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Abstract Tverberg’s theorem states that for any k > 2 and any set P C R¢
of at least (d+ 1)(k — 1) + 1 points in d dimensions, we can partition P into k
subsets whose convex hulls have a non-empty intersection. The associated search
problem of finding the partition lies in the complexity class CLS = PPADNPLS,
but no hardness results are known. In the colorful Tverberg theorem, the points
in P have colors, and under certain conditions, P can be partitioned into
colorful sets, in which each color appears exactly once and whose convex hulls
intersect. To date, the complexity of the associated search problem is unresolved.
Recently, Adiprasito, Bardny, and Mustafa [SODA 2019] gave a no-dimensional
Tverberg theorem, in which the convex hulls may intersect in an approzrimate
fashion. This relaxes the requirement on the cardinality of P. The argument is
constructive, but does not result in a polynomial-time algorithm.

We present a deterministic algorithm that finds for any n-point set P C R?
and any k£ € {2,...,n} in O(nd[logk]) time a k-partition of P such that
there is a ball of radius O ((k/y/n)diam(P)) that intersects the convex hull
of each set. Given that this problem is not known to be solvable exactly in
polynomial time, our result provides a remarkably efficient and simple new
notion of approximation.

Our main contribution is to generalize Sarkaria’s method [Israel Journal
Math., 1992] to reduce the Tverberg problem to the Colorful Carathéodory
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Fig. 1 The Colorful Carathéodory theorem. Left: the convex hulls of the three point sets
intersect; Right: a colorful triangle that contains the common point.

problem (in the simplified tensor product interpretation of Bardny and Onn)
and to apply it algorithmically. It turns out that this not only leads to an
alternative algorithmic proof of a no-dimensional Tverberg theorem, but it also
generalizes to other settings such as the colorful variant of the problem.

Keywords Tverberg Theorem - Colorful Caratheodory Theorem - Approxi-
mation Algorithm

Mathematics Subject Classification (2010) 68W25 - 52C99

1 Introduction

In 1921, Radon [27] proved a seminal theorem in convex geometry: given a set
P of at least d + 2 points in R?, one can always split P into two non-empty
sets whose convex hulls intersect. In 1966, Tverberg [34] generalized Radon’s
theorem to allow for more sets in the partition. Specifically, he showed that
for any k > 1, if a d-dimensional point set P C R? has cardinality at least
(d+1)(k—1)+1, then P can be partitioned into k non-empty, pairwise disjoint
sets 11,...,Tx C P whose convex hulls have a non-empty intersection, i.e.,
ﬂf:l conv(T;) # 0, where conv(-) denotes the convex hull.

By now, several alternative proofs of Tverberg’s theorem are known, e.g., 3|
5,(81211/281/29//35})36]. Perhaps the most elegant proof is due to Sarkaria [29], with
simplifications by Barany and Onn [8] and by Aroch et al. [3]. In this paper,
all further references to Sarkaria’s method refer to the simplified version. This
proof proceeds by a reduction to the Colorful Carathéodory theorem, another

celebrated result in convex geometry: given r > d+1 point sets Py, ..., P, C R¢
that have a common point y in their convex hulls conv(P), ..., conv(P,), there
is a traversal x1 € Py,...,x, € P, such that conv({zy,...,2,}) contains y.

A two-dimensional example is given in Figure [1} Sarkaria’s proof [29] uses a
tensor product to lift the original points of the Tverberg instance into higher
dimensions, and then uses the Colorful Carathéodory traversal to obtain a
Tverberg partition for the original point set.

From a computational point of view, a Radon partition is easy to find by
solving d + 1 linear equations. On the other hand, finding Tverberg partitions
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is not straightforward. Since a Tverberg partition must exist if P is large
enough, finding such a partition is a total search problem. In fact, the problem
of computing a Colorful Carathéodory traversal lies in the complexity class
CLS = PPAD N PLS [20L23], but no better upper bound is known. Sarkaria’s
proof gives a polynomial-time reduction from the problem of finding a Tverberg
partition to the problem of finding a colorful traversal, thereby placing the
former problem in the same complexity class. Again, as of now we do not
know better upper bounds for the general problem. Miller and Sheehy [21]
and Mulzer and Werner [24] provided algorithms for finding approzimate
Tverberg partitions, computing a partition into fewer sets than is guaranteed
by Tverberg’s theorem in time that is linear in n, but quasi-polynomial in the
dimension. These algorithms were motivated by applications in mesh generation
and statistics that require finding a point that lies “deep” in P. A point in
the common intersection of the convex hulls of a Tverberg partition has this
property, with the partition serving as a certificate of depth. Recently Har-Peled
and Zhou have proposed algorithms [15] to compute approximate Tverberg
partitions that take time polynomial in n and d.

Tverberg’s theorem also admits a colorful variant, first conjectured by
Barany and Larman [7]. The setup consists of d+1 point sets Py, ..., Py, C R?,
each set interpreted as a different color and having size t. For a given k, the
goal is to find k pairwise-disjoint colorful sets (i.e., each set contains at most
one point from each P;) Ay, ..., Ag such that ﬂle conv(A4;) # 0. The problem
is to determine the optimal value of ¢ for which such a colorful partition always
exists. Bardny and Larman [7] conjectured that ¢ = k suffices and they proved
the conjecture for d = 2 and arbitrary k, and for £ = 2 and arbitrary d.
The first result for the general case was given by Zivaljevié and Vredica [3§]
through topological arguments. Using another topological argument, Blagojevic,
Matschke, and Ziegler [9] showed that (i) if £ + 1 is prime, then ¢ = k; and (ii)
if £+ 1 is not prime, then k <t < 2k — 2. These are the best known bounds
for arbitrary k. Later Matousek, Tancer, and Wagner [19] gave a geometric
proof that is inspired by the proof of Blagojevi¢, Matschke, and Ziegler [9].

More recently, Soberén [30] showed that if more color classes are available,
then the conjecture holds for any k. More precisely, for P, ..., P, C R? with
n = (k—1)d+ 1, each of size k, there exist k colorful sets whose convex hulls
intersect. Moreover, there is a point in the common intersection so that the
coefficients of its convex combination are the same for each colorful set in the
partition. The proof uses Sarkaria’s tensor product construction.

Recently Adiprasito, Bardny, and Mustafa [1] established a relaxed version
of the Colorful Carathéodory theorem and some of its descendants [4]. For
the Colorful Carathéodory theorem, this allows for a (relaxed) traversal of
arbitrary size, with a guarantee that the convex hull of the traversal is close to
the common point y. For the Colorful Tverberg problem, they prove a version of
the conjecture where the convex hulls of the colorful sets intersect approximately.
This also gives a relaxation for Tverberg’s theorem [34] that allows arbitrary-
sized partitions, again with an approximate notion of intersection. Adiprasito
et al. refer to these results as no-dimensional versions of the respective classic
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theorems, because the dependence on the ambient dimension is relaxed. The
proofs use averaging arguments. The argument for the no-dimensional Colorful
Carathéodory theorem also gives an efficient algorithm to find a suitable
traversal. However, the arguments for the no-dimensional Tverberg theorem
results do not give a polynomial-time algorithm for finding the partitions.

Our contributions. We prove no-dimensional variants of the Tverberg theorem
and its colorful counterpart that allow for efficient algorithms. Our proofs are
inspired by Sarkaria’s method [29] and the averaging technique by Adiprasito,
Béarany, and Mustafa [1]. For the colorful version, we additionally make use of
ideas of Soberén [30]. Furthermore, we also give a no-dimensional generalized
Ham-Sandwich theorem [37] that interpolates between the Centerpoint theorem
and the Ham-Sandwich theorem [33], again with an efficient algorithm.

Algorithmically, Tverberg’s theorem is useful for finding centerpoints of
high-dimensional point sets, which in turn has applications in statistics and
mesh generation [21]. In fact, most algorithms for finding centerpoints are
Monte-Carlo, returning some point p and a probabilistic guarantee that p is
indeed a centerpoint [11}14]. However, this is coNP-hard to verify. On the
other hand, a (possibly approximate) Tverberg partition immediately gives
a certificate of depth [21,[24]. Unfortunately, there are no polynomial-time
algorithms for finding optimal Tverberg partitions. In this context, our result
provides a fresh notion of approximation that also leads to very fast polynomial-
time algorithms.

Furthermore, the Tverberg problem is intriguing from a complexity theoretic
point of view, because it constitutes a total search problem that is not known
to be solvable in polynomial time, but which is also unlikely to be NP-hard.
So far, such problems have mostly been studied in the context of algorithmic
game theory [25], and only very recently a similar line of investigation has been
launched for problems in high-dimensional discrete geometry [13}/17,/20L23].
Thus, we show that the no-dimensional variant of Tverberg’s theorem is easy
from this point of view. Our main results are as follows:

— Sarkaria’s method uses a specific set of k vectors in R¥~! to lift the points
in the Tverberg instance to a Colorful Carathéodory instance. We refine
this method to vectors that are defined with the help of a given graph. The
choice of this graph is important in proving good bounds for the partition
and in the algorithm. We believe that this generalization is of independent
interest and may prove useful in other scenarios that rely on the tensor
product construction.

— Let diam(x) denote the diameter of any set x. We prove an efficient no-
dimensional Tverberg result:

Theorem 1.1 (efficient no-dimensional Tverberg) Let P be a set of

n points in d dimensions, and let k € {2,...,n} be an integer.

(i) For any choice of positive integers ry,...,ry that satisfy Zle T, =M,
there is a partition Th, ..., Ty of P with |Ti| = r1,|Te| =re,...,|Tk| =
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Fig. 2 Left: a 4-partition of a planar point set. Larger Tverberg partitions are not possible
because there are not enough points. Right: a 5-partition on the same point set with a disk
intersecting the convex hulls of each set of the partition.

re, and a ball B of radius

ndiam(P) [10[log, k| _0 («/nlogk

min; r; n—1 min; r;

diam(P))

such that B intersects the convex hull of each Tj;.

(i) The bound is better for the case n =rk and ry = --- =1 =r. There
exists a partition T1,..., T of P with |[T\| = --- = |Tx| = r and a
d-dimensional ball of radius

k(k—1)

diam(P) = O <jﬁdiam(P))

n—1

that intersects the convex hull of each T;.
(iii) In either case, the partition Ty, ..., T} can be computed in deterministic
time
O(nd[logk]).
See Figure [2] for a simple illustration.
— and a colorful counterpart (for a simple example, see Figure |3):

Theorem 1.2 (efficient no-dimensional Colorful Tverberg) Let P,

..., P, C R be point sets, each of size k, with k being a positive integer,

so that the total number of points is N = nk.

(i) Then, there are k pairwise-disjoint colorful sets Ay, ..., Ax and a ball
of radius

2k(k—1 k
ek — 1) max diam(P;) = O ( max diam(Pﬁ)
N i VN i

that intersects conv(A;) for each i € [k].
(i) The colorful sets Ai,...,Ax can be computed in deterministic time
O(Ndk).
— For any sets P,x C R?, the depth of = with respect to P is the largest
positive integer k£ such that every half-space that contains = also contains
at least k points of P.
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Fig. 3 Left: a point set on three colors and four points of each color. Right: a colorful
partition with a ball containing the centroids (squares) of the sets of the partition.

Theorem 1.3 (no-dimensional Generalized Ham-Sandwich) Let k
finite point sets Py, ..., Py in R? be given, and letmy, ... ,my, 2 < m; < |Pj|
fori € [k], k <d, be any set of integers.

(i) There is a linear transformation and a ball B € RI=*+1 of radius

diam(P;)
1 ’

such that the hypercylinder B x R¥=1 € R? has depth at least [|P;|/m;]
with respect to P;, for i € [k]|, after applying the transformation.
(i) The ball and the transformation can be determined in time

0] <d6 +dk + ) Hd) .

The colorful Tverberg result is similar in spirit to the regular version, but
from a computational viewpoint, it does not make sense to use the colorful
algorithm to solve the regular Tverberg problem.

Compared to the results of Adiprasito et al. [1], our radius bounds are
slightly worse. More precisely, they show that both in the colorful and the non-

colorful case, there is a ball of radius O (w/k/n diam(P)) that intersects the

convex hulls of the sets of the partition. They also show this bound is close to
optimal. In contrast, our result is off by a factor of O(v/k), but derandomizing
the proof of Adiprasito et al. [1] gives only a brute-force 2°()-time algorithm.
In contrast, our approach gives almost linear time algorithms for both cases,
with a linear dependence on the dimension.

(2+2v2) max

Techniques. Adiprasito et al. first prove the colorful no-dimensional Tverberg
theorem using an averaging argument over an exponential number of possible
partitions. Then, they specialize their result for the non-colorful case, obtaining
a bound that is asymptotically optimal. Unfortunately, it is not clear how to
derandomize the averaging argument efficiently. The method of conditional
expectations applied to their averaging argument leads to a running time of
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20(n) To get around this, we follow an alternate approach towards both versions

of the Tverberg theorem. Instead of a direct averaging argument, we use a
reduction to the Colorful Carathéodory theorem that is inspired by Sarkaria’s
proof, with some additional twists. We will see that this reduction also works in
the no-dimensional setting, i.e., by a reduction to the no-dimensional Colorful
Carathéodory theorem of Adiprasito et al., we obtain a no-dimensional Tverberg
theorem, with slightly weaker radius bounds, as stated above. This approach
has the advantage that their Colorful Carathéodory theorem is based on an
averaging argument that permits an efficient derandomization using the method
of conditional expectations [2]. In fact, we will see that the special structure of
the no-dimensional Colorful Carathéodory instance that we create allows for a
very fast evaluation of the conditional expectations, as we fix the next part of
the solution. This results in an algorithm whose running time is O(nd[logk])
instead of O(ndk), as given by a naive application of the method. With a
few interesting modifications, this idea also works in the colorful setting. This
seems to be the first instance of using Sarkaria’s method with special lifting
vectors, and we hope that this will prove useful for further studies on Tverberg’s
theorem and related problems.

Updates from the conference version. An extended abstract [10] of this work
appeared at the 36th International Symposium on Computational Geometry.
The conference abstract omitted the details of the results of Theorem and
Theorem In this version, we present all the missing details.

Outline of the paper. We describe our extension of Sarkaria’s technique in Sec-
tion [2] and an averaging argument that is essential for our results. In Section
we present the proof of the no-dimensional Tverberg theorem (Theorem [1.1).
The algorithm for computing the partition is also detailed therein. Section [ con-
tains the results for the colorful setting of Tverberg (Theorem and Section
presents results for the generalized Ham-Sandwich theorem (Theorem . We
conclude in Section [6] with some observations and open questions.

2 Tensor product and Averaging argument

Let P C R be the given set of n points. We assume for simplicity that
the centroid of P, that we denote by ¢(P), coincides with the origin 0, that
is, > ,cp® = 0. For ease of presentation, we denote the origin by 0 in all
dimensions, as long as there is no danger of ambiguity. Also, we write (-, -) for
the usual scalar product between two vectors in the appropriate dimension,
and [n] for the set {1,...,n}.

2.1 Tensor product

Let = (21,...,74) € R? and y = (y1,...,Ym) € R™ be any two vectors. The
tensor product ® is the operation that takes x and y to the dm-dimensional
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vector £ ® y whose ij-th component is z;y;, that is,

2Ry = (Y1, .- TYm) = (T1Y1y -« - LAY, T1Y2, -+ o Talm—1y -« - s LdYm ) € R,

Easy calculations show that for any z, 2’ € R4 y,3/ € R™, the operator ®
satisfies:

() z@y+a'@y=(z+2)®y;
(2) z@y+20y =@ (y+¥); and
() (z@y, 2’ @y) = (z,2)(y,¥).

By (B)), the Lo-norm ||z ® y|| of the tensor product z ® y is exactly [|z||[y.
For any set of vectors X = {z1,xs,...} in R? and any m-dimensional vector
g € R™, we denote by X ®q the set of tensor products {z1®q, x2®q, ...} C Rém™,
Throughout this paper, all distances will be measured in the Lo-norm.

A set of lifting vectors. We generalize the tensor construction that was used
by Sarkaria to prove the Tverberg theorem [29]. For this, we provide a way to
construct a set of k vectors {qi,...,qr} that we use to create tensor products.
The motivation behind the precise choice of these vectors will be clear in the
next section, when we apply the construction to prove the no-dimensional
Tverberg result. Let G be an (undirected) simple, connected graph of k nodes.
Let

— ||G|| denote the number of edges in G,

— A(G) denote the maximum degree of any node in G, and

— diam(G) denote the diameter of G, i.e., the maximum length of a shortest
path between a pair of vertices in G.

We orient the edges of G in an arbitrary manner to obtain an oriented
graph. We use this directed version of G to define a set of k vectors {q1,...,qx}
in ||G]| dimensions. This is done as follows: each vector g; corresponds to a
unique node v; of G and its co-ordinates correspond to the row in the oriented
incidence matrix assigned to v;. More precisely, each coordinate position of the
vectors corresponds to a unique edge of G. If v;v; is a directed edge of G, then
g; contains a 1 and g; contains a —1 in the corresponding coordinate position.
The remaining co-ordinates are zero. That means, the vectors {q1,...,qx}
are in RI9II Also, Zle ¢; = 0. It can be verified that this is the unique
linear dependence (up to scaling) between the vectors for any choice of edge
orientations of G. This means that the rank of the matrix with the ¢;’s as the
rows is k — 1. It can be verified that:

Lemma 2.1 For each vertex v;, the squared norm ||q;||? is the degree of v;.
For i # j, the dot product {(g;,q;) is —1 if v;v; is an edge in G, and 0 otherwise.
O

An immediate application of Lemma and property of the tensor
product is that for any set of k vectors {uy, ..., ux}, each of the same dimension,
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the following relation holds:

k k
= ZZ(% ® gi, u; ® q5)
Z uzauj Qz7Qj>

i @ qi

k

(i ws)(gi ) +2 > (uiyu;) (g, q5)

1<i<j<k

Huzll laill* =2 D (ui,uy)

viv; €EE

Z i =51, (1)

viv;EE

EM’T i Mx- i

I
I M»

where E is the set of edges of QE|

One of the simplest examples of such a set can be formed by selecting G
to be the star graph. Each of the k — 1 leaves correspond to a standard basis
vector of R¥=1 and the root corresponds to (-1,...,-1) e RF=1. This is also
the set used in Bardny and Onn’s interpretation [8] of Sarkaria’s proof.

A more sophisticated example can be formed by taking G as a balanced
binary tree with k nodes, and orienting the edges away from the root. Let ¢;
correspond to the root. A simple instance of the vectors is shown below:

The vectors in the figure above can be represented as the matrix

« 1 100 0000...
P ~10 1 1 0000...
@ 0-10 0 1100...
@aw|=]100-10o0011...
g 00 0-10000...
6 000 0-1000...

1 We note that this identity is very similar to the Laplacian quadratic form that is used in
spectral graph theory; see, e.g., the lecture notes by Spielman |31] for more information.
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where the i-th row of the matrix corresponds to vector ¢;. As ||G|| = k—1, each
vector is in R¥~1. The norm |[|g;|| is either v/2, /3, or 1, depending on whether
v; is the root, an internal node with two children, or a leaf, respectively. The
height of G is [log k] and the maximum degree is A(G) = 3.

2.2 Averaging argument

Lifting the point set. Let P = {p1,...,p,} C R% We first pick a graph G
with k vertices, as in the previous paragraph, and we derive a set of k lifting
vectors {q1,...,qx} from G. Then, we lift each point of P to a set of vectors
in d||G|| dimensions, by taking tensor products with the vectors {q1,...,qx}.
More precisely, for a € [n] and j € [k], let py; = pa @ ¢; € RAU9I. For a € [n],
we let P, = {pg.1,--.,Pa,k} be the lifted points obtained from p,. We have,

Ipaill = llgjllpall < /A(G)|Ipall- By the bi-linear properties of the tensor
product, we have

C(Pa) =

| =

k k

1 1
E (pa®Qj):E Pa ® E:qj :E(pa®0)=0,
j=1 j=1

so the centroid ¢(P,) coincides with the origin, for a € [n].

The next lemma contains the technical core of our argument. The result is
applied in Section [3|to derive a useful partition of P into k subsets of prescribed
sizes from the lifted point sets.

Lemma 2.2 Let P = {p1,...,pn} be a set of n points in R? satisfying
S pi = 0. Let Pi,...,P, denote the point sets obtained by lifting each
p; € P using the vectors {qi,...,qx} defined using a graph G.

(i) For any choice of positive integers r1,...,ry that satisfy Zi;l r; = n,
there is a partition Ty, ..., Ty of P with |Ty| =1, |Ta| = ro,...,|Tk| = 7k
such that the centroid of the set of lifted points T :=Ti @ q1 U---UTk ® qx
(this set is also a traversal of Py, ..., P,) has distance less than

A
5=/ 29 _giam(p)
2(n—1)
from the origin 0.
(i) The bound is better for the case n =rk andry = --- =rp =n/k. There
exists a partition Ty, ..., Ty of P with |T| = |Te| = -+ = |Tx| = r such

that the centroid of T :=T) ® g1 U--- U T ® qr has distance less than

Il

v = mdiam(P)

from the origin 0.
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Proof We use an averaging argument to prove the claims, like Adiprasito
et al. |1]. More precisely, we bound the average norm § of the centroid of
the lifted points 77 ® ¢; U --- U T, ® g over all partitions of P of the form
Ti,...,T, for which the sets in the partition have sizes r1,...,r, respectively,
with Zle T =n.

Proof of Lemma @/ Each such partition can be interpreted as a traversal of
the lifted point sets Py, ..., P, that contains r; points lifted with g;, for i € [k].
Thus, consider any traversal of this type X = {x1,...,2,} of Py,..., P,, where
z, € P,, for a € [n]. The centroid of X is ¢(X) = (1/n) > I_, x,. We bound

the expectation n’E (||c(X)|]?) = E (||ZZ:1 :17,1||2)7 over all possible traversals

X. By the linearity of expectation, E <||ZZ=1 xa||2) can be written as

E

2 n
=E [ lzal®+ D 2(wa, )
a=1

a,be[n]
a<b

n
> T
a=1

—E <Z|xa||2> +2R [ D (wa, )

a=1 a,be(n]
a<b

We next find the coefficient of each term of the form ||z,]|? and (z,,z;) in the
expectation. Using the multinomial coefficient, the total number of traversals

X is
n n!
T1,725- -, Tk 7‘1!7‘2!""'7’%!.

Furthermore, for any lifted point x, = pq, ;, the number of traversals X with
Pa,j € X is

Similarly, for any pair of points (24, 2s) = (Pa,i,Ps,j), there are two cases in
which they appear in the same traversal: first, if ¢ = j, the number of traversals
is

The coefficient of (pa,i, s, ;) in the expectation is hence

7‘1'(7"1‘ — 1)
nn—1)"



12 Aruni Choudhary, Wolfgang Mulzer

26 Second, if ¢ # j, the number of traversals is calculated to be

(n—2)!
Tl' (‘7‘1—1)' ----- (7’]—1)' ..... rk'
s2r The coefficient of (pq,i, ps,;) is
Ty
n(n—1)"

s Substituting the coefficients, we bound the expectation as

E (Z ||xa||2> +2E | ) (wa, )

a=1 a,be(n]
a<b

k
Z\ aJHQ

HM:

k
+ 2 Z Zpaj,pb,J + Z paupb,j (rlle)

a,beln] | j=1 i,j€[k
a<b 175]
k r n
S gl
Jj=1 a=1
9 k
) S D Paispe)rivi =Y (paipoi)rs
a,be[n] \1i,j€K] j=1
a<b
k
p apb, kA
3 (E Sl ) ¢ X3 A
Jj=1 = a,be[n] i,j€[k]
a<b

k

2(Pa,j> Do,

ZZ Aot
a<
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29 We bound the value of each of the three terms individually to get an upper
s bound on the value of the expression. The first term can be bounded as

k 1 1 "
> (3l < o (S )
j=1 a=1 Jj=1 a=1
k n
> orillal? ] D llpall?
j=1 a=1

<

3=

k n
AG)Y i | D lIpall?
j=1 a=1

(AGm) Y Ipall?

S|

<A@©) ("dm(P)Q> |

2

s where we have made use of Lemma and the fact that > ._, [|p.]|* <

s 2
332 % (see [1, Lemma 4.1]). The second term can be re-written as

Y ¥ %: 3 % > (Pasisps)

a,beln] i,j€[k] i,5€[k] a,ben]
a<b a<b

2rir;
=2 n(n—1) D (Pa®aipo @ q5)

i,jE€[K] abegjn]
a<
2r;r;
_Z m Z <pa,pb> <anQJ>
i,j€[k] a’begn}
a<
_ 2(qi, gj)ri7;
-l 2 n(n —1) > (paspe)
1,jE€[k] a,bGEn]
a<
2
:m Z <Qiaqu>’l“i’l“j Z <Pa,pb>.
4.5€[K] a,be[n]

a<b
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The expression ), JeElk] (qi, g;j)rir; can be further simplified as

Z<Qi7Qj>Tirj: Z (qi, qj)rirj +2 Z (g5, q5)rir;

i,j€ k] 1<i=35<k 1<i<yj<k

= Z llgillr? +2 Z (=1) - riry + Z 0-rir;

1<i<k viv; ER viv; €E

Z degree(v;)r? + Z =21

1<i<k viv; EE

_ 2 2 .
= E TZ-+7‘j—27‘27"J

viv;EE

= Y (ri—my)

viv; ER

where we have again made use of Lemma [2.1] Substituting, the second term
becomes

ﬁ Z (ri = r5)° Z (Pa>pp) <0,

(vi,vj)EE a,be(n]
a<b

since we can use ¢(P) = 0tobound 3, , c(1 a<p(Pa D) = —s > pall? < 0.
The second term is non-positive and therefore can be removed since the total
expectation is always non-negative. The third term is

a,jo , _2 a® ) ® >
Z Z pnj_pli] _ Z Z p Zj_pli) q;) T

a,be[n] j a,be[n] j=1
a<b a<b
_ Z 2—2 Pa; P ||61]|| T
a,ben] j=1 (Tl*l)
a<b
(Sl ) | 3 e
R P CLRE n(n —1)
j=1 a,be[n]
a<b

< jz:qul% (W)

B zk:” 1P diam(P)?
=\ NG ) S0 )

nA(G)diam(P)?
2(n—1)
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Collecting the three terms, the expression is upper bounded by
diam(P)2A(G)n  diam(P)2A(G)n

2 2(n— 1)
diam(P)2A(G)n 1
= <1 + n—l)
_ diam(P)2A(G)n?
B 2(n—1) ’

which bounds the expectation by
1 (diam(P)QA(g)nQ) B diam(P)2A(G)

n2 2(n—1) 2(n—1)
This shows that there is a traversal such that its centroid has norm less than
. A(9)
d Py ———.
iam(P) 3n—1)

Proof of Lemma (balanced case). For the case that n is a multiple of k,
and r; = .-+ =171, = ¥ =r, the upper bound can be improved: the first term
in the expectation is

k 1 n
> (23l
j=1 a=1

2

k n
r
EY S s
j=la=1
k n

=33 IpalPllgslP

j=la=1
r k n
= 2 lgl* ) D llpall?
j=1 a=1

n
r
= 2206113 Ipal?
a=1

: 2
- %QHQH (ndlaI;(P) )

< r[|g||diam(P)?,

The second term is zero, and the third term is less than

k k

2., | diam(P)* L2 | diam(P)?
> sl | G (5 ) ot
Jj=1 j=1
B diam(P)?
*27’||g||m
B r||G||diam(P)?
(-1
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us The expectation is upper bounded as

r iam(P)?
%UMXM%<AWMWMPV+HQH (P)

T lam 2
E (e ) < TAEREE (14 1)

n—1
) r||9||dlam(P>2 |G |diam(P)’
n(n—1) k(n—1)

sz which shows that there is at least one balanced traversal X whose centroid has
xs  norm less than

9 as claimed.

s 3 Efficient no-dimensional Tverberg Theorem

1 In this section we prove the results of Theorem

2 Theorem 1.1 (efficient no-dimensional Tverberg) Let P be a set of n

33 points in d dimensions, and let k € {2,...,n} be an integer.

354 (i) For any choice of positive integers 71, ... 11 that satisfy Zle i = n,
355 there is a partition T, ..., T of P with |Ty| = r1,|Ta| = ray. .., |Tk| = 7k,
356 and a ball B of radius

ndiam(P) [10[logy k] _ 0 <\/W diam(P))

min; r; n—1 min; r;

357 such that B intersects the convex hull of each Tj;.
w8 (it) The bound is better for the case n = rk and r;y = --- = rip = r. There
350 exists a partition Ty,..., Ty of P with |Ty| = - = |Tx| = r and a
360 d-dimensional ball of radius

k(k—1 k

(Mmmm:o(dmmm>

n—1 vn

361 that intersects the convex hull of each T;.
w2 (4it) In either case, the partition Ty, ..., T, can be computed in deterministic

363 time

O(nd[logk]).
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3.1 Proof of Theorem [1.1|(il

We lift the points of P to Py, ..., P, using a graph G and the associated vectors
q1,---,qr as in Section The centroid ¢(P,) coincides with the origin, for
a € [n]. Applying Lemm there is a traversal T :=T1 ® q1 U+ - - U T, ® g of
the lifted points, with |T| = r1,|Ts| = 72, ..., |Tk| = rk, such that its centroid
has norm at most 9.

We show that there is a ball of bounded radius that intersects the convex
hull of each T;. Let @y = r1/n,...,a = ri/n be positive real numbers. The
centroid of T, ¢(T), can be written as

C<T>:*ZZP®WZ 2 r|@n
i=1 peT; =1 peT;
k
:Z ZP ®qi = Z%‘Ci@)fh‘a
i=1 " peT; i=1
where ¢; = ¢(T;) denotes the centroid of T;, for i € [k]. Using Equation ,
T)|” = G ®q| = > i — s, (2)
viv;EE
Let 1 = (1C1,T9 = (€2, ...,T = AECk. Then,
k 1 n
D mi= Z%—Z Y =nYm=0
i=1 i=1 pET j=1
so the centroid of {z1,...,zx} coincides with the origin. Using ||¢(T")|| < ¢ and

Equation (2)),

Doolwi—zlP= Y llaies — age® < 6%

viv; EE viv; EE

We bound the distance from z; to every other x;. For each i € [k], we
associate to x; the node v; in G. Let the shortest path from v; to v; in G
be denoted by (vi,vi,,vi,, ..., v;,,v;). This path has length at most diam(G).
Using the triangle inequality and the Cauchy-Schwarz inequality,

oy = a5l < oy = @i |+ llza, = ol + -+ llzi, — 24

< Vaim(@) /e — w0, |2 + s, — il + -+ i —
< /diam(G) Z |z — x;]|? < /diam(G)é. (3)

viv; EE
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Therefore, the ball of radius 8 := y/diam(G)d centered at x1 covers the set
{z1,...,z}. That means, the ball covers the convex hull of {z1,...,z;} and
in particular contains the origin. Using the triangle inequality, the ball of radius
23 centered at the origin contains {x1, ...,z }. Then, the norm of each z; is at
most 23, which implies that the norm of each ¢; is at most 23/«;. Therefore,

the ball of radius
28 2n,/diam(G)d

min;a; min;7r;

centered at O contains the set {c1,...,cr}. Substituting the value of ¢ from
Lemma the ball of radius

2ny/diam(G) | A(G) diam(P):ndiam(P) 2diam(G)A(G)
2(n—1)

min;r; min;r; n—1

centered at O covers the set {c1,...,cx}.

Optimizing the choice of G. The radius of the ball has a term /diam(G)A(G)
that depends on the choice of G. For a path graph this term has value 1/ (k — 1)2.
For a star graph, that is, a tree with one root and k — 1 children, this is vk — 1.
If G is a balanced s-ary tree, then the Cauchy-Schwarz inequality in Equation
can be modified to replace diam(G) by the height of the tree. Then, the term is

[log, k(s + 1), which is minimized for s = 4. For this choice of G, the radius
is bounded by

ndiam(P) [10[log, k]

min;r; n—1 "
as claimed.
O
3.2 Proof of Theorem |1.1{}ii) (balanced partition)
For the case n = rk and ry = --- = rx = r, we give a better bound for the
radius of the ball containing the centroids ci,...,c,. In this case, we have
a) =ag =+ =ay =1r/n =1/k. Then, Equation is
1
2 2 2
le(D” = > llaics — ajg]® = = > llei =gl
Uiv]‘GE ’L)qujGE

Since |le(T)|| < v, we get

> e =gl < B2 (4)

ViU ck

Similar to the general case, we bound the distance from ¢; to any other centroid
c;. For each i, we associate to c; the node v; in G. There is a path of length at
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w5 most diam(G) from vy to any other node. Using the Cauchy-Schwarz inequality
ws and substituting the value of v from Lemma [2:2] we get

ler = esll < Vdiam(@) | 3 ller — ]2 < /dam(G)ky

viv;EE

~ [diam(G)|G||, ..
= mkdlam(])) (5)
:m diam(G)||G||diam(P). (6)

w7 Therefore, a ball of radius

\/E diam ()Gl diam(P)

ws centered at ¢ contains the set ¢y, . .., cx. The factor \/diam(G)||G|| is minimized
w0 when G is a star graph, which is a tree. We can replace the term diam(G) by
a0 the height of the tree. Then, the ball containing ¢y, ..., cx has radius

k(k—1)

p—] diam(P),

a1 as claimed.
O

a2 As balanced as possible. When k does not divide n, but we still want a balanced
a3 partition, we take any subset of ng = k|[n/k| points of P and get a balanced
ae  Tverberg partition on the subset. Then, we add the removed points one by one
as  to the sets of the partition, adding at most one point to each set. As shown
a6 above, there is a ball of radius less than

k(k—1)
—=diam(P

p— iam(P)
a7 that intersects the convex hull of each set in the partition. Noting that

1 < E+2 1
\/nofl - k \/’I’L—l’

a8 a ball of radius less than

(k+2)(k—1)

n—1) diam(P)

a0 intersects the convex hull of each set of the partition.
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3.3 Proof of Theorem [1.1{iii)) (computing the Tverberg partition)

We now give a deterministic algorithm to compute no-dimensional Tverberg
partition 77,...,Tk. The algorithm is based on the method of conditional
expectations. First, in Section we give an algorithm for the general case

when the sets in the partitions are constrained to have given sizes r1,..., 7.
The choice of G is crucial for the algorithm.
The balanced case of r; = --- = r; has a better radius bound and uses

a different graph G. The algorithm for the general case also extends to the
balanced case with a small modification, that we discuss in Section We
get the same runtime in either case.

3.8.1 Algorithm for the general case

As before, the input is a set of n points P C R?% and k positive integers 1, . .., 7%
satisfying Ele r; = n. Using tensor product construction, each point of P
is lifted implicitly using the vectors {q1,...,qr} to get the set {Py,..., P,}.
We then compute the required traversal of {Px,..., P,} using the method of
conditional expectations [2], the details of which can be found below. Grouping
the points of the traversal according to the lifting vectors used gives us the
required partition. We remark that in our algorithm, we do not explicitly lift
any vector using the tensor product, thereby avoiding costs associated with
working on vectors in d||G|| dimensions.

We now describe a procedure to find a traversal that corresponds to a desired
partition of P. We go over the points in { Py, ..., P, } iteratively in reverse order
and find the traversal Y = (y; € P1,...,yn € P,) point by point. More precisely,
we determine y,, in the first step, then y, 1 in the second step, and so on. In the
first step, we go over all points of P,, and select any point y,, € P, that satisfies
E (e(z1, 2, o, 2n—1,y0)|1?) < E (le(z1, 22, .., 2n—1,2n)||?). For the general
step, suppose we have already selected the points {ysi1,¥Ys+2,---,Yn}. To
determine y,, we choose any point from P, that achieves

E (”c(ajh s Ts—15Ysy Ys+1, - - - 7yn)||2) § E (HC(’JJl, sy Ly Ys1y - 7yn)”2) .
(7)

The last step gives the required traversal. We expand the expectation as
E(”c(xlﬂ T2yeeesyTs—1yYsy--- 7yn)||2)

s—1 n 2 s—1 n
=E ‘i(Z%—FZ?Jz) Z%E H(Z%-&- Z yi)ers
i=1 i=s i=1

1=s+1

2

s—1 n 2 s—1 n
=% E((Y zi+ > v +||ys||2+2<ys,E<in+ > yz>>
i=1 i=s5+1 i=1 i=s5+1
1 s—1 n 2 s—1 n
=3 |E i+ Y w +||ys||2+2<ys,E<Zfri> + > yz>
i=1 i=s5+1 i=1 i=s+1
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We pick a y, for which E(Hc(xl,xg,...,xs_l,ys,...,yn)||2) is at most the
)
is constant over all choices of y,, and the factor % is constant, we can remove
them from consideration. We are left with

average over all choices of ys € P;. As the term E (HZ:__ll T; + Z?:SH Yi

s—1 n
||y£+2<ys,xa(zmi) .S yi>
=1

i=s+1

=llysl? +2 <y571E (i x>> +20ye Y i) (8)

i=s+1
Let ys = ps ® ¢; without loss of generality. The first term is

I I? IZ.

llysl= = ”ps ®Gll” = ||p8||2||%'

Let 7,...,7, be the number of elements of Ti,...,T} that are yet to be
determined. In the beginning, r; = r; for each i. Using the coefficients from

Section E (Zf;ll xl> can be written as

s—1 s—1 k T‘/-
PRI 3 SEES
i=1 i=1 j=1
k /

r s—1

— E J E :
B s—1 Pij

j=1 i=1

k 1 s—1
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s—1
w7 where cs_1 = Zsj ' is the centroid of the first (s — 1) points. Using this, the
s second term can be simplified as

s—1 k
2<ys,E<in>>:2<ps®qi,cs_1® Z’/’;q]' >
i=1 =1

k
= 2(ps,Cs-1) <Qia Z 7“2-Qj>
j=1

= 2ps,coct) | rillal> = Y 7

viv;€R

= <p57 6571>Ri7

w0 where R; = 2 (r;||qz||2 = 2 viv,eE ré) The third term is 2<y572?25+1 yj>.
w Let y; =p;j ® ¢y, for s +1 < j <n. The term can be simplified to

2<ys, > yj> =2 > (o y)

j=s+1 Jj=s+1

=2 Z <ps ® Gis Dj ®Qm]~>

j=s+1
n
=2 > (pe. ) (00 Gm,)
j=s+1
:2<ps, S olad? - Y zp>
peT; jiviv EE peT)

:<ps,z lail® > p— 3 Zp>

peT; jviv; €E peTy
= <psa Ul>7

w1 where U; = 2 (||Qi||2 S per, P — ijivjeE ZpeTj p) and T} is the set of points
w2 i Pgy1,...,Ppn that was lifted using g; in the traversal. Collecting the three
463 terms, we get

H]9s||2||(]i||2 + (ps, cs—1)Ri + (ps, Ui) = asN; + BsR; + (ps, Us), 9)

w04 Wwith
Ni = ||qi||27a5 = ”pSszﬁs = <p57cs—1>-

w5 The terms ag, Os, ps are fixed for iteration s.
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Algorithm. For each s € [1,n], we pre-compute the following:

— prefix sums >0 _, p,, and
— a, and fs.

With this information, it is straightforward to compute a traversal in O(ndk)
time by evaluating the expression for each choice of p,. We describe a more
careful method that reduces this time to O(nd[logk]).

We assume that G is a balanced p-ary tree. Recall that each node v; of
G corresponds to a vector ¢;. We augment G with the following additional
information for each node v;:

N; = ||g;||*: recall that this is the degree of v;.

— N7*: this is the average of the N, over all elements v; in the subtree rooted
at v;. Since the subtree contains both internal nodes and leaves, this value
is not p + 1.

— r}: as before, this is the number of elements of the set T; of the partition
that are yet to be determined. We initialize each 7} := r;.

- R, =2 (rgNZ- — ZvivjeE r;), that is, }N; minus the r;- for each node v,
that is a neighbor of v; in G, times two. We initialize R; := 0.

— R:': this is the average of the R; values over all nodes v; in the subtree
rooted at v;. We initialize this to 0.

— T;,u;: as before, T; is the set of vectors of the traversal that was lifted using

q;- The sum of the vectors of T; is u;. We initialize T; = @ and u; = 0.

~ Ui = 2 (162 Zper, P = Lyoyen Loer, ) = 2 (wili = Loyents ),
initially O.

— U#": this is the average of the vectors U; for all nodes v; in the subtree of
v;. Ut is initialized as 0 for each node.

Additionally, each node contains pointers to its children and parents. The
quantities N¢, R are initialized in one pass over G.

In step s, we find an ¢ € [k] for which Equation @D has a value at most the
average

k
1
Ay = % (Z asN; + BsR; + <ps7 Ul>>

i=1

a k /8 k
:;zm+;zm+@m
=1 =1

= alest + ﬂstt + <psa Uft>v

T =

)

where v is the root of G. Then y, satisfies Equation @

To find such a node v;, we start at the root v; € G. We compute the average
A, and evaluate Equation @ at vy. If the value is at most A, we report
success, setting ¢ = 1. If not, then for at least one child v,, of v{, the average
for the subtree is less than Ag, that is, as N2 + B R + (ps, Ust) < Ag. We
scan the children of v; and compute the expression to find such a node v,,. We
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recursively repeat the procedure on the subtree rooted at v,,, and so on, until
we find a suitable node. There is at least one node in the subtree at v,, for
which Equation @ evaluates to less than A, so the procedure is guaranteed
to find such a node.

Let v; be the chosen node. We update the information stored in the nodes
of the tree for the next iteration. We set

—rj:=r,—1and R; := R; — 2N;. Similarly we update the R; values for
neighbors of v;.

— We set T; :=T; U {ps}, u; := u; + ps and U; := U; + 2N;p,. Similarly we
update the U; values for the neighbors.

— For each child of v; and each ancestor of v; on the path to vy, we update
Rt and U*t.

After the last step of the algorithm, we get the required partition 17, ..., T} of
P. This completes the description of the algorithm.

Runtime. Computing the prefix sums and «y, 85 takes O(nd) time in total.
Creating and initializing the tree takes O(k) time. In step s, computing the
average A, and evaluating Equation @ takes O(d) time per node. Therefore,
computing Equation @ for the children of a node takes O(du) time, as G
is a p-ary tree. In the worst case, the search for v; starts at the root and
goes to a leaf, exploring O(u[log, k|) nodes in the process and hence takes
O(du[log, k1) time. For updating the tree, the information local to v; and its
neighbors can be updated in O(du) time. To update RS' and U** we travel
on the path to the root, which can be of length O([log, k1) in the worst case,
and hence takes O(dpu[log, k1) time. There are n steps in the algorithm, each
taking O(duflog,, k]) time. Overall, the running time is O(ndu[log, k|) which
is minimized for a 3-ary tree.

O

3.8.2 Algorithm for the balanced case

In the case of balanced traversals, G is chosen to be a star graph as was done in
Section[3:2] Let ¢; correspond to the root of the graph and go, . . ., g correspond
to the leaves. In this case the objective function asN; + S R; + (ps, U;) from
the general case can be simplified:

— fori=2,...,k, we have that R; = 2 (r;||qi||2 D D r;) =20 —11).

Also, we have

Ui=2[> pllal*~ > »

p€eT; peT)
viv;€R

=2|> p-> »p

peT; peT,
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— for the root vy, R; =2 (r{”qzﬂ2 — ZvivjeE r;) =2 ((k: —1)rf — Z?:z r’,).
Also, we can write

Ui=2{lald p— > »
peT; pETj
’Ui’UjEE
=2\ (k=D p= > p
PET; pEUF_,T;

We augment G with information at the nodes just as in the general case,
and use the algorithm to compute the traversal. However, this would need time
O(ndu[log, k|) = O(ndk) since p = (k — 1) and the height of the tree is 1.
Instead, we use an auxiliary balanced ternary rooted tree 7 for the algorithm,
that contains k nodes, each associated to one of the vectors gi,...,qr in an
arbitrary fashion. We augment the tree with the same information as in the
general case, but with one difference: for each node v;, the values of R; and
U, are updated according to the adjacency in G and not using the edges of 7.
Then we can simply use the algorithm for the general case to get a balanced
partition. The modification does not affect the complexity of the algorithm.

4 No-dimensional Colorful Tverberg Theorem

In this section, we prove Theorem and give an algorithm to compute a
colorful partition.

Theorem 1.2 (efficient no-dimensional Colorful Tverberg) Let Py, ...,
P, C R? be point sets, each of size k, with k being a positive integer, so that
the total number of points is N = nk.

(i) Then, there are k pairwise-disjoint colorful sets A1, ..., A and a ball of
radius

w max diam(P;) = O (\/kﬁ max diam(Pi)>

that intersects conv(A;) for each i € [k].

(ii) The colorful sets Aq,...,Ar can be computed in deterministic time
O(Ndk).

The general approach is similar to that in Section [3] but the lifting and the
averaging steps are modified.
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4.1 Proof of Theorem [1.2|(i) (colorful partition)

Let g1,...,qx be the set of vectors derived from a graph G as in Section [2}
Let m = (1,2,...,k) be a permutation of [k]. Let m; denote the permutation
obtained by cyclically shifting the elements of 7 to the left by ¢ — 1 positions.
That means,

m=(12...k—1k)
T =(2,3,...,k,1)
T =(3,4,...,1,2)

= (k,1,2,... k—2,k—1).

Let Py, ..., P, be point sets in RY, each of cardinality k. Let P, = {p1.1,...,p1.k}
and P, ; = Zle P1,i @ ¢r, (i) be the point in RU9I that is formed by taking
tensor products of the points of P; with the permutation 7; of ¢1,...,q; and
adding them up, for j € [k]. For instance, Py 4 = p1 ®qa +p2@¢s5 + - - +pi, @ g3-
This gives us a set of k points P{ = {P11,..., P1 x}. Furthermore,

k kE k kE k
Pyj = ZZPM © Gr;(i) = Zzpl,i & G (3)
j=1 j=11i=1 i=1 j=1
k k k k
= Zpu ® anj(i) = ZPM ® (Z qm>
i=1 j=1 i=1 m=1
=9 (10)

so the centroid of P coincides with the origin. In a similar manner, for
Py, ..., P,, we construct the point sets Pj,..., P/, respectively, each of whose
centroids coincides with the origin. We now upper bound diam(P). For any
point P ;, using Equation we can bound the squared norm as

2 2

k

1Prill* =

k
Z P1,m @ Gr;(m)
m=1 =

2
= Z le,w;%z) “Pra;t(m) H

vvmER

< Y diam(Py)? < ||G]/diam(Py)?,

Vo EE

Pty @@
1

so that ||P171|| < 4/ HQHdlam(Pl) For any two points P17i’P1,j S Pl/a
[Pri = Prjll < [[Prll + (1P
< VI|G||diam(Py) + /||G||diam(Fy)

— 2./ G][diam(P).
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Therefore, diam(P;) < 24/||G||diam(P;). We get a similar relation for each
P!. Now we apply the no-dimensional Colorful Carathéodory theorem from [1}
Theorem 2.1] on the sets Py, ..., P/: there is a traversal X = {zy € P|,...,x, €
P!} such that

max;diam(P)
(X)) <0 = ——=—=
V2n
2
< Mmaxidiam(ﬂ) = Mmaxidiam(ﬂ).
Van N
Let 1 = Pi4,,...,2, = P, ;, where 1 <4y,...,4, <k are the indices of the

permutations of 7w that were used. That means,

k
P = Zp] 1 ® G (1) Z iji m) © qm-
m=1

Then, we define the colorful sets Aq,..., Ay as:

Aj = {pl,w,;ll(i)vp2,7r;21(i)v i 'pn,n;nl(i)} )

that is, A; consists of the points of Pi,..., P, that were lifted using ¢; for
Jj € [k]. By definition, each A; contains precisely one point from each P/, so it
is a colorful set. Let ¢; denote the centroid of A;. We expand the expression

1 n
C(X) = Ezpj7ij
J=1

1 n k
I Z ij,z @ G, (1)

j—ll—l
:722733# 1(m)®Qm
j=1m=1
- ZZPN ) & gm
m=1 j=1

[

3

k n
72 Zp]ﬂ (m) ®Qm
m=1 \ j=1

Z ijﬂ ® am

m= 1

k
= Z Cm & Qm-
m=1
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Applying [|e(X)[|* < 62, we get

k
Z Cm Q qm
m=1

where we made use of Equation . Using the Cauchy-Schwarz inequality as
in Section the distance from c¢; to any other ¢; is at most y/diam(G)J.

Substituting the value of 4, this is 4/ 2kdimnﬁ(g)ug”mau(idiaun(P,;). Now we set G

as a star graph, similar to the balanced case of Section with vy as the root.
A ball of radius

2

= > lla—call® <8

v, vmEE

2k(k — 1
(Tmaxidiam(Pi)
centered at ¢; contains the set {c1,...,cx}, intersecting the convex hull of each

A;, as required.
O

4.2 Proof of Theorem [1.2|(ii) (computing the colorful partition)

The algorithm follows a similar approach as in Section [3.3] The input consists of
the sets of points Py, ..., P,. We use the permutations 7y, ..., 7 of ¢1,...,qx
to (implicitly) construct the point sets Py, ..., P.. Then we compute a traversal
of P{,..., P/ using the method of conditional expectations. This essentially
means determining a permutation 7;; for each P/. The permutations directly
determine the colorful partition. Once again, we do not explicitly lift any vector
using the tensor product, and thereby avoid the associated costs.

We iterate over the points of {P],...,P}} in reverse order and find a
suitable traversal Y = (y1 € P{,...,yn € P!) point by point. Suppose we have
already selected the points {ysi1, Ys+2,---,YUn}. To find ys € P., it suffices to
choose any point that satisfies

E (HC(xl? ey Ts—15Ysy Ys+1,- - - >yn)||2) S E (Hc(xh ey Lsy Ys1ye - - 7yn)||2) .
(11)
Specifically, we find the point ys for which the conditional expectation expressed
as E(|le(z1, 22, ., Ts_1,Ys, - -, Yn)||?) is minimized. As in Equation from
Section [3.3] this is equivalent to determining the point that minimizes

||ys|2+2<yst (i«%) + Z yi> (12)

1=s+1

:”ysu2 +2 <y87E <2x1>> + 2(ys, Z Yi)- (13)

1=s+1

Let y, = Ele Ps,i ® Qr(s) for some permutation © € {my,...,m}. The
terms of Equation can be expanded as:
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e00 — first term:

2
lys|I* =
1=
2
= > parr) = Po-rom|
v Um EE
610 using Equation .
e — second term: the expectation can be written as
s—1 s—1 k 1 15 — k
2(S4) -5 mi- 18 (5 o
1=1 =1 j=1 =1 j=1
612 as in Equation .
ss  — third term: let m;_ ., ..., m;, denote the respective permutations selected
o4 for P; ,,..., P; in the traversal. Then,
n n
> vi= > P
i=s+1 1=s+1
n k
= Z sz',l Q Gz, (1)
i=s+1 1=1
-y Z Piw ) @
1=s+1m=1
k
m=1 \i=s+1 ‘
k
= Z PO qm,
m=1peAl,
615 where, A7 C A,, is the colorful set whose elements from Ps,1,..., P, have

616 already been determined. Let Sy, =3 4, p for each m = 1...k. Then,
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the third term can be written as

<ys, > yz>—2<2psz®qm ZS ®qm>
1=s5+1
= QZ Z <ps,i ® Gr (i), Sm ® Qm>

i=1 m=1
E ok
=2 Z Z <ps,7r—1(l) & qi, Sm [ qm>
=1 m=1
= ZZ Ds,m- l(l)’ ><Qlan>
k
=2 (porrm)s Sm) llaml® = D (perr0); Sm>>
m=1 VUM EE
k
=2 <<ps,7r1(m)qm||2 - Z psﬁﬂ.l(l)> ,Sm> .
m=1 Vvm EE
If 7 is the permutation selected in the iteration for P/, then we update A} =

AU {ps 13y} and S; = S; + ps r-1(;) for each i = 1 k.

For each permutation m, the first and the third terms can be computed
in O(]|G||d) = O(kd) time. There are k permutations for each iteration, so
this takes O(k?d) time per iteration and O(nk?d) = O(Ndk) time in total for
finding the traversal.

Remark 4.1 In principle, it is possible to reduce the problem of computing a no-
dimensional Tverberg partition to the problem of computing a no-dimensional
Colorful Tverberg partition. This can be done by arbitrarily coloring the point
set into sets of equal size, and then using the algorithm for the colorful version.
This can give a better upper bound on the radius of the intersecting ball if the
diameters of the colorful sets satisfy

dlam(PlLJPgUUPn)
V2

However, the algorithm for the colorful version has a worse runtime since it
does not utilize the optimizations used in the regular version.

max;diam(P;) <

5 No-dimensional Generalized Ham-Sandwich Theorem

We prove Theorem in this section:

Theorem 1.3 (no-dimensional Generalized Ham-Sandwich) Let k fi-
nite point sets Py, ..., P, in RY be given, and let my,...,my, 2 < m; < |Pj
fori € [k], k <d, be any set of integers.
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(i) There is a linear transformation and a ball B € RY=*+L of radius
diam(P;)

such that the hypercylinder B x RE=1 € RY has depth at least [|P;|/m;)
with respect to P;, fori € [k], after applying the transformation.
(i) The ball and the transformation can be determined in time

0] <d6 +dk*+> |Pi|d> .

This is a no-dimensional version of a generalization of the Ham-Sandwich
theorem [33]. We briefly describe the history of the problem before detailing
the proof.

The Centerpoint theorem was proven by Rado in [26]. It states that for any
set of n points P C R?, there exists some point cp(P) € R?, called the center-
point of P, such that ¢p(P) has depth at least [n/(d + 1)]. The centerpoint
generalizes the concept of median to higher dimensions. The theorem can be
proven using Helly’s theorem [16] or Tverberg theorem.

The Ham-Sandwich theorem [33] shows that for any set of d finite point sets
Py, ..., P; C R? there is a hyperplane H which bisects each point set, that is,
each closed halfspace defined by H contains at least [|P;|/2] points of P;, for
i € [d]. The result follows by an application of the Borsuk-Ulam theorem [18].

Zivaljevié and Vredica [37] and Dol’nikov [12], independently, proved a
generalization of these two results for affine subspaces (flats) :

(2+2v2) max

Theorem 5.1 Let Py, ..., P, be k < d finite point sets in R%. Then there is a
(k — 1)-dimensional flat F of depth at least |P;|/(d — k + 2) with respect to P;,
fori e [k].

For k = 1, this corresponds to the Centerpoint theorem while for £ = d,
this is the Ham-Sandwich theorem, and thereby interpolates between the two
extremes.

We prove a no-dimensional version of this theorem, where 1/(d — k4 2) can
be relaxed to be an arbitrary but reasonable fraction. In fact, we prove a slightly
stronger version that allows an independent choice of fraction for each point
set P; individually. The idea is motivated by the result of Barany, Hubard and
Jer6nimo, who showed in [6] that under certain conditions of “well-separation”,
d compact sets Si,...,S; C R? can be divided by a hyperplane that such
the positive half-space contains an (aq,...,aq)-fraction of the volumes of
S1,-..,54, respectively. A discrete version of this result for finite point sets
was proven by Steiger and Zhao in [32], which they term as the Generalized
Ham-Sandwich theorem. Our result can be interpreted as a no-dimensional
version of this result, but we do not have constraints on the point sets as
in [6,32).

Without loss of generality, we assume that the centroid ¢(P;) = 0. We first
approach a simpler case:
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Lemma 5.1 Let ¢(Py) =+ =c(Py) =0 and mq,...,my, 2 <m; < |P;| for
1 € [k], be any choice of integers. Then the ball of radius

diam(F;)
NG

centered at 0 has depth at least [|P;|/m;] with respect to P;, fori € [k].

(24 2V2) max

Proof Consider any point set P; and a no-dimensional P d
From |1, Theorem 2.5], we know that the ball B centered at c( P;) = 0 of radius

—‘ -partition of P;.

+vR)diam(Py) [ LM o 5 giam(py, [ 2 = B 2v2)diam(P)
7] m Vo

intersects each set of the partition. Let H be any half-space that contains B.
We claim that H contains at least one point from each set in the partition.
Assume for contradiction that H does not contain any point from a given set
in the partition. Then, the convex hull of that set does not intersect H, and
hence B, which is a contradiction. This shows that B has depth [|P;|/m;]. Let
B’ be the ball of radius (2 + 2v/2) max; diam(P;)//m; centered at the origin.
Then B’ has depth at least [|P;|/m;] with respect to P; for each i =1,...,k.

O

We prove an auxiliary result that will be helpful in proving the main result:

Lemma 5.2 Let Pi,..., P, C R™ be finite point sets. Let v be any vector in
R% and project Py, ..., P, on the hyperplane H via O with normal v. If some
set X C H has depth aq, ..., a4 respectively for the projected point sets, then
X xR, C R% has the same depths for the original point sets, where R,, is the
one dimensional subspace containing v.

Proof Consider any half-space H C R% that contains X x R,. Then  contains
R,, so it can be written as H x R, where H C H is a half-space containing X.
# contains at least a; points of each P;. By orthogonality of the projection, H
also contains at least «; points of each P;, proving the claim.

(]

Proof of Theorem @) Given point sets Py, ..., P, with ¢(P;) = 0, we apply
orthogonal projections on the points multiple times so that their centroids
coincide. In the first step, we set v1 = ¢(P,). Let 1 be the line through the
origin containing v; and let H,, be the hyperplane via 0 with normal v;. Let
f1: R4 — H, be the orthogonal projection defined as f(p) = p — (p, v)#

Let P}, ..., Pkl C R97! be the point sets obtained by applying the orthogonal
projection on P4, . .., Py, respectively. Under this projection ¢(Pl) = ¢(Py) =

In the next step we set vo = C(Pgl) and define I and H,, analogously. We project
P, ..., Pl onto H,, to get P?,..., P? with ¢(P}) = c(PQ) = c(P3) =0. We
repeat thls process k — 1 times to get a set of points Pf~t, ..., PF~t ¢ RI-k+1
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with ¢(Pf™!) = .- = ¢(P}™') = 0. Using Lemma there is a ball B of
radius -
. (P
diam(P) < (2 +2V2) max diam(P:)
A/ i A/

of the required depth. Applying Lemma on Plk_Q, e ,P:_Q C Ri—F+2,
B x £}, also has the required depth. Repeated application of Lemma gives
us B X £p_q X li_o X -+ x {1. Since the Cartesian product may have more than
d co-ordinates, we apply a linear transformation so that the subspace spanned
by the orthogonal set ¢y, ..., ¢,_; is R*='. Then, B x R*~! has the desired
properties.

(2+2V2) max

Proof of Theorem . To compute the vectors v1,...,v;r_1, we note that
vy = C(Pitll) =c(fi—10 ficgo---0 fl(Pii.Fll)) = fic10fig0---0 fl(C(Pil:ll))a

by linearity of the projection. Therefore, at the beginning we first compute
each centroid ¢(P;) and in each step we apply the projection on the relevant
centroids. The projection is applied 1 + -+ + k — 2 = O(k?) times. Computing
the centroid in the first step takes O(}_, | P;|d) time. Computing the projection
once takes O(d) time, so in total O(dk?) time. Finding the linear transformation
takes another O(d%) time.

6 Conclusion and future work

We gave efficient algorithms for a no-dimensional version of Tverberg theorem
and for a colorful counterpart. To achieve this end, we presented a refinement of
Sarkaria’s tensor product construction by defining vectors using a graph. The
choice of the graph was different for the general- and the balanced-partition
cases and also influenced the time complexity of the algorithms. It would be
interesting to find more applications of this refined tensor product method.
Another option could be to look at non-geometric generalizations based on
similar ideas. It would also be interesting to consider no-dimensional variants
other generalizations of Tverberg’s theorem, e.g., in the tolerant setting [22}/30].

The radius bound that we obtain for the Tverberg partition is vk off the
optimal bound in [1]. This seems to be a limitation in handling Equation .
It is not clear if this is an artifact of using tensor product constructions. It
would be interesting to explore if this factor can be brought down without
compromising on the algorithmic complexity. In the general partition case,
setting 1 = - -+ = 1y gives a bound that is \/[log k| worse than the balanced
case, so there is some scope for optimization. In the colorful case, the radius
bound is again vk off the optimal [1], but with a silver lining. The bound is
proportional to max; diam(F;) in contrast to diam(P, U---U P,) in [1], which
is better when the colors are well-separated.

The algorithm for colorful Tverberg theorem has a worse runtime than the
regular case. The challenge in improving the runtime lies a bit with selecting
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an optimal graph as well as the nature of the problem itself. Each iteration in
the algorithm looks at each of the permutations 71, ..., 7, and computes the
respective expectations. The two non-zero terms in the expectation are both
computed using the chosen permutation. The permutation that minimizes the
first term can be determined quickly if G is chosen as a path graph. This worsens
the radius bound by vk — 1. Further, computing the other (third) term of the
expectation still requires O(k) updates per permutation and therefore O(k?)
updates per iteration, thereby eliminating the utility of using an auxiliary
tree to determine the best permutation quickly. The optimal approach for this
problem is unclear at the moment.

References

1. Karim Adiprasito, Imre Barany, and Nabil Mustafa. Theorems of Carathéodory, Helly,
and Tverberg without dimension. In Proc. 30th Annu. ACM-SIAM Sympos. Discrete
Algorithms (SODA), pages 2350—-2360, 2019.

2. Noga Alon and Joel H. Spencer. The Probalistic method. John Wiley & Sons, 2008.

3. Jorge L. Arocha, Imre Barany, Javier Bracho, Ruy Fabila Monroy, and Luis Montejano.
Very colorful theorems. Discrete Comput. Geom., 42(2):42-154, 2009.

4. Imre Barany. A generalization of Carathéodory’s theorem. Discrete Mathematics,
40(2-3):141-152, 1982.

5. Imre Barany, Pavle V. M. Blagojevi¢, and Giinter M. Ziegler. Tverberg’s theorem at 50:
extensions and counterexamples. Notices Amer. Math. Soc., 63(7):732-739, 2016.

6. Imre Barany, Alfredo Hubard, and Jests Jerénimo. Slicing convex sets and measures by
a hyperplane. Discrete Comput. Geom., 39(1):67-75, 2008.

7. Imre Bardny and David G. Larman. A colored version of Tverberg’s theorem. Journal
of the London Mathematical Society, s2-45(2):314-320, 1992.

8. Imre Barany and Shmuel Onn. Colourful linear programming and its relatives. Mathe-
matics of Operations Research, 22(3):550-567, 1997.

9. Pavle Blagojevi¢, Benjamin Matschke, and Giinter Ziegler. Optimal bounds for the
colored Tverberg problem. Journal of the European Mathematical Society, 017(4):739—
754, 2015.

10. Aruni Choudhary and Wolfgang Mulzer. No-dimensional Tverberg theorems and algo-
rithms. In Proc. 36th Int. Sympos. Comput. Geom. (SoCG), pages 31:1-31:17, 2020.

11. Kenneth L. Clarkson, David Eppstein, Gary L. Miller, Carl Sturtivant, and Shang-Hua
Teng. Approximating center points with iterative Radon points. Internat. J. Comput.
Geom. Appl., 6(3):357-377, 1996.

12. Vladimir L. Dol’nikov. A generalization of the Ham sandwich theorem. Mat. Zametki,
52(2):27-37, 1992.

13. Aris Filos-Ratsikas and Paul W. Goldberg. The complexity of splitting necklaces and
bisecting Ham sandwiches. In Proc. 51st Annu. ACM Sympos. Theory Comput. (STOC),
pages 638-649, 2019.

14. Sariel Har-Peled and Mitchell Jones. Journey to the center of the point set. In Proc.
35th Int. Sympos. Comput. Geom. (SoCG), pages 41:1-41:14, 2019.

15. Sariel Har-Peled and Timothy Zhou. Improved approximation algorithms for Tverberg
partitions. arXiv:2007.08717.

16. Eduard Helly. Uber Mengen konvexer Kérper mit gemeinschaftlichen Punkten. Jahres-
bericht der Deutschen Mathematiker- Vereinigung, 32:175—-176, 1923.

17. Jests De Loera, Xavier Goaoc, Frédéric Meunier, and Nabil Mustafa. The discrete yet
ubiquitous theorems of Carathéodory, Helly, Sperner, Tucker, and Tverberg. Bulletin of
the American Mathematical Society, 56(3):415-511, 2019.

18. Jiri Matousek. Using the Borsuk-Ulam theorem. Springer-Verlag Berlin Heidelberg,
2003.



795
796
797
798
799
800
801
802
803
804
805
806
807
808
809
810
811
812
813
814
815
816
817
818
819
820
821
822
823
824
825
826
827
828
829
830
831
832
833
834
835
836

No-dimensional Tverberg Theorems and Algorithms 35

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.
32.

33.

34.

35.

36.

37.

38.

Jiff Matousek, Martin Tancer, and Uli Wagner. A geometric proof of the colored Tverberg
theorem. Discrete Comput. Geom., 47(2):245-265, 2012.

Frédéric Meunier, Wolfgang Mulzer, Pauline Sarrabezolles, and Yannik Stein. The rainbow
at the end of the line: A PPAD formulation of the Colorful Carathéodory theorem with
applications. In Proc. 28th Annu. ACM-SIAM Sympos. Discrete Algorithms (SODA),
pages 1342-1351, 2017.

Gary L. Miller and Donald R. Sheehy. Approximate centerpoints with proofs. Comput.
Geom. Theory Appl., 43(8):647-654, 2010.

Wolfgang Mulzer and Yannik Stein. Algorithms for tolerant Tverberg partitions. Internat.
J. Comput. Geom. Appl., 24(4):261-274, 2014.

Wolfgang Mulzer and Yannik Stein. Computational aspects of the Colorful Carathéodory
theorem. Discrete Comput. Geom., 60(3):720-755, 2018.

Wolfgang Mulzer and Daniel Werner. Approximating Tverberg points in linear time for
any fixed dimension. Discrete Comput. Geom., 50(2):520-535, 2013.

Noam Nisan, Tim Roughgarden, Eva Tardos, and Vijay V. Vazirani, editors. Algorithmic
Game Theory. Cambridge University Press, 2007.

Richard Rado. A theorem on general measure. Journal of the London Mathematical
Society, s1-21(4):291-300, 1946.

Johann Radon. Mengen konvexer Korper, die einen gemeinsamen Punkt enthalten.
Mathematische Annalen, 83:113-115, 1921.

Jean-Pierre Roudneff. Partitions of points into simplices with k-dimensional intersection.
I. The conic Tverberg’s theorem. European Journal of Combinatorics, 22(5):733-743,
2001.

Karanbir S. Sarkaria. Tverberg’s theorem via number fields. Israel Journal of Mathe-
matics, 79(2-3):317-320, 1992.

Pablo Soberén. Equal coefficients and tolerance in coloured Tverberg partitions. Combi-
natorica, 35(2):235-252, 2015.

Daniel Spielman. Spectral graph theory.

William Steiger and Jihui Zhao. Generalized Ham-sandwich cuts. Discrete Comput.
Geom., 44(3):535-545, 2010.

Arthur H. Stone and John W. Tukey. Generalized “Sandwich” theorems. Duke Mathe-
matical Journal, 9(2):356-359, 06 1942.

Helge Tverberg. A generalization of Radon’s theorem. Journal of the London Mathe-
matical Society, s1-41(1):123-128, 1966.

Helge Tverberg. A generalization of Radon’s theorem II. Journal of the Australian
Mathematical Society, 24(3):321-325, 1981.

Helge Tverberg and Sinisa T. Vreéica. On generalizations of Radon’s theorem and the
Ham-sandwich theorem. European Journal of Combinatorics, 14(3):259-264, 1993.
Rade T. Zivaljevi¢ and SiniSa T. Vreéica. An extension of the Ham sandwich theorem.
Bulletin of the London Mathematical Society, 22(2):183-186, 1990.

Rade T. Zivaljevi¢ and Sinisa T. Vreéica. The colored Tverberg’s problem and complexes
of injective functions. Journal of Combinatorial Theory, Series A., 61:309-318, 1992.



	Introduction
	Tensor product and Averaging argument
	Efficient no-dimensional Tverberg Theorem
	No-dimensional Colorful Tverberg Theorem
	No-dimensional Generalized Ham-Sandwich Theorem
	Conclusion and future work

