > 7/2 and therefore we can find a € (0,5 —1/(2p)) such that
1/2 +pB — 2pa < —2. (32)

Estimating the double sum by a double integral, we easily see that for all v < —2

ok ok
S (-0 sk
=1 0'=0+1

Therefore, we have for o € (0,8 — 1/(2p)) satisfying (32)

2
S > P(II(X, dX) gt g — TP (X, AX) i i > (0 = 274
(=1 0'=0(+1

< 2k2—k2p(ﬁ—a)‘

Since av < 8 — 1/(2p), this is summable in k, and therefore Borel-Cantelli implies that
’IRO(X dX)gp-x L2k Ik: (X dX)sp-x 02~ k|
sup  sup

k 0<t<t<2k (¢ — £)27k|2

(33)

almost surely. We only proved this for « close enough to 8 — 1/(2p), but of course then it
also holds for all o/ < a. The estimate (30) now follows by combining (31) and (33). The
uniform convergence of I}*(X,dX) to I'*(X,dX) follows from (33) in combination with the
Holder continuity of X. O

Ezxample 6.7. The conditions of Theorem 6.6 are satisfied by all It6 martingales of the form
X: = Xo+ fg 0sdWs, as long as o satisfies E(supy¢g 1) los|?P) < oo for some p > 7. In that
case we can take 5 = 1/2 so that in particular 5 — 1/p > 1/3, which means that X and
I'(X,dX) are sufficiently regular to apply the results of Section 5.
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7 Pathwise stochastic differential equations

We are now ready to solve SDEs of the form

dy(t) = b(y(1))dt + o (y(t))dv(t),  y(0) = yo, (34)

pathwise, where the “stochastic” integral dv will be interpreted as I (o (y), dv) or I'*(a(y), dv).

Assume for example that (v, L(v,v)) € C% x C** for some a € (1/3,1/2) are given, and
that b is Lipschitz continuous whereas o € C,'° for some e with 2(a +¢) > 1. Then
Corollary 4.6 implies that o(y) € D;* for every y € D, and Theorem 4.10 then shows that

yo + Jo b(y(t))dt + I(o(y),dv) € DY. Moreover, if we restrict ourselves to the set
Mo ={y €Dy : |y ]loo < llolloc}

then the map M, > (y,4") — T'(y) = (yo + [ b(y(t))dt + I(co(y),dv),o(y)) € M, satisfies
the bound

IT@W)llo.a < 90l + 16(0)] + [bllLip ¥l + lo @) lv.calllvlla + [0l5 + 1L (v, v)]l20) + llo)]la
< lyol + [6(0)] + (1 + [bllLip) (1 + o lZ55) (1 + [[vll2 + 1 L0, 0)ll20) (1 + [9llv.ca),

1+4e
C’b

where we wrote ||b||rip for the Lipschitz norm of b.

To pick up a small factor we apply a scaling argument. For A € (0,1] we introduce the
map Ay: C? — CP defined by Ayf(t) = f(At). Then for A = 27% and on the interval [0, )]
equation (34) is equivalent to

dy*(t) = Ab(y*(t))dt + Ao (y*(1)dv (t),  y™(0) = w, (35)

where y* = Ay, v* = A"*A v. To see this, note that

A
Snf(t)0Syv(t)dt = lim

= lim
N—o0 0 N—o0 0

MA\I(f,dv) (ANSN ) ()0 (A\Snv)(t)dt.

But now Ay Sng = Sy—xAyrg for all sufficiently large N, and therefore
AI(f, dv) = AT (Ayf, dv?).
For the quadratic covariation we have
AALF, 0] = [Af, Ao = A% A S0,

from where we get (35) also in the It6 case. In other words we can replace b by \b, o by A%,
and v by v*.

It now suffices to show that v*, L(v*,v*), and [v*,v?] are uniformly bounded in A. Since
only increments of v appear in (34) we may suppose v(0) = 0, in which case it is easy to see
that [|Axv]la < AY|v|le and ||[v*, vM]]]2a < ||[v,2]]|24. As for the Lévy area, we have

~ ~

L, 0Y) = I(0*, do?) — me (0}, 0?) = S(0*, 0?) = A72A I (v, dv) — e (v, 07) — S0, )
= )\72°‘{A>\L(v, V) + [AMm<(v,v) — < (Ayv, Ayv)] 4+ [AxS(v,v) — S(A)\U,A)\U)]},
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and therefore
L0, vM) |20 S 1L(v, v)[|2a + [1S(0,0) |20 + [[V]12 + A2 Arm< (v,0) — Tc (0, 07) |26
But now

[AT< (0, 0) s = T (U3 0%) st < < (v, 0) 3600 — 0 (A8)0r5 0
+ [ A\v(8) (Axv)ss — T< (Arv, Ayv)s ]
S JollZIAE = )P + | Axol|aft — s
S A ollalt — ).

From here we obtain the uniform boundedness of [[v*||,x, for small A, depending only
on b, o, v, L(v,v) and possibly [v,v], but not on yg. If 0 € 05%7 similar arguments give us
a contraction for small A, and therefore we obtain the existence and uniqueness of solutions
to (35). Since all operations involved depend on (v, L(v,v),yo) and possibly [v,v] in a locally
Lipschitz continuous way, also y* depends locally Lipschitz continuously on this extended
data.

Then y = Ay-19* solves (34) on [0, \], and since A can be chosen independently of yo,
we obtain the global in time existence and uniqueness of a solution which depends locally
Lipschitz continuously on (v, L(v,v),yo) and possibly [v, v].

Theorem 7.1. Let « € (1/3,1) and let (v, L(v,v)) satisfy the assumptions of Theorem 4.10.
Let yo € R and e > 0 be such that a(2 +¢) > 2 and let 0 € CZ* and b be Lipschitz
continuous. Then there exists a unique y € D such that

Y=o+ / By(8)dt + (o (y), dv).

The solution y depends locally Lipschitz continuously on (v, L(v,v),yo). If furthermore [v,v]
satisfies the assumptions of Corollary 5.5, then there also exists a unique solution x € DY to

x =yo+ /0. b(z(t))dt + I (o (), dv)

- / ba(D)dt + I(o(z),dv) — - / Do (x(t))o(z(t))d[v, v];

0 2Jo
and x depends locally Lipschitz continuously on (v, L(v,v), [v,v],y0).

Remark 7.2. Since our integral is pathwise continuous, we can of course consider anticipating
initial conditions and coeflicients. Such problems arise naturally in the study of random
dynamical systems; see for example [Imk98, ATI99]. There are various approaches, for example
filtration enlargements, Skorokhod integrals, or the noncausal Ogawa integral. While filtration
enlargements are technically difficult, Skorokhod integrals have the disadvantage that in the
anticipating case the integral is not always easy to interpret and can behave pathologically;
see [BI92]. With classical rough path theory these technical problems disappear. But then
the integral is given as limit of compensated Riemann sums (see Proposition 2.4). With our
formulation of the integral it is clear that we can indeed consider usual Riemann sums. An
approach to pathwise integration which allows to define anticipating integrals without many
technical difficulties while retaining a natural interpretation of the integral is the stochastic

35



calculus via regularization of Russo and Vallois [RV93, RV07]. The integral notion studied by
Ogawa [Oga84, Oga85] for anticipating stochastic integrals with respect to Brownian motion
is based on Fourier expansions of integrand and integrator, and therefore related to our and
the Stratonovich integral (see Nualart, Zakai [NZ89]). Similarly as the classical Ito integral,
it is interpreted in an L? limit sense, not a pathwise one.

A Regularity for Schauder expansions with affine coefficients

Here we study the regularity of series of Schauder functions that have affine functions as
coefficients. First let us establish an auxiliary result.

Lemma A.1. Let s <t and let f : [s,t] = LRY,R™) and g : [s,t] — R be affine functions.
Then for all r € (s,t) and for all h > 0 with r — h € [s,t] and r + h € [s,t] we have

|(FDr—nr = (frrsnl < 4l = sI 7212 flocllgl oo (36)
Proof. For f(r) =a1 + (r — s)by and g(r) = az + (r — s)be we have
(f)r—nr = (f9)rrenl = 12 (r)g(r) = f(r = R)g(r — k) — f(r + h)g(r + h)| = | = h®b1ba].
Now fs+ = b1(t — s) so that |b1| < 2|t — s|7!|| f||oo, and similarly for bs. O

Now we are ready to prove the regularity estimate.

Lemma A.2. Let a € (0,2) and let (upm) € A*. Then >, . upm@pm € C* and
|32 womom|| S 1l Cupm)l e
p,m

Proof. We need to examine the coefficients 279(xgn, d(3_,,, upm@pm)). The cases (¢,n) =
(—1,0) and (¢,n) = (0,0) are easy, so let ¢ > 0 and 1 <n < 27. If p > ¢, then cppm(t n) =0
for = 0,1, 2 and for all m, and therefore

<qu (Z upm@Wn)> =271 Z Z(qu d(upmpm))-

p<g m

If p < g, there is at most one mg with (xgn,d(upmppm)) # 0. The support of x4y is then

contained in [t ¢ Torin [t). 12 ] and uyy, and @,y are affine on these intervals, so (36)
yields

Z 1274 {Xqn, d(upmepm))| = Z | (Upm Ppm )10 t0,,tL, — (UpmPpm )1 qn,t?m|

m
S 227272 [upm oo | opmlloo S 27PNV 72 (tpm ) || ac-

For p = ¢ we have goqn(tgn) = goqn(tgn) =0 and gpqn(tqn) = 1/2, and thus
qnrrqn gnitgn

Z 1274 (Xqn, d(ugmpqm))| = ‘(uanpqn)tO 11, — (UgnPan)iy, 2 |U(t;n)| < 27| (upm) [ e
m

Combining these estimate and using that a < 2, we obtain
27| (Xqn-d (Zupmsopm)>\ S D0 2 ) a2 270 )t
p<q

which completes the proof. O
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